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The p ro d u c t has u n i t  o f  L .
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N ote g = (m L/t x  F) and J  = (FL/E) have been  u sed , c
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ABSTRACT
The a e ro th e rm a l en v iro n m en t a b o u t a manned p la n e ta r y  r e t u r n  
s p a c e c ra f t  was de term ined  a t  ty p i c a l  a tm o sp h eric  f l i g h t  c o n d i t io n s .  
The th in  shock la y e r  e q u a tio n s  w ere developed  to  t h e o r e t i c a l l y  
e v a lu a te  t h i s  en v ironm en t. The s ta g n a t io n  l i n e  e q u a t io n s  fo r  th e  
shock la y e r  were so lv ed  n u m e ric a l ly .  A ll  known, s i g n i f i c a n t  shock- 
la y e r  and a b l a to r  p ro c e s s e s  w ere in c lu d ed  in  t h i s  m odel. These 
p ro c e s s e s  in c lu d e  a b la t io n  and r a d i a t i o n  c o u p lin g  w ith in  th e  
v is c o u s  shock la y e r ,  l i n e  and continuum  r a d i a t i o n  fo r  b o th  a i r  and 
a b l a t io n  s p e c ie s ,  lo c a l  ch em ica l e q u i l ib r iu m  th ro u g h o u t th e  shock 
la y e r  and q u a s i- s te a d y  a b l a to r  b e h a v io r .  Coupled a b la to r - s h o c k  
la y e r  s o lu t io n s  were o b ta in e d  fo r  a  p h e n o lic  ny lo n  a b l a to r .  A 
two zone model was used  to  app ro x im ate  th e  e le m e n ta l s p e c ie s  
d i s t r i b u t i o n  w ith in  th e  shock  la y e r  and was found to  be  a  v a l id  
a p p ro x im a tio n . The d e t a i l e d  d is c u s s io n  o f  th e  m a th e m a tic a l a n a ly s i s  
u sed  and th e  r e s u l t s  o b ta in e d  p ro v id e  a  sound b a s is  f o r  u n d e rs ta n d in g  
many o f  th e  c h a r a c t e r i s t i c  p ro c e s s e s  o f  h y p e rb o lic  e n t ry  h e a t in g .
Em phasis i s  g iv en  to  th e  d e s c r ip t io n  o f  th e  most s i g n i f i c a n t  
mode o f  s u r fa c e  h e a t in g —r a d i a t i o n .  A method o f  s e l e c t i n g  th e  m ost 
r a d i a t i v e l y  im p o rtan t m o le c u la r  s p e c ie s  i s  d ev e lo p ed . S e le c te d  
m o lecu la r  s p e c ie s  and t h e i r  t r a n s p o r t  mechanism were in c o rp o ra te d  
in to  a  r a d i a t i o n  model w hich a ls o  ac c o u n ts  fo r  l in e  and continuum  
r a d i a t i o n  from  H, C, 0 and N atom s.
xx
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A p a ra m e tr ic  s tu d y  o f  th e  s ta g n a t io n  l i n e  shock la y e r  was made. 
The p rim ary  em phasis in  th e  p a ra m e tr ic  s tu d y  was to  q u a n t i t a t iv e l y  
d e te rm in e  th e  e f f e c t s  o f  a b l a t io n  p ro d u c ts  and r a d i a t i v e  energy  
t r a n s p o r t  on s u r f a c e  h e a t in g  r a t e s .  From t h i s  in fo rm a tio n  coup led  
a b la to r  -  shock la y e r  s o lu t io n s  w ere o b ta in e d . In  a d d i t io n ,  r e s u l t s  
o f  th e  c a l c u la t io n s  w ere s tu d ie d  to  p ro v id e  a d d i t io n a l  u n d e rs ta n d in g  
o f  shock la y e r  p ro c e s s e s .  The r a d i a t i o n  -  gas dynamic c o u p lin g  i s  
shown to  r e s u l t  in  an  a sy m to tic  b e h a v io r  o f  th e  shock s ta n d - o f f  
d is ta n c e  fo r  shock  la y e r  p r e s s u re s  la rg e r  th a n  0 .5  a tm o sp h eres .
O ther r e s u l t s  in d ic a te d  th a t  th e  n o nd im ensional a b l a t i o n - r a t e  
p a ram e te r a lo n e  i s  i n s u f f i c i e n t  to  c o r r e l a t e  th e  nond im ensional 
r a d i a t i v e  h e a t in g .  The n o n d im ensional r a d i a t i v e  h e a t in g  was found 
to  be a  s tro n g  fu n c t io n  o f  p o s t  shock p r e s s u re  and f r e e  s tream  
v e lo c i ty  in  a d d i t io n  to  a b l a t io n  r a t e .  F u r th e r ,  a b l a t io n  p ro d u c ts  o f  
p h e n o lic  n y lon  w ere found to  be l e a s t  e f f e c t i v e  in  a b so rb in g  r a d ia n t  
en erg y  in  f re q u e n c y  le v e ls  below 5 .0  e v . The continuum  c o n t r ib u t io n  
to  th e  s u r fa c e  h e a t in g  was found to  be e s s e n t i a l l y  unchanged by 
in c re a s e d  a b l a t i o n  r a t e  above 5 p e rc e n t a t  a  c o n s ta n t  p re s s u re  and 
was found to  in c re a s e  as th e  p o s t  shock p r e s s u r e  was in c re a s e d  a t  
a  c o n s ta n t  a b l a t i o n  r a t e .
The r a d i a t i v e  c o o lin g  p a ram e te r was found to  c o r r e l a t e  shock 
la y e r  r a d i a t i v e  h e a t in g  fo r  no a b l a t io n  and formed th e  b a s is  o f  a 
s im p l i f ie d  c a l c u l a t i o n  which was used  to  o b ta in  s ta g n a t io n  l in e  
h e a t in g  r a t e s .  S u f f i c i e n t  g r a p h ic a l  in fo rm a tio n  i s  g iv e n  from  t h i s
x x i
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
method to  p e rm it hand c a l c u la t io n s  o f  r a d i a t i v e  h e a t in g  f a t e s  fo r  
h y p e rb o lic  e n t ry  c o n d i t io n s .  The u se  o f  th e  r a d i a t i v e  c o o lin g  
p a ra m e te r  was s u c c e s s f u l ly  ex tended  to  c a l c u l a t e  h e a t in g  r a t e  
d i s t r i b u t i o n s  around a  b l u f f  v e h ic le .  No c o rre sp o n d in g  sim p le  
c o r r e l a t i o n  fo r  r a d i a t i v e  h e a t in g  w ith  a b l a t io n  was found.
The e f f e c t s  o f  s ta g n a t io n  l in e  shock wave b lu n tn e s s  on th e  
s u r fa c e  h e a t in g  was s tu d ie d  f o r  b o th  th e  s ta g n a t io n  l in e  and around  
th e  body. In  o rd e r  to  a s s e s s  th e  e f f e c t s  o f  i n i t i a l  shock c u rv a tu re  
n u m e ric a l m ethods fo r  c a l c u la t in g  th e  shock  lo c a t io n  around th e  body 
w ere in v e s t ig a te d  and a method i s  recommended. The r e s u l t s  in d ic a te  
t h a t  t h i s  i n i t i a l  c o n d i t io n  s ig n i f i c a n t l y  in f lu e n c e s  th e  shock s ta n d ­
o f f  d is ta n c e  and th e  s u r fa c e  h e a t in g  r a t e .
The u n iq u e  c o n t r ib u t io n s  o f  t h i s  e n t ry  a n a ly s i s  a re  t h a t  a l l  
m ajor p ro c e s s e s  have been  in c lu d e d  in  one d e f i n i t i v e  a n a ly s i s ,  
t h a t  im provem ents in  s p e c i f i c  p ro c e s s e s  have been  made where 
a p p r o p r ia te ,  and th a t  s im p l i f ie d  m odels f o r  s p e c i f i c  p ro c e sse s  
have been  developed  and used  w here th e y  do n o t compromise th e  
r e s u l t s .
x x i i
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
Our know ledge i s  th e  amassed 
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Emerson -  L e t te r s  and 
S o c ia l Aims
CHAPTER I  
INTRODUCTION
BACKGROUND
Man i s  b a s i c a l l y  c u r io u s  ab o u t h is  s u r ro u n d in g s . The A pollo  11 
la n d in g  o f  man on th e  moon in  1969 has in  a c o n c re te  way in c re a se d  
m an 's s u rro u n d in g s  to  in c lu d e  th e  s o la r  sy stem . T h is  b a s ic  c u r io s i ty  
i s  s u f f i c i e n t  i t s e l f  to  a s s u re  th a t  th e re  w i l l  be manned p la n e ta ry  
m is s io n s . The m ain s c i e n t i f i c  o b je c t iv e s  fo r  m iss io n s  to  th e  p la n e ts  
has been  c o n c is e ly  s ta t e d  by F in d la y , 1968 cha irm an  o f  th e  Lunar and 
P la n e ta ry  M issio n s  Board o f  NASA, (R ef. 1 .1 ) ,  "To le a r n  more o f  th e  
o r ig i n  and h i s to r y  o f  th e  s o la r  system  and to  e x p lo re  th e  p o s s i­
b i l i t i e s  th a t  l i f e  e x i s t  o r  has e x is te d  in  o th e r  p a r t s  o f  th a t  sy stem ". 
The p h y s ic a l  r e a l i z a t i o n  o f  manned p la n e ta r y  e x p lo r a t io n  w i l l  r e q u ir e  
many te c h n o lo g ic a l  ad v an ces . The g o a l o f  th e  r e s e a r c h  p re se n te d  
h e r e in  i s  to  c o n t r ib u te  to  th e  advancem ent o f  one te c h n o lo g ic a l  a re a  
w hich m ust be developed  fo r  a s u c c e s s fu l  manned p la n e ta r y  m iss io n .
Many o f  th e  te c h n o lo g ic a l  developm ents r e q u i r e d  fo r  a  s u c c e s s fu l  
manned p la n e ta r y  m iss io n  w ere d is c u s s e d  and docum ented a t  th e  AIAA 
m eetin g  on T echnology fo r  Manned P la n e ta ry  M iss io n s  h e ld  in  New 
O rlean s  in  March 1968. L ay ton  (R ef. 1 .2 )  d is c u s s e d  th e  l im i ta t io n s  
o f  th e  p r e s e n t ly  u sed  chem ica l ro c k e ts  and th e  undeveloped  p o te n t i a l  
o f  n u c le a r  and e l e c t r i c  ro c k e ts  from th e  p e r s p e c t iv e  o f  p ro p u ls io n  
re q u ire m e n ts .  Im provem ents m ust be made in  s t r u c t u r a l  d e s ig n  and
1
Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
s y n th e s is  (R ef. 1 .3 ) .  Developm ents in  h ardw are , s o f tw a re , man- 
m achine i n t e g r a t i o n  and o th e r  sub a re a s  o f g u id an ce  and c o n t ro l  
te ch n o lo g y  a re  r e q u ir e d  (R e f. 1 .4 ) . The r e l i a b i l i t y  and le n g th  o f  
o p e ra t io n  o f  p r e s e n t  l i f e  su p p o rt system s m ust be in c re a s e d  (R ef. 1 .5 ) .  
Advanced com m unications hardw are must be developed  to  accom odate 
h ig h  d a ta  r a t e s  t r a n s m it te d  from in t e r p la n e ta r y  d is ta n c e s  (R ef. 1 .6 ) .  
The te c h n o lo g ie s  f o r  man-machine in t e g r a t i o n  and e x p e rim e n ta l d e s ig n  
among o th e r s  must be d ev e lo p ed . F u rth erm o re , p la n e ta r y  e n t r y  and 
la n d in g  te ch n o lo g y  m ust be improved (R ef. 1 .7 ) .  The v e h ic le  
h e a t in g  a s p e c t  o f  p la n e ta r y  e n try  i s  th e  te c h n o lo g ic a l  a r e a  o f  
c o n ce rn  o f  th e  p r e s e n t  r e s e a r c h .
The te ch n o lo g y  which m ust be developed  fo r  a s u c c e s s fu l  manned 
e a r th  e n t r y  from in t e r p la n e ta r y  t r a v e l  i s  d i c t a t e d  by th e  ty p e  o f 
i n t e r p la n e ta r y  t r a j e c t o r y ,  a tm ospheric  b ra k in g  t r a j e c t o r y  and 
v e h ic le  shape u se d . These t r a j e c t o r i e s  d e te rm in e  th e  ty p e  o f  th e rm al 
en v iro n m en t, w hich in  tu r n ,  de term ines  th e  ty p e  and amount o f  h e a t 
s h ie ld in g  r e q u ir e d  to  a d e q u a te ly  p r o te c t  th e  e n t r y  v e h ic le s .
I n te r p l a n e t a r y  t r a j e c t o r i e s  a r e  p r im a r i ly  d e term ined  by minimum 
energy  and t r a n s i t  tim e c o n s t r a in t s .  For a  manned m iss io n  to  Mars 
two ty p e s  o f  i n t e r p la n e ta r y  t r a j e c t o r i e s  a re  u n d er c o n s id e ra t io n .
These t r a j e c t o r i e s  c o n s i s t  o f  e i th e r  a  d i r e c t  f l i g h t  to  Mars o r  a 
Venus sw ing-by as i l l u s t r a t e d  in  F ig . 1 .1  from R e f . 1 .8 . The swing- 
by m is s io n  has two m ajor ad v an tag es . F i r s t ,  a d d i t io n a l  s c i e n t i f i c  
in fo rm a tio n  co u ld  be  ga in ed  by a manned p ass  n e a r  Venus. S econd ly , 
th e  e n t ry  v e l o c i ty  upon e a r t h  a r r i v a l  i s  s i g n i f i c a n t l y  red u ced  due
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
3Opposition
MorsVenus
Earth
(b)  Mors stopover  
Inbound Venus swingby
Opposition
Venus
Earth
Mors
( c )  Mors s t o p o v e r - D i r e c t
F ig . 1.1  R ep re sen tiv e  Mars M issio n s (From R ef. 1 .8 )
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4to  th e  e n c o u n te r  w ith  th e  g r a v i t a t i o n a l  f i e l d  o f  V enus. T h is  i s  
i l l u s t r a t e d  in  F ig . 1 .2  from R e f. 1 .7  fo r  m iss io n s  d u r in g  th e  1980 
to  1999 p e r io d .  E a r th  e n t ry  speeds a re  d isp la y e d  fo r  b o th  d i r e c t  
and Venus sw ing-by  t r a j e c t o r i e s .  The l e f t  edge o f  each  b a r  in  
F ig . 1 .2  in d ic a te s  v e l o c i t i e s  fo r  t r a j e c t o r i e s  o p tim iz e d  assum ing 
Mars a tm o sp h e ric  b ra k in g  fo r  c a p tu re  w h ile  th e  r i g h t  edge in d ic a te s  
v e l o c i t i e s  fo r  t r a j e c t o r i e s  o p tim iz e d  assum ing p ro p u ls iv e  b ra k in g .
The r e s u l t i n g  e n t r y  v e l o c i t i e s  f o r  s e v e ra l  p la n e ta r y  m iss io n s  a re  
p re s e n te d  in  F ig .  1 .3 .  I t  i s  n o te d  from F ig . 1 .3  t h a t  th e  e a r t h  
e n t r y  v e l o c i ty  i s  betw een  11 and 19 km /sec fo r  e s s e n t i a l l y  a l l  
m iss io n s  c o n s id e re d .
The e a r th  a r r i v a l  v e l o c i ty  from in te r p la n e ta r y  t r a j e c t o r i e s  
p ro v id e s  i n i t i a l  c o n d i t io n s  fo r  e a r t h  a tm ospheric  e n t r y  t r a j e c t o r i e s .  
These t r a j e c t o r i e s  a r e  l im ite d  by h e a t in g ,  aerodynam ic and d e c e le r a t io n  
c o n s t r a i n t s .  Due to  human l i m i t a t i o n s  a  lo a d in g  l i m i t  o f  n o m inally  
10 g 's  ( i . e .  10 tim es th e  e a r th  g r a v i t a t i o n a l  fo rc e )  i s  p la c e d  on 
th e  p o s s ib le  e n t r y  t r a j e c t o r i e s .  For a d i r e c t  e n t ry  t h i s  t r a j e c t o r y  
i s  c a l le d  th e  u n d e rsh o o t boundary (R ef. 1 .9 ) .  The aerodynam ics o f 
th e  e n t ry  v e h i c le ,  d e te rm in ed  p r im a r i ly  by body shape and w e ig h t, 
e s t a b l i s h e s  th e  s iz e  o f  th e  u s a b le  e n t ry  c o r r id o r .  F u rth e rm o re , th e  
body shape has a  s i g n i f i c a n t  e f f e c t  on th e  s u r f a c e  h e a t in g .  Thus an  
optimum v e h ic le  shape i s  a  com prom ise betw een m axim izing m a n u v e ra b ility  
and m in im iz in g  th e  h e a t  in p u t to  th e  v e h ic le .
The m agnitude o f  th e  k in e t i c  energy  which i s  d i s s ip a t e d  d u rin g  
a tm o sp h eric  b ra k in g  i s  p r o p o r t io n a l  to  th e  v e l o c i ty  sq u a re d . S in ce
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6t h e  a p p a re n t  v e l o c i t y  toward th e  v e h i c l e  i s  a l s o  v o lu m e tr ic  f low  r a t e  
p e r  u n i t  a r e a  o f  s tream tu b e  toward th e  v e h i c l e ,  i t  fo l low s  t h a t  th e  
en e rg y  flow  p e r  u n i t  a r e a ,  i . e .  f l u x ,  tow ard th e  v e h ic le  i s  
p r o p o r t i o n a l  to  the  v e l o c i t y  cubed. From th e  t y p i c a l  e n t r y  v e l o c i t i e s  
p r e s e n te d  i n  F ig .  1 .2  and 1 .3  and n o t in g  t h a t  th e  Apollo  lu n a r  r e t u r n  
v e l o c i t y  i s  a p p ro x im a te ly  11 km/sec i t  i s  e v id e n t  t h a t  th e  amount 
o f  energy  and ene rg y  f lu x  i s  s u b s t a n t i a l l y  h ig h e r  fo r  p l a n e t a r y  
r e t u r n  v e l o c i t i e s .  Such v e l o c i t i e s ,  which a r e  g r e a t e r  th a n  th e  
e a r t h  escap e  v e l o c i t y ,  a r e  c a l l e d  h y p e rb o l ic  s in c e  i n t e r p l a n e t a r y  
t r a j e c t o r y  fo r  k i n e t i c  e n e r g i e s  o f  t h i s  m agnitude r e s u l t  i n  hyper­
b o l i c  shaped t r a j e c t o r i e s .  The main c o n c e rn ,  o f  c o u rs e ,  i s  to  
d e te rm in e  th e  f r a c t i o n  o f  t h i s  k i n e t i c  ene rg y  which i s  t r a n s f e r r e d  
to  th e  v e h i c l e ' s  s u r f a c e  d u r in g  a tm o sp h er ic  d e c e l e r a t i o n .
The p r e s e n t  c a p a b i l i t i e s  o f  e x p e r im e n ta l ly  s im u la t in g  th e  
f l i g h t  c o n d i t io n s  a n t i c i p a t e d  d u r in g  h y p e rb o l ic  e n t ry  i s  i l l u s t r a t e d  
i n  F ig .  1 .4 .  T h is  f i g u r e  shows t h a t  p r e s e n t  f a c i l i t i e s  a r e  n o t  
c a p a b le  o f  s im u l ta n e o u s ly  p ro d u c in g  b o th  h igh  e n th a lp y  and flow  
e n e r g i e s .  The problem o f  b u i l d in g  a  t e s t  f a c i l i t y  which p ro v id e s  th e  
r e q u i r e d  energy  f lu x  and e n th a lp y  i s  a  m ajor one (Ref. 1 .7 ) .  
A l t e r n a t e l y ,  f r e e - f l i g h t  model exp er im en ts  cou ld  be perfo rm ed , b u t  
such ex p er im en ts  a r e  v e ry  e x p en s iv e  and d i f f i c u l t  to  s c a l e .  Hence, 
ou r  knowledge would no t be r a p i d l y  in c re a s e d  even i f  th e  h ig h  c o s t  
were a c c e p te d  (R ef. 1 .1 0 ) .  These a re  th e  re a s o n s  why th e r e  has been  
and w i l l  c o n t in u e  to  be a  c o n s id e r a b le  r e l i a n c e  p laced  upon 
a n a l y t i c a l  te c h n iq u e s  to  p r e d i c t  a tm o sp h er ic  e n t r y  h e a t in g  and th e  
r e s u l t i n g  s u r f a c e  m a t e r i a l  r e s p o n s e .
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8THE VISCOUS HYPERSONIC - SHOCK LAYER PROBLEM
I n  t h i s  work th e  i n t e r a c t i o n  o f  th e  s ta g n a t io n  r e g io n  flow - 
f i e l d  and an a b l a t i v e  p r o t e c t i o n  system  o f  v e h i c le s  which e x p e r ie n c e  
a h y p e rb o l ic  a tm o sp h e r ic  en co u n te r  i s  an a ly zed .  The a n a l y s i s  i s  
aimed a t  r e s o lv i n g  m ajor u n c e r t a i n t i e s  i n  th e  c u r r e n t  s t a t e  o f  
knowledge by s y s t e m a t i c a l l y  exam ining th e  e f f e c t s  o f  r a d i a t i o n ,  
v is c o u s  c o u p l in g  and a b l a t o r  c o u p l in g .  These e f f e c t s  a r e  measured 
in  term s o f  th e  h e a t in g  r a t e  to  th e  a b l a t o r  s u r f a c e .
The p ro c e s s e s  which govern  the  h e a t  t r a n s f e r  r a t e  to  a  b l u n t  
v e h i c le  in  a h y p e rso n ic  flow a r e ,  f o r  th e  most p a r t ,  c o n ta in e d  in  
a la y e r  a d j a c e n t  to  t h e  v e h i c l e .  T h is  shock la y e r  formed by a  
b lu n t  body in  a  h y p e rso n ic  s tream  i s  shown in  F ig .  1 .5 .  The 
r a d i a t i n g  shock la y e r  (w h ite  re g io n )  i s  th e  t h i n n e s t  i n  th e  nose  
re g io n  where th e  h ig h e s t  h e a t in g  r a t e s  a r e  e x p e r ie n c e d .  For 
p r o t e c t i o n  from th e  h igh  h e a t in g  r a t e s  encoun te red  d u r in g  e n t r y  an 
a b l a to r  w i l l  be u sed .  An a b l a t o r  i s  a s u r f a c e  m a t e r i a l  which abso rbs  
h e a t in g  loads by chang ing  phase  and mass lo s s  thus  re d u c in g  th e  
t r a n s m is s io n  by c o n d u c t io n  to  th e  i n t e r i o r  o f  th e  p r o t e c t e d  m a t e r i a l .  
In  term s o f  w e ig h t  e f f i c i e n c y  fo r  e n t r y  d e c e l e r a t i o n  an a b l a t o r  
p r o t e c t i o n  system  r e q u i r e s  10 to  50 tim es  l e s s  e n t r y  v e h i c l e  w eigh t 
than  would be r e q u i r e d  by e i t h e r  n u c le a r  o r  chem ica l p r o p u ls iv e  
system (Ref. 1 .1 1 ) .  V eh ic le  w eigh t m in im iza tio n  i s  q u i t e  im p o r ta n t  
s in c e  one pound o f  r e - e n t r y  s p a c e c r a f t  w eigh t r e q u i r e s  ap p ro x im a te ly  
300 to  1000 pounds o f  launch  v e h ic le  w eigh t (Ref. 1 .1 1 ) .  Many ty p e s  
o f  a b l a t i v e  m a t e r i a l s  a r e  a v a i l a b l e  which cou ld  be used  f o r  v e h i c l e
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F ig .  1 .5  (Next page t h i s  lo c a t io n )
P ho tograph  o f  a  b lu n t  body in  a m u l t i p l e  a r c  
j e t  wind tu n n e l  showing th e  io n iz e d  shock  
l a y e r  abou t th e  body. (Mach no . «  7) 
C o u r te sy  o f :  T. A. B a r r ,  J r . ,  U. S. Army
M is s i l e  Command, Redstone A rs e n a l ,  Alabama, 
1969.,
F ig .  1 .6  (Next page t h i s  lo c a t io n )  
Pho tograph  o f  a c r o s s  s e c t io n  o f  a  p h e n o l ic -  
ny lo n  a b l a t o r .  C o u r te sy  o f :  C. W. S t ro u d ,
NASA TN D-4817, 1968.
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p r o t e c t i o n .  T y p ic a l  o f  th e  b e t t e r  m a t e r i a l s  i s  th e  c h a r r in g  p h e n o l ic -  
ny lon  a b l a t o r  (R ef.  1 .1 2 ) .  F ig .  1 .6  p r e s e n t s  a  pho tograph  o f  a  c r o s s -  
s e c t i o n  o f  a  p h e n o l ic -n y lo n  a b l a t i v e  com posite  which has been  
exposed to  a  s e v e re  h e a t in g  env ironm en t and which decomposed to  a 
c h a r  o f  porous carbon  and low m o le c u la r  w eigh t g a s e s .  T h is  ty p e  o f  
a b l a t o r  p r o t e c t s  the. v e h i c l e  n o t  on ly  by sub lim ing  the  c h a r ,  b u t  
a l s o  by a c t i n g  as a  h e a t  s i n k ,  by t r a n s p i r i n g  h igh  energy g ases  
which red u ce  c o n v e c t iv e  h e a t i n g ,  by r e r a d i a t i n g  from th e  ch a r  
s u r f a c e ,  by r e a c t i n g  e x o th e r m ic a l ly  and by b lo c k in g  r a d i a t i o n  from 
th e  shock l a y e r .  These a b l a t o r  p ro c e s s e s  a re  in t im a te ly  coup led  
w ith  the  shock la y e r  p r o c e s s e s .  Thus to  de term ine  th e  amount and 
ty p e  o f  a b l a t o r  to  use  fo r  e n t r y  p r o t e c t i o n  a q u a n t i t a t i v e  u nder­
s ta n d in g  o f  b o th  th e  shock l a y e r  and a b l a t o r  re sp o n se  i s  needed .
The m ajor mode o f  energy  t r a n s f e r  t o  th e  s u r f a c e  fo r  e n t r y  
v e l o c i t i e s  above 11 km/sec i s  by r a d i a t i o n  as i l l u s t r a t e d  in  F ig u re
1 .7 .  T h is  f i g u r e  shows t h a t ,  f o r  t y p i c a l  f l i g h t  c o n d i t io n s  o f  
i n t e r e s t ,  th e  c o n v e c t iv e  h e a t  t r a n s f e r  c o e f f i c i e n t  i s  e s s e n t i a l l y  
independen t o f  v e l o c i t y  w hereas th e  r a d i a t i v e  c o e f f i c i e n t  in c r e a s e s  
r a p i d l y  dw arf ing  th e  c o n v e c t iv e  c o e f f i c i e n t  fo r  th e  h ig h e r  v e l o c i t i e s .  
The p r i n c i p l e  r e a s o n  fo r  th e  h ig h  r a d i a t i v e  t r a n s f e r  i s  th e  e l e v a te d  
te m p e ra tu re s  e x p e r ien ced  i n  th e  shock l a y e r  ( i . e . ,  on th e  o rd e r  o f  
15000°K) f o r  t y p i c a l  f l i g h t  c o n d i t i o n s .
F ig u re  1 .8  p r e s e n t s  a  schem atic  o f  th e  im p o rtan t  r e g io n s  i n  a  
a b l a t i o n  coupled  shock l a y e r .  The o u te r  re g io n  o f  th e  shock la y e r  
p r im a r i ly  c o n s i s t s  o f  h igh  te m p e ra tu re  r a d i a t i n g  a i r  which was h e a te d
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by th e  p re c e e d in g  bow shock wave. Some o f  th e  r a d i a t i o n  i s  e m i t t e d  
d i r e c t l y  away from th e  body and, i f  n o t  abso rbed  i s  l o s t  th rough  
th e  shock wave. The r a d i a t i o n  lo s s  re d u c e s  th e  te m p e ra tu re  i n  th e  
shock l a y e r  and th u s  re d u c e s  th e  r a d i a t i v e  f l u x .  T h is  d e s c r i p t i o n  
ex c lu d es  th e  c o n s id e r a t i o n  o f  r a d i a t i o n  a b s o r p t io n  by th e  f r e e -  
s tream  gas c a l l e d  p r e c u r s o r  r a d i a t i o n .  F u r th e r ,  the  r a d i a t i o n  
e m it te d  from the  h o t  a i r  r e g io n  i s  p a r t i a l l y  absorbed  by th e  c o o l e r  
a i r  and a b l a t i o n  s p e c ie s  and th e  rem a in d er  i s  absorbed  by th e  a b l a t o r  
s u r f a c e .  Some o f  t h i s  energy  to  th e  s u r f a c e  i s  r e r a d i a t e d  i n t o  th e  
shock la y e r  and th e  rem ainder  i s  ab so rb ed  by th e  a b l a t o r  s u r f a c e .
For l a rg e  a b l a t i o n  r a t e s  ( i . e .  20% o f  th e  f r e e - s t r e a m  flow r a t e )  
th e  r e g io n  nea r  th e  body a s  w e l l  as  th e  n ea r  shock r e g io n  i s  i n v i s c i d .  
The c o n v e c t iv e  h e a t in g  r a t e  i s  much s m a l le r  th a n  in d i c a te d  in  F ig .
1 .7 .  A v i s c o u s  r e g io n  e x i s t s  betw een th e s e  two in v i s c id  r e g io n s  i n  
which s e v e r a l  im p o r ta n t  p ro c e s s e s  o c c u r .  I n  th e  v is c o u s  r e g io n  
energy  i s  t r a n s f e r r e d  by v is c o u s  d i s s i p a t i o n  and gaseous c o n d u c t io n  
in  a d d i t i o n  to  r a d i a t i o n .  M oreover, s p e c ie s  c o n c e n t r a t io n s  change 
q u i t e  r a p i d l y  due to  d i f f u s i o n  and th e  la rg e  tem p era tu re  change i n  
th e  v is c o u s  r e g io n .  The schem atic  i n  F ig .  1 .8  i s  f o r  a c a se  o f  l a r g e  
a b l a t i o n  r a t e s ;  however as  th e  a b l a t i o n  r a t e  i s  lowered th e  v i s c o u s  
re g io n  becomes a t t a c h e d  to  the  s u r f a c e .  I n  t h i s  s i t u a t i o n  c o n v e c t iv e  
h e a t in g  to  th e  s u r f a c e  becomes a  more s i g n i f i c a n t  h e a t  t r a n s f e r  mode 
to  th e  a b l a t o r .  F u r th e rm o re ,  th e  e f f e c t s  o f  a i r  s p e c ie s  d i f f u s i n g  
to  th e  s u r f a c e  and a  c o n s e q u e n t ia l  inhomogenuous s u r fa c e  r e a c t i o n  
become p ro b a b le .  I n  a d d i t i o n  to  th e s e  p r o c e s s e s ,  i t  i s  n o ted  t h a t  
a s  a  p a r t i c l e  flows away from th e  a x i s  o f  symmetry ( i . e .  th e
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s t a g n a t io n  line .)  i t  i s  a c c e l e r a t e d ,  i t s  t e m p e ra tu re  i s  reduced  and 
th e  p r e s s u r e  d e c r e a s e s .  C onsequen tly  th e  h e a t in g  r a t e  to  th e  s u r f a c e  
d e c r e a s e s .
The r e g io n  n e a r  th e  s t a g n a t io n  l i n e  e x p e r i e n c e s  th e  most s e v e re  
env ironm ent and th u s  i s  th e  most c r i t i c a l  r e g io n  i n  a d e s ig n  a n a l y s i s .  
F o r tu n a t e ly ,  th e  c o n s e r v a t io n  laws which d e s c r ib e  th e  s t a g n a t io n  
l i n e  r e g io n  a r e  more sim ple th a n  th o se  which d e s c r ib e  th e  e n t i r e  
shock l a y e r .  T h e r e f o re ,  t h e i r  s o l u t i o n  p ro v id e s  a  s u c c in c t  and 
c o n s e r v a t iv e  c h a r a c t e r i z a t i o n  o f  th e  e n t i r e  shock la y e r  f o r  a 
g iv e n  s e t  o f  f l i g h t  c o n d i t i o n s .  Numerous r e s e a r c h e r s  have mathema­
t i c a l l y  modeled th e  n ea r  s t a g n a t io n  r e g io n  p r o c e s s e s  i n  v a r io u s  
d e g re e s  o f  co m p le ten ess  d u r in g  th e  p a s t  t e n  to  f i f t e e n  y e a r s .
R e c e n t ly  th r e e  rev ie w  p a p e rs  (R ef.  1 .7 ,  1 .1 4 ,  and 1 .15) have been 
p u b l i s h e d  which d i s c u s s  th e  p ro fu s e  amount o f  work which has been 
done. C onsequen tly  on ly  some o f  th e  most c u r r e n t  work which i s  
p e r t i n e n t  to  t h i s  r e s e a r c h  w i l l  be rev iew ed .
S e v e ra l  r e c e n t  p a p e rs  (R ef.  1 .1 5 ,  1 .1 6 ,  and 1 .17 )  p r e s e n t  
s o l u t i o n s  to  th e  b l u n t  body flow problem  which in c lu d e  l i n e  and 
continuum  a i r  r a d i a t i o n  c o u p l in g  and assume th e  e n t i r e  shock la y e r  i s  
i n v i s c i d .  Page e t .  a l .  (R ef.  1 .13 )  p r e s e n t  s t a g n a t i o n  p o in t  
r a d i a t i v e  and c o n v e c t iv e  h e a t in g  r a t e s  f o r  v a r io u s  shock la y e r  
p r e s s u r e s  and t h i c k n e s s e s .  The e f f e c t s  o f  a b l a t i o n  p ro d u c ts  a re  n o t  
in c lu d e d .  O ls ta d  (R ef .  1 .16) c a l c u l a t e d  r a d i a t i v e  h e a t in g  r a t e  
d i s t r i b u t i o n s  u s in g  an in v e r s e  method ( i . e .  s p e c i f y i n g  th e  shock 
shape and com puting th e  body sh a p e ) ;  t h i s  method d e s c r ib e s  non­
s t a g n a t io n  l i n e  re g io n s  o n ly .  The shock la y e r  was assumed to
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c o n s i s t  o f  an i n v i s c i d  a i r  and i n v i s c i d  a b l a t i o n  l a y e r ,  a l th o u g h  a i r  
p r o p e r t i e s  were used  i n  th e  a b l a t i o n  l a y e r .  The r a d i a t i o n  model 
used in c lu d e d  l i n e  and continuum mechanisms and was coupled to  th e  
flow f i e l d  s o l u t i o n .  Chin (R ef.  1 .16 ) assumed th e  s t a g n a t io n  l i n e  
shock l a y e r  flow  could  be d iv id e d  i n t o  a  i n v i s c i d  a i r  and an  i n v i s c i d  
a b l a t i o n  l a y e r .  C o m p u ta tio n a lly  each o f  th e s e  la y e r s  were d iv id e d  
in t o  s i x  s u b la y e r s .  The coupled  r a d i a t i v e  h e a t in g  r a t e s  were 
computed w i th  a  model which c o n ta in e d  l i n e  and continuum mechanisms 
o f  a i r  and a b l a t i o n  p r o d u c t s .  A c a rb o n -p h e n o l ic  a b l a to r  was coup led  
to  th e  f l o w - f i e l d  a n a l y s i s  by assuming e q u i l ib r iu m  s u b l im a t io n .
In  o rd e r  to  d e te rm in e  th e  shock la y e r  p ro c e s s e s  more p r e c i s e l y ,  
many r e s e a r c h e r s  (R ef. 1 .18 to  1 .24 ) have in c lu d e d  v isc o u s  e f f e c t s  
i n  t h e i r  f l o w - f i e l d  m odels . W ilson (R e f .  1 .18 )  r e p o r te d  s t a g n a t io n  
l i n e  s o l u t i o n s  o f  f u l l y  coup led  v i s c o u s ,  r a d i a t i n g  shock la y e r s  
in c lu d in g  s p e c i f i e d  a b l a t i o n  i n j e c t i o n .  The momentum e q u a t io n  was 
so lv ed  by f i n i t e  d i f f e r e n c e s  u s in g  two m ethods. One method i s  v a l i d  
f o r  s m a l l  mass i n j e c t i o n  r a t e s  whereas th e  second i s  v a l id  f o r  l a rg e  
r a t e s .  The e f f e c t  o f  r a d i a t i o n  b lo c k in g  by c a rb o n -p h e n o l ic  a b l a t i o n  
p ro d u c ts  was s tu d i e d .  Shock la y e r  e le m e n ta l  com posi tions  were 
de te rm ined  u s in g  a  s i n g l e  s p e c ie s  e q u a t io n  f o r  a b l a t i o n  p ro d u c ts  
d i f f u s i n g  i n t o  a i r .  The r a d i a t i o n  model used  c o n ta in e d  l i n e  and 
continuum r a d i a t i v e  mechanisms fo r  C, H, 0 and N atom s. A l im i t e d  
number o f  s o l u t i o n s  were p r e s e n te d .  Rigdon e t .  a l .  (R ef. 1 .19) 
p r e s e n te d  s e v e r a l  v i s c o u s ,  r a d i a t i o n  coup led  s t a g n a t io n  l i n e  s o l u t i o n s  
which in c lu d e d  c a s e s  f o r  s p e c i f i e d  c a rb o n  p h e n o l ic  a b l a t i o n  r a t e s .
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The v i s c o u s  s t a g n a t io n  l i n e  momentum e q u a t io n  was so lved  u s in g  an  
i n i t i a l  v a lu e  te ch n iq u e  which was s t a r t e d  a t  th e  s t a g n a t io n  p o i n t .
The i n t e g r a t i o n  was th e n  c a r r i e d  o u t  toward th e  body and toward th e  
shock . The r a d i a t i v e  model used  in c lu d ed  l i n e  and continuum  
mechanisms o f  a i r  and a b l a t o r  s p e c i e s .  A s p e c ie s  e q u a t io n  was 
so lv ed  u s in g  an e f f e c t i v e  b in a ry  d i f f u s i o n  c o e f f i c i e n t  f o r  d i f f u s i o n  
o f  a i r  in to  a b l a t i o n  p r o d u c t s .  The e f f e c t s  o f  p r e c u r s o r  r a d i a t i o n  
were examined. Smith e t .  a l .  (R ef.  1 .20) r e p o r te d  s o l u t i o n s  f o r  a  
q u a s i - s t e a d y  re sp o n se  o f  a  p h e n o l ic -n y lo n  a b l a t o r  to  a  f l o w - f i e l d  
s o l u t i o n  which was broken  in t o  two r e g io n s .  The o u te r  a i r  r e g io n  
was an a ly zed  as an  i n v i s c i d  r e g io n  u s in g  a one s t r i p  i n t e g r a l  m ethod. 
The in n e r  a b l a t i o n  l a y e r  was an a ly zed  u s in g  two te c h n iq u e s .  For 
sm a l l  a b l a t i o n  r a t e s  a  boundary  l a y e r  s o lu t i o n  was u se d ;  w hereas f o r  
l a r g e  a b l a t i o n  r a t e s  an  i n t e g r a l  method was u se d .  No r a d i a t i o n  
c o u p l in g  between a i r  and a b l a t i o n  la y e r  was c o n s id e r e d .  The r a d i a t i o n  
model u sed  inc luded  v a r io u s  l i n e  and continuum mechanisms f o r  a tom s , 
io n s  and m olecu les  e x c lu d in g  l i n e  mechanisms f o r  C and H atom s.
H ea t in g  r a t e s  fo r  th e  s t a g n a t io n  p o in t  and around th e  body a lo n g  a  
t r a j e c t o r y  were p r e s e n te d .  Engel and S prad ley  (R ef.  1 .21 )  p r e s e n te d  
s t a g n a t io n  p o in t  r a d i a t i v e  h e a t in g  r a t e s  f o r  a  t y p i c a l  h y p e rb o l i c  
e n t r y  t r a j e c t o r i e s  u s in g  a  r a d i a t i o n  model which c o n ta in e d  on ly  
continuum  mechanisms o f  a i r .  The v is c o u s  momentum e q u a t io n  was 
so lv ed  u s in g  th e  i n t e g r a l  te c h n iq u e  o f  H osh izak i e t .  a l .  (R ef.  1 .2 1 )  
which i s  l im i te d  to  low a b l a t i o n  r a t e s .  The a b l a t o r  r e s p o n s e  and 
r e s u l t i n g  e s t im a te d  h e a t  s h i e l d  w eigh ts  were computed u s in g  th e  c a l c u ­
l a t e d  c o ld  w a l l  h e a t in g  r a t e s  i n  an  uncoupled manner.
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Other v i s c o u s  s o lu t i o n s  r e p o r te d  which endeavor to  d e f in e  th e  
e f f e c t s  o f  f i n i t e  r a t e  c h em is try  and m ulticom ponent d i f f u s i o n  in  
th e  shock l a y e r ,  have n o t  inc luded  r a d i a t i o n  (R e f .  1 .23  to  1 .26)
Adams e t .  a l .  (R ef.  1 .23) p re s e n t  r e s u l t s  f o r  ch em ica l  n o n eq u i l ib r iu m  
in v i s c id  and lam inar  v is c o u s  flow over s p h e r i c a l l y  b lu n te d  cone 
g e o m e tr ie s .  The c a l c u l a t i o n s  were made f o r  f l i g h t  v e l o c i t i e s  and 
a l t i t u d e s  where r a d i a t i v e  t r a n s p o r t  i s  n e g l i g i b l e .  The c h em is try  
was r e s t r i c t e d  to  a i r  s p e c ie s  and i n j e c t e d  s p e c ie s  o f  a rg o n ,  helium  
o r  ca rb o n  d io x i d e .  Multicomponent d i f f u s i o n  was d i s c u s s e d ;  however 
no r e s u l t s  were p r e s e n te d .  For th e  c a se s  s t u d i e s  th e  in f lu e n c e  o f  a  
n o n c a t a l y t i c  w a l l  w i th  mass i n j e c t i o n  s i g n i f i c a n t l y  reduced  th e  . 
c o n v e c t iv e  h e a t  t r a n s f e r .  Davy e t .  a l .  (R ef .  1 .2 4 )  p re s e n te d  
s o lu t i o n s  o f  th e  m ulticom ponent, r e a c t i n g ,  s t a g n a t i o n - p o i n t  boundary 
la y e r  w i th  chem ica l  e q u i l ib r iu m .  A com parison  w i th  b in a ry  s o lu t io n s  
was g iv e n .  A n i t r o g e n  o r  a i r  e x t e r n a l  s tream  w i th  i n j e c t i o n  o f  
hydrogen o r  a  m ix tu re  o f  hydrogen and a rg o n  were th e  chem ica l systems 
s tu d ie d .  The r e s u l t s  p re s e n te d  in d i c a t e  t h a t  th e  and H sp ec ie s  
com posi t ions  computed w ith  multicomponent d i f f u s i o n  were th e  on ly  
s p e c ie s  t h a t  s i g n i f i c a n t l y  d e v ia te d  from t h e i r  b in a r y  s o l u t i o n .  L iu  
(R ef.  1 .24 ) s tu d ie d  th e  f i n i t e  r a t e  c h e m is t ry  e f f e c t s  i n  i n j e c t i n g  
hydrogen i n t o  a i r  a t  an axisym m etric s t a g n a t i o n  p o i n t .  The hydrogen- 
a i r  c h e m is t ry  system  was r e s t r i c t e d  to  low s t a g n a t i o n  te m p era tu re s  
where i o n i z a t i o n  does no t  o ccu r .  L iu  d em o n s tra ted  th e  d i f f i c u l t i e s  
a s s o c ia t e d  w ith  th e  c h e m is t ry  o f  th e s e  f low s b u t  d id  n o t  p ropose  a  
g e n e ra l  s o l u t i o n .  B lo t tn e r  (Ref. 1 .26 ) i n v e s t i g a t e d  a  f i n i t e -  
d i f f e r e n c e  method and a  n o n l in e a r  o v e r r e l a x a t i o n  method f o r  s o ly in g
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th e  s t a g n a t io n  l i n e  v is c o u s  b lu n t  body problem . A seven  s p e c ie s  a i r  
model was used  to  s tudy  n o n e q u i l ib r iu m  c h e m is t ry  e f f e c t s .  R e s u l t s  
were p r e s e n te d  fo r  f l i g h t  c o n d i t io n s  where r a d i a t i v e  t r a n s f e r  i s  no t  
im p o r ta n t .  N umerical s tu d i e s  in d i c a te d  t h a t  th e  f i n i t e  d i f f e r e n c e  
p ro c e d u re  converged more r a p i d l y  th a n  th e  n o n l in e a r  o v e r r e l a x a t i o n  
method.
The s t u d i e s  review ed r e p r e s e n t  th e  b e s t  c u r r e n t l y  a v a i l a b l e .  
U n fo r tu n a te ly  no s in g l e  a n a l y s i s  in c lu d e s  a l l  o f  th e  im p o r ta n t  
e f f e c t s  o f  r a d i a t i o n  and a b l a t o r  c o u p l in g  a l th o u g h  many o f  th e  a n a ly se s  
a d e q u a te ly  acco u n t f o r  c e r t a i n  shock la y e r  p r o c e s s e s .  The i n v i s c i d  
a n a ly s e s  la c k  th e  g e n e r a l i t y  o f  be ing  a p p l i c a b l e  t o  sm all  a b l a t i o n  
r a t e s .  With th e  e x c e p t io n  o f  Chin  (R ef .  1 .16 ) th e  i n v i s c i d  a n a ly se s  
have n o t  a d e q u a te ly  accoun ted  fo r  a b l a t i o n  p ro d u c t  e f f e c t s  i n  th e  
shock l a y e r .  U n fo r tu n a te ly  C h in 's  r e s u l t s  do n o t  in c lu d e  a l l  o f  
th e  im p o r ta n t  l i n e  r a d i a t i o n  mechanisms. The v i s c o u s  a n a l y s e s ,  
w hich  a r e  by and la rg e  th e  b e s t ,  a r e  l im i te d  by e i t h e r  n u m erica l  
d i f f i c u l t i e s  o r  com puta tion  tim e in  a d d i t i o n  to  in c o m p le te  r a d i a t i o n ,  
f l o w - f i e l d  o r  a b l a t i o n  m odels . The main l i m i t a t i o n s  o f  W i ls o n 's  
(R ef .  1 .18) a n a l y s i s  a r e  th e  la ck  o f  m o lecu la r  r a d i a t i o n  and 
n u m e ric a l  d i f f i c u l t i e s  w i th  th e  momentum e q u a t io n .  The a n a l y s i s  o f  
R igdon e t .  a l .  (R ef. 1 .19) in c lu d e s  th e  most d e t a i l e d  r a d i a t i o n  
model which u n f o r tu n a t e ly  consumes e x c e s s iv e  co m p u ta tio n  t im e  and 
t h i s  a n a l y s i s  has n o t  been  used  to  s tudy  a b l a t o r  c o u p l in g .  The o th e r  
v i s c o u s  a n a ly s e s  reviewed do no t in c lu d e  as  many im p o r ta n t  a b l a t o r -  
shock la y e r  p ro c e s s e s  as  th e  two j u s t  d i s c u s s e d .  The t h i r d  group o f
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p ap e rs  rev iew ed  d id  n o t  in c lu d e  r a d i a t i o n  t r a n s p o r t  e f f e c t s  which i s  
th e  main h e a t in g  mode b e in g  s tu d ie d .  These p ap e rs  a r e  h e l p f u l  i n  
d e c id in g  how th e  p a r t i c u l a r  p ro c e s s e s  examined m ight be hand led  
n u m e r ic a l ly  and i n  u n d e r s ta n d in g  th e  r o l e  t h a t  f i n i t e  r a t e  c h e m is t ry  
o r  m ulticom ponent d i f f u s i o n  might p la y  i n  th e  shock l a y e r .
In  summary, th e  s t u d i e s  rev iew ed  a r e  in a d e q u a te  i n  v a ry in g  
d e g re e s .  F u r t h e r ,  th e  a n a ly s e s  which a r e  com plete  enough to  d e f in e  
some shock l a y e r  p ro c e s s e s  have n o t  been used  s u c c e s s f u l l y  to  d e f in e  
many cause  and e f f e c t  r e l a t i o n s h i p s .  C onsequen tly  many q u e s t io n s  
rem ain  u n re s o lv e d .  The most im p o r ta n t  o f  th e s e  q u e s t io n s  a r e :
1. Under what c o n d i t i o n s ,  i f  any ,  can  th e  shock la y e r  be 
t r e a t e d  as  i n v i s c id ?
2. I s  m o le c u la r  r a d i a t i o n  im p o r ta n t  and i f  so what m o lecu les  
c o n t r i b u t e ?
3. How e f f e c t i v e  i s  a b l a t i o n  in  re d u c in g  th e  h e a t in g  r a t e  to  
th e  s u r f a c e ?
4 . What a r e  th e  a b l a t i o n  r a t e s  which co r re sp o n d  to  th e  
e s t im a te d  shock la y e r  h e a t in g  f o r  v a r io u s  f l i g h t  c o n d i t io n s ?
5 .  What i s  th e  e r r o r  in t ro d u c e d  i n t o  a n a ly s e s  by assum ptions
made in  th e  f l o w - f i e l d  model? For exam ple, shock sh ap es .
6 . Can th e  shock la y e r  h e a t in g  p ro c e s s  be c o r r e l a t e d  in  a
s im p le  manner w i th  any shock la y e r  p a ram e te rs?
In  a d d i t i o n  to  th e  u n c e r t a i n t i e s  rem a in in g  i n  c u r r e n t  h e a t in g  
a n a ly s e s ,  t h e r e  i s  a  s i g n i f i c a n t  u n c e r t a i n t y  i n  th e  b a s ic  d a t a  used 
in  th e s e  a n a l y s e s .  S e v e ra l  m ajor a r e a s  where b a s i c  d a ta  i s  n o t  
p r e c i s e l y  known a r e :
1. Gaseous r a d i a t i o n  d a t a
2. S u r fa c e  e m i s s i v i t i e s
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3. S u b lim a tio n  te m p era tu re s
4 .  High te m p era tu re  t r a n s p o r t  p r o p e r t i e s
Using th e  1968 s t a t e  o f  th e  a r t  as  a b a s i s ,  th e  e s t im a te d  h e a t  
s h i e l d  w eigh t would account f o r  from 12 to  24 p e r c e n t  o f  th e  t o t a l  
v e h i c l e  w eigh t f o r  a  50,000 f t / s e c  e n t r y  v e l o c i t y  t r a j e c t o r y  
(R ef.  1 .2 7 ) .  The 12 p e r c e n t  ran g e  o f  u n c e r t a i n t y  i n  th e  t o t a l  
w e igh t i s  due d i r e c t l y  to  u n c e r t a i n t i e s  a s s o c i a t e d  w i th  d e f in i n g  
th e  f l o w - f i e l d  and a b l a to r  b e h a v io r  f o r  v a r io u s  v e h i c l e  sh a p e s .  A 
d e t a i l e d  s tu d y  o f  u n c e r t a i n t i e s  due to  incom ple te  a n a ly s e s  and a  
d i s c u s s io n  o f  th e  e f f e c t s  o f  u n c e r t a i n t i e s  in  a v a i l a b l e  d a t a  were 
made in  an  a t te m p t  to  red u ce  them. T h is  document d e s c r ib e s  t h i s  
s tu d y .
PRESENT RESEARCH OBJECTIVES
The o v e r a l l  o b je c t iv e  o f  t h i s  r e s e a r c h  i s  t o  deve lop  th e  
c a p a b i l i t y  t o  a c c u r a t e l y  p r e d i c t  th e  perfo rm ance o f  a b l a t i v e  th e rm a l  
p r o t e c t i o n  system s when exposed to  a e ro - th e rm a l  env ironm en ts  such 
a s  th o se  e n co u n te red  by p l a n e t a r y  a tm ospheric  p robes  and r e t u r n  
v e h i c l e s  from i n t e r p l a n e t a r y  m is s io n s .  Emphasis i s  p la c e d  on 
d im in is h in g  some o f  the u n c e r t a i n t i e s  p r e s e n t l y  e x i s t i n g  i n  a b l a t i v e  
the rm al p r o t e c t i o n  d e s ig n .  S p e c i f i c  r e s e a r c h  o b je c t i v e s  a r e :
1. I n v e s t i g a t e  th e  i n t e r a c t i o n  o f  th e  s t a g n a t io n  r e g io n  and 
around th e  body f l o w - f i e l d  and a b l a t i o n  p r o t e c t i o n  system .
(a )  Develop th e  g o v ern ing  e q u a t io n s  from a g e n e r a l  
p r o p e r ty  b a la n c e  and s y s t e m a t i c a l l y  p o in t  o u t  
th e  assum ptions made i n  o b ta in in g  th e  e q u a t io n s  
to  be so lv ed .
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(b )  D e sc r ib e  m a th e m a tic a l ly  th e  v a r io u s  l e v e l s  o f  
app rox im ation  which may be in t ro d u c e d  in t o  th e  
e q u a t io n s  d e s c r ib in g  th e  shock l a y e r  f low .
2. C a l c u la t e  th e  s t a g n a t io n  f l o w - f i e l d  w i th  th e  use  o f  a 
r a d i a t i o n  t r a n s p o r t  model which does n o t  im pair  th e  
a c c u ra c y  o f  th e  b e s t  a v a i l a b l e  r a d i a t i o n  p r o p e r ty  d a t a .  
Emphasis i s  p la ced  on making th e  r e s u l t i n g  program an  
e n g in e e r in g  t o o l .
(a )  Develop a  num erica l method to  s o lv e  th e  momentum 
e q u a t io n  which i s  s t a b l e  and e q u a l ly  v a l i d  fo r  
l a rg e  and sm all  a b l a t i o n  r a t e s .
(b) D eterm ine a p ro ced u re  f o r  e v a l u a t i n g  th e  r e l a t i v e  
c o n t r i b u t i o n  o f  m o lecu la r  s p e c ie s  r a d i a t i o n  and in c lu d e  
th e  ones n e c e ssa ry  f o r  an a c c u r a te  r a d i a t i o n  c a l c u l a t i o n .
(c )  Examine num erica l s im p l i c a t io n s  f o r  th e  s p e c ie s  
e q u a t io n .
3. Perform  p a ra m e tr ic  s tu d i e s  on e n t r y  v e l o c i t i e s ,  a l t i t u d e s  
and v e h i c l e  shapes ,  and th e n  d e te rm in e  i f  a more s im ple 
e m p i r i c a l  model cou ld  be used  to  r e p r e s e n t  th e  r e s u l t s
o f  th e s e  d e t a i l e d  c a l c u l a t i o n s .
(a )  Examine th e  e f f e c t s  o f  a b l a t i o n  a t  v a r io u s  r a t e s  
to  de te rm ine  cause  and e f f e c t  r e l a t i o n s .
(b) O b ta in  coupled a b l a to r - s h o c k  la y e r  s o lu t i o n s  fo r  
v a r io u s  f l i g h t  c o n d i t i o n s .
(c )  Examine p a r a m e t r i c a l l y  th e  e f f e c t s  o f  s t a g n a t io n  
l i n e  shock b lu n tn e s s  on s u r f a c e  h e a t in g  r a t e s .
(d) D eterm ine th e  im portance  o f  m o lecu la r  s p e c ie s  
r a d i a t i o n  in  e f f e c t i n g  th e  s u r f a c e  h e a t in g  r a t e .
In  g e n e r a l ,  th e  r e s e a r c h  r e p o r te d  i n  t h i s  d i s s e r t a t i o n  i s  a  
s tu d y  o f  t h e  u n c e r t a i n t i e s  which e x i s t s  i n  e n t r y  h e a t in g  a n a ly s e s .  
F u r th e rm o re ,  i t  i s  a  d e f i n i t i v e  s tu d y  o f  th e  the rm al r a d i a t i o n  
which o c c u rs  d u r in g  such e n t r i e s .
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CHAPTER 2
DEVELOPMENT OF GOVERNING EQUATIONS
As w ith  most p h y s i c a l  p rob lem s , th e  flow  a b o u t a b lu n t  body 
e n t e r in g  th e  e a r t h ' s  a tm osphere  obeys th e  c o n s e r v a t io n  laws o f  mass, 
momentum and e n e rg y .  The e q u a t io n s  r e p r e s e n t i n g  th e s e  laws fo r  a 
m ulticom ponen t,  r a d i a t i n g ,  c h e m ic a l ly  r e a c t i n g  f l u i d  i n  an  i n e r t i a l  
r e f e r e n c e  system  a r e  d e r iv e d  u s in g  a  g e n e r a l  p r o p e r ty  ba lan ce  app roach  
i n  Appendix A. F o llow ing  the  d e r i v a t i o n ,  th e  c o n s e rv a t io n  e q u a t io n s  
a r e  w r i t t e n  i n  tim e independen t v e c t o r  form from which they  a r e  w r i t t e n  
i n  g e n e ra l  o r th o g o n a l  c o o r d in a t e s .  In  th e  t h i r d  s e c t i o n  o f  Appendix A 
th e  c o n s e r v a t io n  e q u a t io n s  a r e  w r i t t e n  i n  o r th o g o n a l  body o r i e n t e d  
c o o r d in a te s  f o r  a p p l i c a t i o n  to  th e  b l u n t  body flow problem . In  t h i s  
c h a p te r  th e s e  e q u a t io n s  a r e  s im p l i f i e d  u s in g  p h y s i c a l  arguments and 
o rd e r  o f  m agnitude a s s e s s m e n ts .  C are  i s  ta k e n  to  i n d i c a t e  the  
ap p ro x im atio n s  made th ro u g h o u t  th e  developm ent.
THIN VISCOUS SHOCK LAYER EQUATIONS
In  o rd e r  to  d e te rm in e  the  p ro p e r  m a th em a tica l  model to  d e s c r ib e  
th e  f l o w - f i e l d  developed  by a b lu n t  body moving a t  h y person ic  
v e l o c i t i e s ,  one must a s s e s s  th e  b e h a v io r  o f  th e  gas t h a t  th e  v e h i c l e  
w i l l  e n c o u n te r .  F ig .  2 .1  based on th e  work o f  R ef .  2 .1  p r e s e n t s  
th e  f l i g h t  reg im es  which a r e  e n co u n te red  by a body d u r in g  atmos­
p h e r ic  e n t r y .  The reg im es  can be grouped i n t o  two gasdynamic 
domains -  continuum  and noncontinuum. Hayes and P r o b s t e in ,  R ef. 2 . 2 ,  
d em o n s tra te  th e  continuum  domain can  be d iv id e d  in to  f i v e  reg im es :
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(1) c l a s s i c a l  boundary l a y e r ,  (2) v o r t i c i t y  i n t e r a c t i o n ,  (3) f u l l y  
v i s c o u s ,  (4) i n c i p i e n t  merged l a y e r ,  and (5) f u l l y  merged l a y e r .
The b e h a v io r  o f  th e  gas f low ing  over  a body in  the  f iv e  continuum  
reg im es  can  be d e s c r ib e d  u s in g  th e  e q u a t io n s  developed  in  Appendix A. 
L e t  us  c o n s id e r  f u r t h e r  th e  c h a r a c t e r i s t i c s  o f  f l u i d  flow in  th e  
f iv e  continuum  reg im es .
1. Boundary la y e r  reg im e: The c l a s s i c a l  boundary la y e r  
e q u a t io n s  a r e  a  v a l i d  a p p ro x im a tio n  o f  the  v is c o u s  e f f e c t s  
fo r  h ig h  Reynolds numbers c o r re sp o n d in g  to  lower a l t i t u d e s .  
V iscous e f f e c t s  dominate n ea r  th e  w a l l  in  a  r e g io n  which
i s  sm a l l  compared to  th e  shock l a y e r  t h i c k n e s s .  V o r t i c i t y  
g e n e ra te d  by shock c u r v a tu r e  i s  t h e r e f o r e  n e g l i g i b l e  th u s  
n o t  a f f e c t i n g  th e  boundary la y e r  flow .
2 .  V o r t i c i t y  i n t e r a c t i o n  becomes im p o r tan t  a t  lower Reynolds 
numbers where shock g e n e ra te d  v o r t i c i t y  becomes s i g n i f i c a n t  
i n  r e s p e c t  to  v is c o u s  e f f e c t s  n ea r  the  body. Here th e  o u te r  
r e g io n  o f  th e  shock l a y e r ,  u s u a l l y  c o n s id e re d  th e  i n v i s c i d  
l a y e r ,  becomes coupled th ro u g h  momentum t r a n s p o r t  to  th e  
h ig h e r  sh ea r  r e g io n  nea r  th e  body, u s u a l ly  th ough t o f  a s  
th e  boundary l a y e r .  The h igh  sh ea r  re g io n  nea r  the  body i s  
a l s o  l a r g e r  th a n  t h a t  ex p e r ie n c e d  a t  h ig h e r  Reynolds numbers.
3 . V iscous la y e r  Regime: V iscous e f f e c t s  from th e  body i n t e r ­
a c t i o n  a r e  sp read  th ro u g h o u t th e  shock la y e r  ( i . e . ,  th e  
boundary la y e r  and shock la y e r  th ic k n e s s e s  a r e  o f  th e  same 
o r d e r ) . T h is  occurs  a t  lower Reynolds numbers and
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c o r re s p o n d in g ly  h ig h e r  a l t i t u d e s  th a n  does th e  v o r t i c i t y  
i n t e r a c t i o n  reg im e .  V iscous d i s s i p a t i o n  a t  th e  shock i s  
s t i l l  s m a l l  in  com parison  to  d i s s i p a t i o n  a t  th e  body. T h is  
c o n d i t i o n  i s  t r u e  so long a s  the  r a t i o  o f  th e  mean f r e e  
p a th  b eh ind  th e  shock over th e  shock la y e r  th i c k n e s s  i s  
much s m a l le r  th a n  th e  square  r o o t  o f  the  d e n s i ty  r a t i o  
a c ro s s  th e  shock wave, R ef. 2.2. T h is  im p lie s  t h a t  th e  
R ankine-H ugonio t shock wave e q u a t io n s  a r e  v a l i d  fo r  d e t e r ­
m in a t io n  o f  shock la y e r  boundary c o n d i t i o n s .
4 .  I n c i p i e n t  merged la y e r  reg im e: The i n c i p i e n t  merged la y e r
beg in s  when d i s s i p a t i v e  e f f e c t s  a t  th e  shock a r e  s i g n i f i c a n t .  
The shock wave i s  t h i n  r e l a t i v e  to  th e  shock la y e r  th i c k n e s s  
b u t  th e  R ankine-H ugonio t r e l a t i o n s  must be m od if ied  to  
acco u n t fo r  v is c o u s  e f f e c t s  a t  th e  shock boundary .
5 . F u l ly  merged la y e r  reg im e: At h ig h e r  a l t i t u d e s  and low 
Reynolds numbers a  d i s t i n c t  shock does n o t  e x i s t .  The f r e e  
s tream  mean f r e e  p a th  over th e  major body r a d iu s  i s  a p p ro x i ­
m a te ly  one or l e s s .  The flow behaves c o n t in u o u s ly  from th e  
f r e e  s t ream  to  th e  body. Above t h i s  a l t i t u d e  range  continuum 
co n ce p ts  a r e  no longer  a p p l i c a b l e  and th e  flow goes th rough
a t r a n s i t i o n  to  f r e e  m o lecu la r  f low .
The fo re g o in g  d i s c u s s io n  o f  the  f iv e  continuum flow reg im es 
fo llo w s  in  p a r t  th e  r e a s o n in g  o f  Hayes and P r o b s t e in ,  R ef .  2 .2 .  This  
re a s o n in g  was based  upon th e  assum ption  t h a t  r a d i a t i v e  energy  
t r a n s p o r t  and a b l a t i v e  mass i n j e c t i o n  were n e g l i g i b l e .  I n  th e  p r e s e n t
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development th e s e  two e f f e c t s  a r e  th e  p r im ary  flow f i e l d - b o d y  i n t e r ­
a c t i o n  mechanisms which a r e  to  be  a s s e s s e d .  F ig .  2 .1  shows th e  f l i g h t  
reg im es where r a d i a t i v e  h e a t in g  to  a  one fo o t  s p h e r i c a l  body becomes 
s i g n i f i c a n t .  For th e  most p a r t ,  s i g n i f i c a n t  a b l a t i o n  r a t e s  a r e  a l s o  
en co u n te red  in  t h e s e  regim es when u s in g  p r e s e n t  day c h a r r i n g  a b l a t o r s  
such as c a rb o n  p h e n o l ic  o r  p h e n o l ic  n y lo n .  T h e re fo re ,  l e t  us  make 
a d d i t i o n a l  o b s e rv a t io n s  a b o u t th e  flow  c h a r a c t e r i s t i c s  i n  th e s e  
continuum f l i g h t  regim es where th e  e f f e c t s  o f  a b l a t i o n  and r a d i a t i v e  
energy  t r a n s f e r  in  th e  shock la y e r  a r e  im p o r ta n t .  In  p ro c e e d in g ,  
our a t t e n t i o n  w i l l  be r e s t r i c t e d  to  th e  f i r s t  t h r e e  f l i g h t  r e g im e s ,  
where th e  h e a t in g  r a t e s  to  a  v e h i c l e ' s  s u r f a c e  a re  th e  most s i g n i f i c a n t .
S i g n i f i c a n t  r a d i a t i v e  e n e rg y  t r a n s f e r  has s e v e r a l  im p o r ta n t  
e f f e c t s  on th e  shock la y e r  b e h a v io r .  F i r s t ,  r a d i a t i v e  t r a n s f e r  
coup les  th e  energy  e q u a t io n  and th u s  th e  th e rm a l  boundary la y e r  over  
th e  e n t i r e  shock l a y e r .  T h is  i s  a p p a re n t  by r e c a l l i n g  t h a t  th e  f lu x  
d iv e rg e n c e  te rm  i n  th e  energy  e q u a t io n  i s  e v a lu a te d  by an i n t e g r a t i o n  
over a l l  space  in  th e  shock l a y e r .  T h is  e f f e c t  has been  d em o n s tra ted  
by s e v e r a l  a u th o r s  in c lu d in g  R e f .  2 .3  and 2 .4 .  F u r th e r ,  th e  th e rm a l  
boundary la y e r  e x i s t s  from th e  shock to  th e  body fo r  a l l  t h r e e  f l i g h t  
reg im es  i n  th e  r a d i a t i v e  coup led  domain. Secondly , r a d i a t i v e  energy  
t r a n s f e r  p roduces  n o n a d ia b a t ic  o r  energy  lo s s  e f f e c t s .  P r i n c i p a l l y ,  
r a d i a n t  energy  i s  l o s t  th rough  th e  t r a n s p a r e n t  shock wave. T h i r d ly ,  
th e  e f f e c t  o f  r a d i a t i v e  t r a n s f e r  i n  th e  shock wave i s  co u p led  th rough  
th e  energy  e q u a t io n  to  the  momentum e q u a t io n .  A lthough t h i s  c o u p l in g  
e f f e c t  i s  n o t  a l t o g e t h e r  n e g l i g i b l e ,  i t  does no t  change t h e  c o n c lu s io n s
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o b ta in e d  abou t momentum t r a n s f e r  in  th e  shock la y e r  in  th e  f i r s t  
th r e e  f l i g h t  r e g im e s .  T h e r e f o re ,  even though th e  v is c o u s  e f f e c t s  
may be approx im ated  th rough  boundary  la y e r  co n cep ts  w i th  p o s s i b l e  
m o d i f ic a t io n s  o f  edge c o n d i t io n s  in  the  v o r t i c i t y  la y e r  reg im e ,  th e  
energy  t r a n s p o r t  o ccu rs  over th e  e n t i r e  shock l a y e r .  I n  th e  v is c o u s  
la y e r  reg im e bo th  v is c o u s  and energy  t r a n s p o r t  a r e  s i g n i f i c a n t  over 
th e  e n t i r e  shock l a y e r .
A p p re c ia b le  mass i n j e c t i o n  r a t e s  o f  a b l a t i o n  p ro d u c ts  r e s u l t s  
i n  a d d i t i o n a l  e f f e c t s  on energy  and momentum t r a n s f e r  w i th i n  th e  
shock l a y e r .  High mass a d d i t i o n  r a t e s  te n d s  to  e n la rg e  th e  r e g io n  o f  
s h e a r  dom inated flow  n ea r  th e  body. L ibby ,  R ef .  2 .5  showed e x p e r i ­
m e n ta l ly  and t h e o r e t i c a l l y  t h a t  in  th e  boundary  la y e r  reg im e , 
boundary la y e r  c o n c e p ts  cou ld  be a p p l ie d  when mass i n j e c t i o n  o r  
s u c t i o n  r a t e s  were q u i t e  l a r g e .  T h is  s tu d y  d id  n o t  in c lu d e  th e  
e f f e c t s  o f  r a d i a t i o n ,  b u t  s in c e  energy  t r a n s p o r t  does no t  change 
th e  c h a r a c t e r  o f  momentum t r a n s p o r t  th e s e  co n c lu s io n s  a r e  a l s o  v a l i d  
i n s o f a r  as  momentum t r a n s f e r  i s  concerned  f o r  r a d i a t i v e  coup led  
shock l a y e r s .  Mass i n j e c t i o n  has o th e r  e f f e c t s  such as  r e d u c t io n  o f  
sh ea r  a t  the w a l l ,  R ef .  2 .4 ,  and r e d u c t io n  o f  h e a t  t r a n s f e r  a t  th e  
w a l l ,  R ef .  2 .4 ,  2 .5  and many o t h e r s .  These e f f e c t s  a l th o u g h  o f  g r e a t  
im portance  do no t  change th e  b a s ic  c h a r a c t e r i s t i c s  o f  momentum o r  
energy  t r a n s f e r  i n  the  shock l a y e r .
We may conc lude  t h a t  f o r  f l i g h t  c o n d i t io n s  in  the  r a d i a t i v e  
coupled  domain where a b l a t i o n  r a t e s  a r e  a l s o  s i g n i f i c a n t ,  th e  c h a r a c t e r  
o f  the. momentum t r a n s f e r  i s  e s s e n t i a l l y  th e  same as  w i th o u t  th e s e
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e f f e c t s .  However, th e  c h a r a c t e r i s t i c s  o f  energy  t r a n s f e r  a r e  
s i g n i f i c a n t l y  d i f f e r e n t  in  t h a t  th e  e n t i r e  shock la y e r  must be 
c o n s id e re d  i n  a l l  t h r e e  f l i g h t  re g im e s .
With th e  fo re g o in g  s ta te m e n ts  as  background th e  problem  which 
we w ish  to  so lv e  can  be s t a t e d .  The b a s i c  c o n s e rv a t io n  e q u a t io n s  
s t a t e d  i n  Appendix A a r e  a p p r o p r i a t e  to  d e s c r ib e  th e  flow o f  a  
continuum  r e a c t i n g  and r a d i a t i n g  gas m ix tu re  over a b lu n te d  s u r f a c e  
when thermodynamic e q u i l i b r i u m  e x i s t s .  For the  p r e s e n t  work, we w i l l  
d e te rm in e  th e  reduced  s e t  o f  e q u a t io n s  which d e s c r ib e  th e  flow  in  a 
shock la y e r  over a  b l u n t  body when th e  o u te r  boundary o f  th e  shock 
l a y e r  i s  a shock wave d e s c r ib e d  by th e  Rankine-H ugoniot e q u a t io n s .
Thus th e  e q u a t io n s  g o v ern in g  th e  flow in  the  shock la y e r  w i l l  be 
a p p l i c a b l e  to  th e  t h r e e  h ig h e r  Reynolds number regim es b o th  i n  and 
o u t  o f  th e  r a d i a t i o n  coupled  domain. The prime concern  and m o t iv a t io n  
fo r  o b ta in in g  t h i s  s e t  o f  e q u a t io n s  i s  to  d e s c r ib e  th e  h e a t  t r a n s f e r  
mechanisms which p roduce  s u r f a c e  h e a t in g  such t h a t  s u r f a c e  h e a t in g  
c o n d i t io n s  can  be p r e d i c t e d  by n u m e rica l  c a l c u l a t i o n .
Order o f  Magnatude A nalyses
In  o rd e r  to  d e te rm in e  th e  a p p r o p r i a t e  s e t  o f  e q u a t io n s  which 
r e a l i s t i c a l l y  approx im ate  th e  flow  s i t u a t i o n  j u s t  d e s c r ib e d ,  an  o rd e r  
o f  magnitude assessm en t o f  th e  term s in  th e  b a s ic  c o n s e r v a t iv e  
e q u a t io n s  i s  needed. T h is  i s  p r o p e r ly  c a r r i e d  ou t  by f i r s t  nondimen- 
s i o n a l i z i n g  the  c o n s e r v a t io n  e q u a t io n s .  The fo l lo w in g  nond im ensional 
v a r i a b l e s  a r e  in t ro d u c e d .
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I t  shou ld  be no ted  t h a t  th e  e q u a t io n s  in  th e  Appendix A a re  in  
d im e n s io n a l  form. In  t h i s  c h a p te r  a s u p e r s c r i p t  * w i l l  d en o te  
d im e n s io n a l  v a r i a b l e s  u n le s s  i t  i s  e x p l i c i t l y  s t a t e d  o th e rw is e .
The d im ens iona l  g lo b a l  c o n t i n u i t y  e q u a t io n  i s :
9 /  *A * *s . 5 *A *  K  n , 0( r  p u ) +  —  (Kr  p v ) = 0 ( 2 .2 )
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Using th e  d im en s io n le ss .  v a r i a b l e s  s t a t e d  i n  Eq. 2 .1  th e  above e q u a t io n  
may be w r i t t e n  as
* * R* b , A . * * R* 9 A . -
p u pu ) + p u u r pv) = oco co a§ oo oo ay
*  *
D iv id in g  by p U y i e l d s  the d im en s io n le ss  form
| j ( r Apu> + f ^ r Apv> = 0 (2 .3 )
From Eq. A . 78 th e  d im ensiona l s p e c ie s  c o n t i n u i t y  e q u a t io n  i s :
a  , *a * * , a  *a * *. - a  , *a * .— ( r  P  C u ) +  — ( k T  p C v ) = — ( r  J  )
a x  1 a y  1 a x
( 2 .4 )
a  *a * % . ~  *a *
— J 4. ) + Kit Bj
a y
In t ro d u c in g  d im en s io n le ss  v a r i a b l e s  g iv es
" A *  h  L a5CrAPciu) + i &ApCiv)]R L i  a y '
* * R * r 3 , A t  . . a  a t  \  "I j .
= - p=> U=c 7  L a l ( r  j i ,x>  + ^ ( *r  i , y  J +
* * R* ~  Ap u - T  yX (1)
r C 0  C O  1R
which y i e l d s
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and c a n c e l l in g  d im e n s io n a l  term s y i e l d s  th e  d im e n s io n le ss  
^-momentum e q u a t io n .
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+  8?  i  11 s i  ^  11 By '  Hl !*") ( - 8)
, A / l S v , 3 u  K \
+  »r  » U 6 S +  » - ~ u )
H H
- £ ( S s < A ) + £ r ^ > )  ( I t )
Kt
The y-momentum e q u a t io n  can be s t a t e d  in  d im en s io n a l  form from 
Eqs. A. 85 -* A. 89
* *A * dv* . * *A~ * dv* * * *A *2p r  u — 5 + p r  Kv  — * -  p k r  u
3x 9y
. ~  *a bp* a _  /  *a *r i  a^L . * 1 * 1  >
k —  - —  \ r  h : ~  + ” " z r u J j
dy ax h 9x a y  h
a  , *  a  , *a *  *  a  ^  *a-  — £ iX — * ( r  u ) + X — * G x V  ) )  ( 2 .9 )
d y  '  dx a y  '
d_ / ’f* *A *  Sv > , * « r  5 / *a  a  *A * . 1 * (Znr p, - 2 _ )  + X H  —* ( r  u ) +  ^-* G x  v  )
9 y  a y  H 3X a y
* *A ** v r  r au * *~1+ 2p, H j    I — + k v J
x 9x
* *A_
x r a / *a *v . a  r"  *A *\1 1" 9r 1
+ 2 ^ L f ^ r v >J l z ^ J
r  *  *3x *A *a  _  * *A ,2
+ 2u —  r 5r i  r sr - i . o * jcl. i l = o
* r*A L ay* J  L ax* J 11 / a L 3/  J
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I n t r o d u c t io n  o f  nondim ensional v a r i a b l e s  in to  th e  y-momentum 
e q u a t io n s  fo l lo w s  th e  same p rocedu re  and p a t t e r n  a s  i n  the  x-momentum 
e q u a t io n .  The r e s u l t i n g  nondim ensional y-momentum e q u a t io n  i s :
A 3v A ~  3v A 2 ~  A 3Ppi u + pr „  v ^  -  P„r u + „ r  ^
1 '  1 | s  +  | B  _ *  u-| N
R I  3 ?  L ~  9 5 '  a y  ~  J  /e k k
+ £  (x I s < A > + >- h  («A > ) + *  (2 »rA  ^ * )
K H
x r  a / a . . s  a [• 3rA i  „ u r  a r“  ~
” ^ a  L "b§ ay ( * r  v ) j  L a T  J  -  2li r A L ay J
A -2
~  . A ^ A ,
-  2M, * j | j h l L - } = 0 ( 2 . 10)r A B§ By J
U sing Eqs. A .90 w i th  A .8 6 , A .87 and A .89 th e  ene rg y  e q u a t io n  
can  be w r i t t e n  in  d im e n s io n a l  form:
* *A * BH* , *A * BH* * * Ap r  u — j + p k i  v — * = - Ad - A d - Ar
Bx By
- 4 ,  ♦ M  ^  <r*v >  + ^,y  Bx x x  ax  By
* *a u* “ Bu* . * *1 . *A * *  [  1
+ 2p, r  —  I * +  h v I + r  v p, I -  —  + “
h Bx - 1 k  a x  By
_ k * u *  1 \  3 ~  *A * * r  1 3v* . Bu* x l  „* 1~ J j + —  U r ^ u L ~ “ 5 + ~ u J
x By K BX By x
* * r  B *A * , B *A . 9 ~  *A * * Bv^ \  (2 .1 1 )+ X v — * ( r  u ) + — * CKr  v ) i + 2 Kr  ^  v  j  )
L Bx By ay
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*lc
where th e  d i f f u s i o n a l  and r a d i a t i v e  f l u x  d iv e rg e n c e  te rm s ,  A t a re
d e f in e d  in  Eq. 2 .1 .  S u b s t i t u t i o n  o f  the  nond im ensional r a t i o s  from
Eq. 2 .1  y i e ld s  
*2
.*  ^ U* R it * 00 r A  3H ~  A 9 H -! *. 3 f  .
p.  J *  u «, ~ 2 ~  L P“ 35 ^  p v  3y J  ■  '  p*> ( u »  > L V ,
*2
4 . A  4 . A 4 . A 1 .  *  |  i  /1 »  T 1 ,
+ AD,y + R,x + 4 R,yJ L -51 (r u)
B /~  A _ A u T 3u , “1 ,  A [~ 1+ ^  Q r v)J  + 2^r -  L -  + HvJ + r pv [  -
K K
K
5v
SI
+ Xv[  t |  (rAu) + *  &Av)]  + 2 ’‘rApv §  )  }
In t ro d u c in g  the  Reynolds number th e  nondim ensional energy
e q u a t io n  can be w r i t t e n :
r V  H  + x ' V  f  = -  2 [ A D,x + A D ,y +  AR ,x
+ % . y ] + t  ^
_ A u f  du "I A f  1 Sv , du xu~l \
+  2^ z l T i  +  - v l  +  v
H X X
a / ~ a  r i av 9u « u i  . . r a ,  a  .
+  ¥  l » r  tw L ~  " S i +  ¥ '  S - J +  Xv L s i  ( r  u)
X X
+ ^  ( h A ) ]  + 2 n r V  - g  )  }  ( 2. 12)
Having s t a t e d  th e  nondim ensional c o n s e r v a t io n  e q u a t io n s  we a re  
c o n fro n te d  w ith  the  problem  o f  e s t i m a t in g  th e  r e l a t i v e  m agnitude o f  
th e  te rm s in  each e q u a t io n .
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A ccording to  th e  r e s u l t s  o f  Hayes and P ro b s te in ,  R ef.  2 .2 , th e  
gas behind a bow shock o f  a  h y p e rv e lo c i ty  v e h i c l e  i s  a  continuum  
fo r  f r e e s t r e a m  Reynolds numbers g r e a t e r  than  100 based  on p r i n c i p l e  
body r a d i u s .  F u r th e r ,  th e  s t a n d o f f  d i s t a n c e  n o n d im en s io n a l ized  by 
body r a d iu s  f o r  f l i g h t  R eynolds numbers g r e a t e r  th a n  100 has been  
shown, R ef .  2 .2  and o t h e r s ,  to  be app rox im a ted ly  e q u a l  to  t h e  
d e n s i ty  r a t i o  a c ro s s  th e  bow shock . The d e n s i ty  r a t i o  f o r  hyper­
so n ic  Mach numbers i s  o f  th e  o rd e r  o f  one t e n th  and l e s s  f o r  
d i s s o c i a t i n g  g a s e s .  These s t a t e d  r e l a t i o n s h i p s  can  be e x p re s se d  
as  fo l lo w s :
*
R > 100 , \  ~  ^  £  .10  (2 .1 3 )
6 R
S ince  we a re  concerned  w i th  a  t h i n  la y e r  w ith  r e s p e c t  t o  th e  body 
r a d i u s ,  P r a n d t l ' s  co n c e p ts  f o r  th e  r e l a t i v e  o rd e r  o f  m agnitude o f  
term s i n  the  c o n s e r v a t io n  e q u a t io n s  can be employed. F o llo w in g  th e  
p ro ced u re  g iven  by S c h l i c h t in g ,  R ef .  2 .6 ,  th e  r e l a t i o n s h i p s  f o r  th e  
r e l a t i v e  o rd e r  o f  n o n d im en s io n a l ized  terms may be w r i t t e n .
u ~  1 v  ~  p
H ~  1 p ~  1
bu .  a 2u  1— - J ' ■ ■ J.
*  ac
bu 1 b^U
9y -  2 - 2
P a y  P
a c .  a 2c .
— -  ~  1 -----r 1 ~  1
*  d52
.  „ i _ f i  T
i , x  Re a §  i , y  R e  a y
H 1 K a / 1
V> 1 c i 1
b v — a 2v —
d § P d | 2
P
b v 1 a 2v l _
d y
1
* 2 d y
A /
P
d c . JL_ a 2c t 1
By P a y 2
- 2
P
A „ Aa r i a r
a s
JL dy P
(2 .1 4 )
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Using the  above e s t im a te s  th e  r e l a t i v e  o rd e r  o f  magnitude o f  
th e  te rm s in  the  fo u r  c o n s e r v a t io n  e q u a t io n s  have been d e te rm in e d .  
G lo b a l c o n t i n u i t y
0 [ 1] 0 [ 1]
| |  ( r Apu) + | p  ( * rApv) = 0
S p e c ie s  c o n t in u i t y
0[1] o[U  o [ | - ]
f s < rV l u> + tp  ( ; r ApCtv) ■ ■ | j ( A ts )
r  1 _1 
° # JH e
3 / ~  A_ . . ~  A
" S t  C ’“r  i y  +  «r  “ i
£ -  Momentum
0[1] 0[1]. 0[p]
A 5u , ~  A 3u A , A 9Ppr u —  + p«r v -  + pKr  uv + r  —
0[1] 0[1]
.  1 .  /  ( 1 JL ( A ) ' )  + 3 -  ( 1 I L  Q r \ ) )
R I as \  ~  3§ ; /  3? \ ~  3y H } Je = k h
o [i]  oCp3 o[p]
+ 1 -  ( 3H^ i + 1 -  f  *  A 3v
+ 3§ \  ~  <%) 3§ V -  ; + ~  r * 3§
Offi* o g z ]  o [ f ]
3
+ 3y
(  A 3vX 3 /  ~  A 3uN 3 /  A \
(.r 11 as) + 1? I *r * W  '  *  V»r H
o f i -1 0 [ 1]  0 [ 1]
, A 3u jtf A X 3 /_ .A ,\ /3 £ v
+ Hr  p. a „  r  M-u -  ^  A 35 3 |
K H* _ 9
0 [ 1]  0 [ 1] 0 [ ^ Z]
X 3 a  v/ 3 r A\  9 iiu_ f3 rA\  2yv 3 r^  3 r f  \
’  ’  n rA ^  /  95 9y ■*
(2 .1 5 )
(2 .1 6 )
(2 .1 7 )
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y -  Momentum;
O f f ]  o f f ]  0 [ 1]
A Bv . A?« dv A 2 «  A 9P
Pr u a§ + pr HV dy " 9kX u *r dy
o ff] o[j--] 0 [ 1]
P
Re ^ ^  /  S5 \  dy/ S§ v. ~  /
° H  °L="] oci:i
p p
+ 1? (* I* (rA“0 + < * * » )  ■ *  f i ( A )%
o [i]  • 0 [ 1] o ff]
hA )  -  2 , ^ 1  -  2 ^  A
H H H
o ff] off] o ff2]
1 _ S_ / A v / j A  x_ 3_f ~ A s A  _ 2M
'  7  a s  ( r  u ) w )  r A sy  Kr v )  W  J 2m< / W  )
O ff2 ]  ojj”  ]
p
9 S z  3rA 3fA . 3 f f ~ r An — ^ "1 = 0
-  2^ A s T  a T  + W V *  “  Zy) J 0
(2 . 18)
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Energy:
0[1] 0[1] « c ye y ]y e
' V  I f  ♦ f  -  -  2|.  AD,x +  V y
e P e
0[1]
+ V *  + AR ,y ]  + I s® H
(rAu))
o [i]  o[i]
. a a « a a , 3 a  
+ V)J + aiV2r “H
u duN
~ ag/
K
o[p] 0[p2]
. a  a  a k  \  . a  /  a v  s v \  
a g V  ~  a §  v  11 ~  a g )% H
i—
i
1 °-
t_
i
oi —
i 
Ht _
l
O 0 C p l
+ l s ( rA|JTf )  ■ l s ( rA~ ,luv +  I?
(  A 3 v \
(r w
4 M  4 \ o [i]
+ » ( •*r | j 'u I f)  '  t ^ ” 2 )  +  f y ( x v  f i ( r A u ) )
0 [ 1 ]  0 [ 1]
+t;(xv » (*rAv>) + ^ (2»rAiiv»)}
Using th e  lower l i m i t  on Reynolds number we observe
1 - 2  1
R «  p ^  100 e
(2 .1 9 )
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At t h i s  low er l i m i t  on Reynolds number, l e t  us  drop a l l  term s o f  
—2
o rd e r  p and h ig h e r  in  a l l  e q u a t io n s  e x c e p t  th e  y-momentum e q u a t io n .
—2
I n  th e  y-momentum e q u a t io n  term s o f  o rd e r  p a r e  r e t a i n e d  fo r  a
s p e c i f i c  r e a s o n .  Along the  s t a g n a t io n  l i n e ,  § = 0 ,  th e  u component
o f  v e l o c i t y  i s  z e r o .  Thus th e  y-momentum e q u a t io n  i s  of. one o rd e r
lower a t  g = 0 .  I t  i s  a p p r o p r ia te  i n  t h i s  c a s e  to  c o n s id e r  term s o f
—  —2
two o rd e r s  o f  m agnitude in  t h i s  e q u a t io n  namely p and p . The
r e s u l t i n g  c o n s e r v a t io n  e q u a t io n s  a r e  p r e s e n te d  in  Tab. 2 .1 .
At |  = 0 th e  y-momentum e q u a t io n ,  Eq. 2 .2 3 ,  has terms which a r e  
— —2
o f  o rd e r  p and p . Two term s which can  be d i r e c t l y  e l im in a te d  from 
t h i s  e q u a t io n  when u = 0 a t  § = 0 a r e  in d i c a t e d  by arrow s.
The s i m p l i f i e d  s e t  o f  c o n s e rv a t io n  e q u a t io n s ,  Eqs. 2 .1 5 ,  2 .20  -  
2 .24  form a  s e t  o f  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s  (n e g le c t i n g  th e  
r a d i a t i v e  te rm s)  which a re  v a l i d  fo r  Reynolds numbers g r e a t e r  th a n  
100. I t  i s  obv ious t h a t  th e  term s which have been  dropped due to  
o rd e r  o f  m agnitude re a s o n in g  become l e s s  s i g n i f i c a n t  as th e  R eynolds 
number i s  i n c r e a s e d .  These " t h i n  shock l a y e r "  e q u a t io n s  a r e  th e  same 
a s  second o rd e r  boundary la y e r  e q u a t io n s  w i th  c u rv a tu re  term s and 
a re  v a l i d  f o r  continuum flow o f th e  v i s c o u s ,  v o r c i t y ,  and c l a s s i c a l  
boundary l a y e r  reg im e .
To t h i s  p o in t  l i t t l e  has  been  s a id  a b o u t  th e  b u lk  v i s c o s i t y  which 
ap p ea rs  i n  th e  X term  in  th e  momentum and energy  e q u a t io n s .  T h is  has  
been  done f o r  th e  sake o f  g e n e r a l i t y .  However, t o  i n t e r p r e t  th e  
p r e s s u r e  i n  our e q u a t io n s  a s  th e  l o c a l  thermodynamic p r e s s u re  S to k e s '  
p o s t u l a t e
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TABLE 2 .1  
LISTING OF CONSERVATION EQUATION WITH 
ORDER ASSESSMENT RESULTS
G lo b a l  c o n t i n u i t y :
0 [ 1] 0 [ 1]
| | ( r Apu) + | ^ r Apv) = 0
S p ec ie s  c o n t i n u i t y :
0 [ 1 ] 0 [ 1] 0 [ 1 ]
f c < ' Apc iU>
§ -  momentum:
0 [ 1] 0 [ 1] 0[p ]
A Su ~  A Su . A A 9P
Pr  U g |  + P«r  v ^  +  pnr uv + r
■ (= - ]  t u
i  ;  a  a au \  a ,  a  . . a  Su \  „
-  r  1  ^  vKr “ a ? } '  s j  U l  ^ + *r  11 ¥ ;  ’ 0
(2 .1 5 )
( 2 . 20)
( 2 . 21)
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TABLE 2.1 (Cont.)
y  -  momentum: ( 0  [p ]  and l a r g e r  te rm s)
0 [p ] 0 [ p ] 0[1]
„ A Bv A~ Bv ~  A 2 . ~  A BPpr u ^  +  pr Hv  -  pKr  u + * r  —
■ « & - ] t r ]
—  I  i’rA 4- 9 A 5 /,.A vN
i  S! Vr  “  by) by V- bl  ( u ) JR
y  -
+ k  ( x h  & A v ) ) +  h  § ) }  ■ 0
_2
momentum: ( 0 [p ] and l a r g e r  te rm s)
0 [p ]  0 [p ]  0 [ 1]
p >
A- bv
+ pr hV
B  A > ^ + x,r T”  By
4 J - ]
- 1  { fi (A  f ) + » (xi t (A))
° [ = - ]  o f * - ]  0 [ 1 ]
p p
j . i L  A  S A . \  3 A B v\ B / A .
+  ay l x VV  +  a? I 2* 1 “  W  '  s i  ( r  lw u) 
0 [ 1] 0 [ 1] 0 [ 1]
( 2 .
(2 .:
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TABLE 2 . 1  ( C o n t . )
Energy:
0 [ 1]  0 [ 1] 0 [ 1] 0 [ 1] 
r Ap u f  +  « r V f  ■ -  2( A D,y + A R ,y )
0 [  0 [ i - ]  ( 2 . 2 4 )
P P
2 f 9 A 3u\ B ,  A 2. \
+  r  1  a ?  v»r  •“  ^  (»r  ^  > /
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* *
(2 .2 5 )2\l + 3 \  = 0
must be  a c c e p te d .  The. b u lk  v i s c o s i t y  p, i s  a d i r e c t  i n d i c a t i o n  o f  th e  
d e p a r tu r e  o f  th e  mean p r e s s u r e  from th e  thermodynamic p r e s s u r e  
ex p re s se d  by th e  e q u a t io n  o f  s t a t e  R ef.  2 .7 .  F u r th e r ,  L a i to n e  R ef .  
2 .7  p o in t s  ou t t h a t  by a c c e p t in g  S tokes p o s t u l a t e  f o r  co m p re ss ib le  
flows we a r e  a t  b e s t  r e s t r i c t e d  to  monatomic g a s e s .  T h is  appea rs  to  
be a r a t h e r  s t r i n g e n t  a ssum ption  u n t i l  one examines th e  type  o f  
b e h a v io r  a  po lya tom ic  gas must e x h i b i t  to  s i g n i f i c a n t l y  d e v ia te  from 
monatomic b e h a v io r .  To a  f i r s t  app rox im ation  th e  b u lk  v i s c o s i t y  
p c h a r a c t e r i z e s  th e  dependence o f  p r e s s u r e  on th e  r a t e  o f  change o f  
d e n s i t y  R ef .  2 .8 .  Gases which e x h i b i t  showly e x c i t e d  i n t e r n a l  
d e g re e s  o f  freedom ( i . e .  r o t a t i o n a l  o r  v i b r a t i o n a l )  i n  flow s which 
have r a p i d  changes i n  th e  s t a t e  o f  th e  f l u i d ,  th e  p r e s s u r e  canno t 
fo l lo w  th e  changes i n  d e n s i t y  and d i f f e r s  from i t s  thermodynamic 
e q u i l ib r iu m  v a lu e .  Thus, a cc e p ta n c e  o f  S to k e s '  p o s t u l a t e  fo r  b u lk  
v i s c o s i t y  i s  c o n s i s t e n t  w i th  our b a s i c  assum ption  o f  l o c a l  thermo­
dynamic e q u i l ib r iu m  used th ro u g h o u t t h i s  developm ent. H en ce fo r th ,  
we w i l l  u se
in  our e q u a t io n s .  I n  t h i n  shock la y e r  e q u a t io n s  S to k e s '  r e l a t i o n  
i s  needed on ly  f o r  th e  y-momentum e q u a t io n .  The o rd e r  a n a l y s i s  has 
e l im in a te d  a l l  term s c o n ta in in g  X i n  bo th  th e  x-momentum and energy  
e q u a t io n .
X
* 2 *
(2 .2 6 )
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P lan e  S lab  R a d ia t io n  A pproximation
I n  a d d i t i o n  to  th e  s i m p l i f i c a t i o n s  from th e  o rd e r  o f  m agnitude 
a n a l y s i s ,  f u r t h e r  s i m p l i f i c a t i o n  o f  th e  r a d i a t i v e  f lu x  d iv e rg en ce  
te rm  in  th e  en e rg y  e q u a t io n  i s  n e c e s sa ry  i n  o r d e r  t o  so lv e  th e  s e t  o f  
i n t e g r o - p a r t i a l  d i f f e r e n t i a l  e q u a t io n s  i n  a p r a c t i c a l  manner. With­
o u t a d d i t i o n a l  s i m p l i f i c a t i o n  th e  c o n s e r v a t io n  e q u a t io n s  a re  e l l i p t i c .  
Two assum ptions  a r e  made h e re  i n  o rd e r  to  e v a l u a te  th e  r a d i a t i v e  f lu x  
d iv e rg e n c e  te rm  \  y •
The shock l a y e r  geometry i s  approx im ated  lo c a l l y  by an 
i n f i n i t e  p la n e  s la b .
The shock l a y e r  i s  assumed to  be l o c a l l y  one -d im ensiona l in  
t h a t  r a d i a t i v e  t r a n s p o r t  c h a r a c t e r i s t i c s  v a ry  only  a c ro s s  
th e  i n f i n i t e  p la n e  s l a b .
I t  has been  shown t h a t  t h i s  o n e -d im e n s io n a l  p lan e  s la b  model 
can  be used i n  o b ta in in g  q u a n t i t a t i v e  v a l i d  r e s u l t s ,  R ef.  2 .9 .
F u r th e r ,  t h i s  model i d e n t i c a l l y  s a t i s f i e s  th e  o rd e r  o f  magnitude 
a n a l y s i s  which dropped ^  . The m a th e m a tic a l  development o f  t h i s
model fo l lo w s  t h a t  p re s e n te d  by Sprad ley  and E nge l,  R ef. 2 .1 0 ,  w ith  
th e  e x c e p t io n  t h a t  boundary c o n d i t io n s  a r e  l e f t  g e n e ra l  fo l lo w in g  th e  
work o f  R. and  M. G oulard R e f .  2 .1 1 .
We n o te  t h a t  d im en s io n a l  e q u a t io n s  w i l l  be used  th roughou t th e  
r e s t  o f  t h i s  s e c t i o n  w ith o u t  th e  s u p e r s c r i p t  * n o t a t i o n  u n le s s  th e  
s u p e r s c r i p t  i s  needed fo r  c l a r i t y .
Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
50
L e t  us c o n s id e r  th e  r a d i a t i v e  t r a n s f e r  Eq. A. 27
F o llow ing  th e  s te a d y  s t a t e  assu m p tio n  l e t
c S t 0 .
T h e re fo re  our t r a n s f e r  e q u a t io n  can  be w r i t t e n
(2 .2 7 )
By im posing th e .o n e -d im e n s io n a l  a p p ro x im a t io n ,  th e  r a d i a t i v e  t r a n s f e r  
e q u a t io n  fo r  th e  y - d i r e c t i o n  may be w r i t t e n
ftT /IT
where f  = cos Y
For th e  o n e -d im en s io n a l  problem th e  a b s o r p t i o n  and e m iss io n  c h a ra c ­
t e r i s t i c s  v a ry  on ly  in  one d i r e c t i o n ,  y .  T h is  f a c t  i s  s u f f i c i e n t  
in fo rm a t io n  to  so lv e  Eq. 2 .28  f o r  th e  s p e c i f i c  i n t e n s i t y  by i n t e g r a t i o n  
in  y .  We w i l l  see  l a t e r  t h a t  a l th o u g h  th e  s p e c i f i c  i n t e n s i t y  i s  
e v a lu a te d  o n e -d im e n s io n a l ly  th e  r a d i a t i v e  f l u x  and f lu x  d iv e rg e n c e  
must be e v a lu a te d  over a l l  sp ace .  C onsequen tly  the  f l u x  d iv e rg e n c e  
i s  i n t e g r a t e d  over an i n f i n i t e  p la n e  s la b  which has the  same i n t e n s i t y  
v a r i a t i o n  a c r o s s  the  s la b  a t  any s t a t i o n  down the  s la b .
I n  o r d e r  t o  c l a r i f y  th e  s o l u t i o n  o f  Eq. 2 .2 8 ,  F ig .  2 .2  i s  
p r e s e n te d .  From F ig .  2 .2  we o b se rv e
(2 .2 8 )
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dy = cos  Y ds = fds  (2 .2 9 )
By d e f in i n g  th e  o p t i c a l  d e p th  as
%  = J  «v  dy ( 2 *30>
and u s in g  Eq. 2 .30  th e  r a d i a t i v e  t r a n s f e r  e q u a t io n  can  be 
r e w r i t t e n
d l
/  -r-*  = I  -  B (2 .3 1 )dT v  v
V
The r a d i a t i v e  t r a n s f e r  Eq. 2 .31  can  be so lv ed  fo rm a l ly  by u s in g  th e  
v a r i a b l e  c o e f f i c i e n t  method:
\  = C ( tv ) exp ( t v / / )
S u b s t i t u t i o n  o f  th e  above r e l a t i o n  i n t o  Eq. 2 .3 1  and s o lv in g  fo r  
th e  f u n c t i o n  C (tv ) y i e l d s
e(T v ) = C (tv 1 , Tv2 ) -  J  Bv exp (-  Tv / / ) d  ^  (2 .3 2 )
Thus th e  g e n e r a l  e x p re s s io n  fo r  th e  s p e c i f i c  i n t e n s i t y  i s
rTv’ 2 dT
\  = C ( T V , 1 ’ Tv , 2 )  exp (Tv/ / ) “ exp (Tv / / )J (2 -33)
Tv , l
S p l i t t i n g  th e  i n t e g r a t i o n  i n t o  two p a r t s  and e v a l u a t i n g  boundary 
c o n d i t io n s  y i e l d s
I  = I  +  +  I  "
V V V
where
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I  + = v “ J V Bv exp (" (V rv>/f) ~ f
T.
v,w  (2 .3 4 a )
+ C ^ v . w 5 exp (Tv ,»  •  Tv> /n  
V  -  - j  V,S Bv exP ( V  ~ f
T
V (2 .3 4 b )
+ I  ( t ) exp ( -  ( t “ t ) / f )  v v , s  r  v , s  v  J
The above e q u a t io n s  d e s c r ib e  th e  r a d i a t i o n  f i e l d  i n  term s o f
te m p e ra tu re  th rough  P la n c k 's  f u n c t io n  f o r  a  n o n s c a t t e r in g  g a s .
The q u a n t i t i e s  I  ( t ) and I  * ( t ) a r e  boundary c o n d i t io n s  and^ v v , s  v  v ,w  J
th e  e x p o n e n t ia l s  r e p r e s e n t  a t t e n u a t i o n  over o p t i c a l  p a th  le n g th .
U sing  Eqs. 2 .34  fo r  th e  s p e c i f i c  i n t e n s i t y ,  th e  r a d i a t i v e  f l u x  
and f l u x  d iv e rg e n c e  may be e v a lu a te d .  R e c a l l i n g  from Appendix A,
Eq. A .22, r a d i a t i v e  f lu x  te rm  can  be e x p re s s e d  as 
_  _  p “  p ^ t t  _
q ( r )  = i n .  dn  dv (2 .3 5 )R J q  J q  v  1
For th e  geom etry under c o n s i d e r a t i o n  th e  u n i t  v e c to r  can  be  
r e p la c e d  by th e  d i r e c t i o n  c o s in e  f  . From F ig .  2 .3  we n o te  t h a t
dQ = s i n  Y dY d@
and
f  -  cos  Y
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T h e re fo re
dn = -  d/  d© (2 .3 6 )
S u b s t i t u t i o n  o f  Eq. 2.36 i n t o  2 .35  y i e l d s
%  v = -  f f r  k *®* df dv ( 2 -3?)
R , y  J 0 - 1  J o v
S im p l i fy in g  f o r  th e  one d im en s io n a l  c a se  by i n t e g r a t i o n  in  d© y i e l d s
% , y  = -  2,1 J o  I . !  V d / d v  ( 2 ’ 3 8 )
I t  i s  c o n v en ien t  to  s p l i t  th e  i n t e g r a t i o n  i n  Eq. 2 .3 8 .
+  ■ - 1  +  qT = 2rr I  f d f  R ,y ,v  v  J J0
„ - l
I
0
Thus th e  monocromatic h e a t  f l u x  i s  th e
q" -  2 tt f I  “f df  R,y»v * v * 1
_ +  -  
qR ,y ,v  “  qR ,y ,v  " qR ,y ,v
S u b s t i t u t i n g  Eq. 2 .34  in to  2 .39  y i e l d s
q* = -  2rr f  V B E0 ( t  -  T )dT ^ R .y .v  J v 2 v  v  v
Tv,w
+  2% ,v ^ Tv,w^E3^Tv ,w  -  V  
qR ,y ,v  =  •  2 ,1  J  V ’ \ E 2 ( t v  ‘  V d ! f v
Tv
+ 2% , v ( t v , s )E3 ( t v , S •  V
(2 .3 9 )
(2 .4 0 a )
(2 .4 0 b )
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where th e  d i r e c t i o n  c o s i n e ,  / ,  dependence i s  ex p re ssed  i n  terms o f  the 
e x p o n e n t ia l  i n t e g r a l  f u n c t i o n  o f  o rd e r  n.
.1 
0
L e t  us examine th e  r a d i a t i v e  f l u x  e q u a t io n  g iv e n  i n  the  t h i r d  
s e c t i o n  o f  Appendix A.
2n = J  f a~2 exp ( - t / / ) d t  (2 .4 1 )
qR ,y
py(r^)  ,  p4rr
y(r0) J0 v '  0 
D i f f e r e n t i a t i n g  w ith  r e s p e c t  to  y we o b ta in
q-v (4ttBv - J  I v (r)d ft)dv  dy (2 .4 2 )
- 10 " v K  -  <2-43>
which i s  th e  r a d i a t i v e  f l u x  d iv e rg e n c e  in  th e  y d i r e c t i o n .  In  our 
en e rg y  e q u a t io n ,  Eq. 2 .2 4 ,  we have th e  term
AR ,y  = f y ^ r  qR ,y )
Due to  th e  o n e -d im en s io n a l  p la n a r  s la b  app rox im ation  t h i s  term w i l l  be 
r e p re s e n te d  by
S / -  A „ ~  A 9qR ,y  ., R y) ^  „ r
As a  r e s u l t  o f  t h i s  a p p ro x im a t io n ,  an e v a lu a t io n  o f  Eq. 2 .4 3  i s  
s u f f i c i e n t  to  d e s c r ib e  th e  r a d i a t i v e  t r a n s f e r  in f lu e n c e  i n  the  energy  
e q u a t io n .
In  o rd e r  to  e v a lu a te  Eq. 2 .4 3 ,  th e  i n t e n s i t y  a t  a  f ix e d  p o in t  y 
and i n  a d i r e c t i o n  d e f in e d  by ® and /  i s  i n t e g r a te d  o v er  a l l  s o l id  
a n g le s .  S u b s t i t u t i n g  f o r  th e  s o l i d  a n g le ,  th e  i n t e g r a t i o n  fo r  a
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o n e -d im e n s io n a l  p la n e  s la b  can  be r e a d i l y  c a r r i e d  o u t .
dqR<„  r*50 /  r 1
iy 2  " I 0 “v (2" J t V *  '  4n Bv)d'’ (2 ‘44)
where th e  in n e r  i n t e g r a l  i s
v,w
V
(2 .4 5 )
Eq. 2 .45  c a n  be s im p l i f i e d  by in te r c h a n g in g  th e  o rd e r  o f  i n t e g r a t i o n  
as  s u b s t i t u t i n g  th e  e x p o n e n t ia l  i n t e g r a l  f u n c t io n .
. - 1  r»T"
B E . ( t  -  t  )d*. vf  I  d /  = fTv T  J ,  V  J J v l  v  V \J- T__ __ v,w
• Iv+(Tv,w)E2 (Tv , w - rv )
(2 .4 6 )
+ f  V , S B E.. ( t  - t  ) d T  J v 1 v  v
Tv
- V  ( t v , S)E2( V t v , s )
S u b s t i t u t i n g  Eq. 2 .4 6  in t o  2 .44  p ro v id e s  an e x p r e s s io n  f o r  th e  
r a d i a t i v e  f l u x  d iv e rg e n ce  i n  a  o n e -d im e n s io n a l  s l a b .
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- a q R . «
*  L 2n  ° v [  J v  w v V d!fvay v 0 . c . T
v,w
+  I  + (T  ) E - ( t  - t  )v v ,w  2 v v ,w '
(2 .4 7 )
r.T„
+ V , S B E . ( t  - t  ) d r  v  1 v  v
Tv
+  I  " ( r  )E „ ( t  - t  ) -  2B jdvv  v , s  2 '  v , s  v '  v j
where th e  e x p o n e n t i a l  i n t e g r a l  f u n c t io n  En has th e  fo l lo w in g  
c h a r a c t e r i s t i c s :
E ( t )  = E ( - t )  f o r  n =  1, 3 , 5 ,  7 , . . .  n n *
E^Ct) = -  En ( - t )  f o r  n = 2 , 4 ,  6 , 8 , . . .
(2 .4 8 )
Eq. 2 .47  i s  v a l i d  f o r  a r b i t r a r y  boundary c o n d i t io n s  w i th  th e  e x c e p t io n
t h a t  o n ly  one boundary r e f l e c t i o n  o f  a  pho ton  p a c k e t  i s  a l lo w ed .  In
p r a c t i c e ,  f o r  a shock la y e r  s o l u t i o n ,  th e  s u b s c r ip t  "w" i s  i n t e r p r e t e d
as c o n d i t io n s  a t  th e  w a l l  or body and " s "  as  c o n d i t io n s  a t  th e  shock.
Under t h i s  i n t e r p r e t a t i o n  I ( t  ) = 0 b a r r i n g  p r e c u r s o r  r a d i a t i o nv , s
and th e  o p t i c a l  d ep th  a t  the w a l l  tv w = 0 .  F u r th e r ,  f o r  th e  case  
o f  a p e r f e c t  a b s o rb in g  w a ll  I + (0) = 0 . These s i m p l i f i c a t i o n s  a r e  
th e  u s u a l  ones made i n  d e s c r ib in g  r a d i a t i o n  t r a n s p o r t  i n  a  r a d i a t i n g  
shock l a y e r .  Making th e s e  s i m p l i f i c a t i o n s  red u ce s  Eq. 2 .47  to  
Eq. B.31 o f  R ef .  2 .1 0 .
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I n  o rd e r  to  n u m e r ic a l ly  compute th e  f l u x  and f l u x  d iv e rg e n c e  
when c o n s id e r in g  l i n e  r a d i a t i o n  i t  i s  advan tageous to  so lv e  th e  
r a d i a t i v e  t r a n s f e r  e q u a t io n  in  p h y s ic a l  space  r a t h e r  th a n  i n  
o p t i c a l  d e p th  sp a c e .  To t h i s  end th e  fo l lo w in g  development i s  g iv e n .
The r a d i a t i v e  t r a n s f e r  e q u a t io n  i s
The fo rm al s o l u t i o n  o f  Eq. (2 .3 1 )  fo l lo w s  th e  same p ro ced u re  s t a t e d  
b e fo re  w ith  th e  e x c e p t io n  t h a t  /  i s  assumed to  be an ave rag e  v a lu e
These two e q u a t io n s  a r e  th e  c o u n te r  p a r t s  o f  Eqs. 2 .3 4  a  and b w ith  
th e  boundary c o n d i t io n s  s e t  to  z e ro .  From Eq. 2 .39  th e  r a d i a t i v e  
f lu x  e q u a t io n s  may be w r i t t e n
F i n a l l y  u s in g  Eq. 2 .4 4  th e  f lu x  d iv e rg e n c e  e q u a t io n  may be w r i t t e n  as
d l
f  - r 1  = ot ( i  -  b ) 1 dy v  v  v (2 .3 1 )
o f  1 /2  (R ef. 2 .1 2 )
dy
(2 .4 9 )
/
y
— +—— F—  
qR 17 J 0 v
(2 .5 0 )
(2 .5 1 )
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The o n e -d im en s io n a l  p la n a r  s la b  ap p ro x im atio n s  which r e s u l t  i n  
Eq. 2 .51  have im p o r ta n t  r a m i f i c a t i o n s  to  our shock la y e r  problem . 
R a d ia t io n  c a l c u l a t i o n s  can  be made u s in g  Eq. 2 .51  a t  each  {■ 
lo c a t io n  independen t o f  o th e r  § l o c a t i o n s .  This  makes th e  t h i n  
shock la y e r  e q u a t io n s  a  s e t  o f  p a r a p o l i c  p a r t i a l  i n t e g r o - d i f f e r e n t i a l  
e q u a t io n s  which can be so lved  u s in g  m arching  schemes which a r e  used 
f o r  s o lv in g  c l a s s i c a l  boundary la y e r  e q u a t io n s .
An o b s e r v a t io n  co ncern ing  th e  p la n a r  s la b  ap p ro x im a tio n  i s  i n  
o rd e r  a t  t h i s  p o i n t .  T h is  ap p ro x im atio n  e l im i n a te s  a l l  c u r v a tu r e  
e f f e c t s  from th e  r a d i a t i o n  c a l c u l a t i o n .  A more a p p r o p r i a t e  a p p ro x i­
m a tion  f o r  most a x isy m m e tr ic a l ly  b lu n te d  v e h ic le s  would be a  c o n c e n t r ic  
sphere  ap p ro x im a tio n  f o r  the  b o u n d a r ie s  o f  th e  shock l a y e r  as  p ro ­
posed by V isk a n ta ,  R e f .  2 .1 3 .  For a  tw o-d im en s io n a l  body th e  
c o r re sp o n d in g  app ro x im atio n  i s  q u i t e  o b v io u s ly  c o n c e n t r i c  c y l in d e r  
b o u n d a r ie s .  However, a s  p o in te d  o u t  by V isk a n ta ,  R e f .  2 .1 3 ,  
co m p a ra t iv e ly  l i t t l e  a t t e n t i o n  has b een  g iven  to  r a d i a t i v e  t r a n s f e r  
i n  c u r v i l i n e a r  sy s tem s . The p aper  by V iskan ta  an a ly zed  th e  s te a d y  
s t a t e  r a d i a t i v e  t r a n s f e r  between two c o n c e n t r i c ,  g ra y ,  opaque sp h eres  
s e p a ra te d  by a  g ray  ab so rb in g  and e m i t t in g  medium which g e n e ra te d  
h e a t  u n i f o r m i ly .  He conc luded , f o r  c o n s ta n t  a b s o r p t io n  c o e f f i c i e n t s ,  
t h a t  c u r v a tu r e  e f f e c t s  were e v id e n t  f o r  c o n c e n t r ic  sp h ere  r a d i i  
r a t i o s  a s  h igh  as .9 9 .  This  co r re sp o n d s  a p p ro x im a te ly  t o  a  shock 
s t a n d o f f  d i s t a n c e  o f  6/R «  .01 .  Nominal h y p erso n ic  s t a n d o f f  d i s t a n c e s  | 
a r e  .04  £ 6/R ^  .1 0 .  From V i s k a n ta 's  work we a r e  le d  to  e x p e c t  t h a t
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c u r v a tu r e  e f f e c t s  may be s i g n i f i c a n t  f o r  b o th  r a d i a t i v e  f l u x  and f lu x  
d iv e rg e n c e  i n  a t y p i c a l  shock l a y e r .  The a c t u a l  m agnitude o f  th e s e  
e f f e c t s  a r e  d i f f i c u l t  to  a s s e s s  b ecause  o f  th e  c o n s ta n t  a b s o r p t io n  
c o e f f i c i e n t  assu m p tio n  and d i f f e r e n c e s  i n  boundary c o n d i t io n s  fo r  
th e  problem  under  c o n s id e r a t io n .  Thus a s  f a r  as  i s  known an a c c u r a te  
a sse ssm en t o f  c u r v a tu r e  e f f e c t s  on shock la y e r  r a d i a t i v e  t r a n s p o r t  
i s  a b s e n t  to d a y .  I t  i s  f e l t  t h a t  u s in g  a  c o n c e n t r i c  sp h ere  model i s  
ana logus  t o  in c lu d in g  b o th  f i r s t  and second o rd e r  e f f e c t s  whereas 
th e  i n f i n i t e  p a r a l l e l  p l a t e  model in c lu d e s  on ly  f i r s t  o rd e r  e f f e c t s .  
However, f o r  th e  p r e s e n t  we w i l l  u se  th e  i n f i n i t e  p a r a l l e l  p l a t e  
model in  ou r developm ent.
S ta tem en t o f  Shock Layer E qua tions
As a  r e s u l t  o f  t h e  o rd e r  o f  m agnitude a n a l y s i s ,  th e  b u lk  v i s c o s i t y  
a ssu m p tio n ,  and th e  p la n a r  r a d i a t i v e  t r a n s f e r  model th e  second o rd e r  
t h i n  shock l a y e r  e q u a t io n s  may be w r i t t e n  i n  a  more u s a b le  form. In  
a d d i t i o n ,  a  r e l a t i o n  f o r  the  y-component o f  th e  h e a t  f l u x  v e c to r  from 
Appendix A was used  to  y i e l d  th e  second o rd e r  e q u a t io n s  g iv e n  in  
Tab. 2 .2 .
L e t  us now examine th e  s i m p l i f i c a t i o n s  which a r e  needed to  
o b t a in  th e  f i r s t  o rd e r  shock l a y e r  e q u a t io n s  and c l a s s i c a l  boundary 
l a y e r  e q u a t io n s  from th e  e q u a t io n s  s t a t e d  above. F i r s t  l e t  us  drop 
a l l  term s o f  o rd e r  p o r  s m a l le r .  The r e s u l t i n g  f i r s t  o rd e r  shock 
la y e r  e q u a t io n s  a r e  g iv en  i n  Tab. 2 .3 .  A d d i t io n a l  s i m p l i f i c a t i o n s  
can  be made by assum ing th e  boundary la y e r  th i c k n e s s  t o  be  sm all  i n  
com parison  to  th e  l o c a l  body r a d i u s .  T h is  im p lie s
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TABLE 2 . 2
SECOND ORDER SHOCK LAYER EQUATIONS
G lo b a l c o n t i n u i t y :
£  C r\u) *  £  <S=V> -  0
S p e c ie s  c o n t i n u i t y :
x -  Momentum:
A 3u . ~  A 3u . A A 3Pp r  u + p»r v  - ^  +  P>lr  -  r
. 3  A 3ux 3 r  u
+  —  ( n r  u. T “ ) "  k u " ~-s 3y p 3y . 3v
y -  Momentum: ( 0 [ p ]  and l a r g e r  te rm s)
A 3v , ~  A 3v A 2  ~  A 3Ppr u —  + pHr  v -  -  PKr  u = -  * r  A -
, 3_ / A  3u. 2 3_ ,  3rAu. . 4 3 . A 3v.
3x (  ^ 3yJ “ 3 3y ^  3x 5 3 3y (h  ^ 3yJ
2 3 , A , ^  3 rA
-  3 ^  ( xr  + HM-v — )
(2 .5 2 )
(2 .5 3 )
(2 .5 4 )
(2 .5 5 )
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TABLE 2.2 (Cont.)
— 2
y -  Momentum: (0 [p ]  and l a r g e r  te rm s)
A 9v . A*- 9v A 2 ~  A &Ppr u -  + pr Kv ^  -  PKr  u -  -  Kr  ^
9 , A 9u. 2 3  9 r \  4 9 r  A 9v.
+  ^  ( r  M- ^  1 ^  ^  +  1  ^  C*r9x '  ** 9y7 3 9y Sx 3 9y Sy
2 5 ,  A . 9 /  A . 2 « 9 . A .
-  3 (» r  1» )  -  ^  ( r  * » )  + j  <r u)
K
2 « 9 /■*' A . _ v A 9u 2 9 s* 9r x
+ 3 ^ ^  ^ r v > -  2^ r  & T  3 B?
H K
Energy:
A SH , ~  A 9H - 9  T~ A J  i ST . V  . .r  pu ^  +  „ r  pv LHr  ^ -k  ^  ^  b ^ .
i
L y  y i  1l__ y i m . ) ] .  ~rA
n  £  “ i  ® u  '  f j  h  ‘ > J  sy
9 s* A 9u. 9 / A 2.Cnr p,u — ) - — (* r  p» )
(2 .5 6 )
(2 .5 7 )
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TABLE 2 . 3
FIR ST ORDER SHOCK LAYER EQUATIONS
(Order de te rm in ed  a t  R = p U R/ = 100)
e “  *  ^ 6 ,o
G loba l c o n t i n u i t y :
f e  <prA"> + %  - 0 (2 .5 2 )
S pec ies  c o n t i n u i t y :
h  ^ V t v )  = -  £  & AJ l> y ) + n r \ (2 .5 3 )
x  -  Momentum:
A Bu , ~  A 3u A BP , b f  ~  A 3u 1 (2 .5 8 )
y -  Momentum:
2 ~  BP
P*U “  X ( 2 .5 9 )
Energy:
A BH ~  A BH 3 /  ~  A, 3T \  3 / ' - A  f „ ,  .  
r  pu 3x Kr pv By ~ dy \  H by )  " dy \  *r  i  ?  i  i , y
n N. D T J .  J .  3q„
-  P 2  S 1 * ( - -l-LZ) \  ^ .. ~r A - M  
m2 t  m. ID. . p .  p . J /  *L By N l  j / i  i  1 ,3  3 *1
(2 .6 0 )
, 3  ( ~  A Bu \
+  ^  U r  *  J
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H - * 0 , h - » 1  and r A - » r A (2 .6 1 )w
Using th e s e  l i m i t s  i n  th e  f i r s t  o rd e r  shock l a y e r  e q u a t io n s  r e s u l t s  in
th e  boundary la y e r  e q u a t io n s  g iven  in  Tab. 2 .4 .
E qua tions  2 .6 2  th rough  2 .66 a re  e s s e n t i a l l y  th e  same a s  th e
boundary la y e r  (B .L .)  eq u a t io n s  which a r e  g iv e n  by Fay and R id d e l l
R ef .  2 .1 4 ,  Dorance R e f .  2 .15 and o th e r s .  The boundary la y e r  e q u a t io n s
A
f o r  a  f l a t  p l a t e  a r e  o b ta in e d  by simply n o t in g  t h a t  r w i s  n o t  a  
f u n c t io n  o f  x .  We ca n  conclude from th e  fo re g o in g  s i m p l i f i c a t i o n s  
o f  th e  t h i n  shock l a y e r  eq u a t io n s  t h a t  th e  c l a s s i c a l  P r a n d t l  type 
boundary e q u a t io n s  c o n ta in  only  f i r s t  o rd e r  term s which e x h i b i t  no 
normal component c u r v a tu r e  e f f e c t s .
Boundary C o n d i t io n s
Having s t a t e d  th e  t h i n  shock la y e r  and boundary  la y e r  e q u a t io n s ,  
th e  a p p r o p r i a t e  boundary  c o n d i t io n s  f o r  th e  two s e t s  o f  e q u a t io n s  can 
now be d i s c u s s e d .  F ig u re  2 .4  p r e s e n ts  a  s k e tc h  o f  th e  v a r io u s  
re g io n s  and b o u n d a r ie s  o f  p a r t i c u l a r  i n t e r e s t  i n  th e  t h i n  shock 
la y e r  prob lem . We n o te  t h a t ,  in  a d d i t i o n  to  th e  shock la y e r  r e g io n  
the  ch a r  l a y e r  and decom position  zone (se e  F ig .  1 .6 )  a r e  im p o r tan t  i n  
our prob lem . These r e g io n s  a r e  im p o rtan t  b eca u se  th e  momentum, 
energy and mass t r a n s f e r  in  the  char  and d ecom posi t ion  r e g io n s  a r e  
in t im a te ly  coup led  to  th e  t r a n s f e r  i n  th e  shock l a y e r .  T h e o r e t i c a l ly  
we cou ld  c o n s id e r  a l l  th e  p ro c e s se s  which ta k e  p la c e  between th e  shock 
wave and t h e  v i r g i n  p l a s t i c  o f  th e  body and a t te m p t  to  so lv e  th e  
govern ing  e q u a t io n s  f o r  t h i s  boundary v a lu e  p rob lem . However, i t  i s
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TABLE 2 . 4
BOUNDARY LAYER EQUATIONS
G loba l c o n t in u i t y :
7 -  ( r  Apu) + r  A 7 -  (pv) = 0 3x w ^ w By. (2 .6 2 )
Spec ies  c o n t in u i t y :
“ 7  7  ( r  ApC.u) + | -  (pC .v) = -  ( J .  ) + u). A 3x w K j. By i  dy x ,y  l
w
x -  Momentum:
(2 .6 3 )
3u , 3u BP , b t du* 
pu 3x pv by ~ " Bx By (|X by* (2 .6 4 )
y -  Momentum:
dy
(2 .6 5 )
Energy:
3H , 3H B /, BT. 3 f „  . T 
pu Bx +  pv By dy ( By} “ dy i  \  i  t , y
„ N. D.T J .  J .  .. 3qD P „  v  i x  , j , .y  x ,y .  1
..2 . . j .  m. ID. . p . p. '  J By N l  i # j  l  i j  Kx 3
( 2 . 66)
. d ,  Bun + —  (uu — ) By By
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more p r a c t i c a l  to  d iv id e  th e  s o lu t io n  o f  t h i s  g e n e ra l  problem  in to  
a  shock la y e r  and a  m a te r ia l  re sp o n se  problem  and i t e r a t e  on th e  
boundary c o n d i t io n s  a t  th e  m a te r ia l  s u r f a c e .  T h e re fo re ,  i t  i s  
im p o rta n t to  r e a l i z e  w hat in fo rm a tio n  i s  a v a i la b l e  from th e  m a te r ia l  
re sp o n se  s o lu t io n  w hich co u ld  be used fo r  boundary c o n d i t io n s  o f  
th e  th in  shock la y e r  e q u a t io n s .  T his i s  accom plished  by in te g r a t in g  
th e  c o n s e rv a t io n  e q u a t io n s  a c ro s s  th e  c h a r-g a s  i n t e r f a c e  and re d u c in g  
th e  s p a t i a l  in c re m en t to  ze ro  to  y ie ld  s u r fa c e  b a la n c e  e q u a t io n s .
W ith t h i s  p e r s p e c t iv e  o f  th e  g e n e ra l problem  i n  m ind, th e  n a tu re  o f  
th e  th i n  shock  la y e r  e q u a tio n s  and boundary c o n d i t io n s  w i l l  be 
d is c u s s e d .
The p a r a b o l ic  n a tu re  o f  th e  th in  shock la y e r  e q u a tio n s  mathe­
m a t ic a l ly  r e q u i r e s  i n i t i a l  c o n d it io n s  a s  w e ll  a s  boundary c o n d it io n s  
in  o rd e r  to  o b ta in  a  s o lu t io n .  The e n t r y  v e h ic le s  a x is  o f  symmetry 
i s  th e  a p p r o p r ia te  lo c a t io n  o f  th e  s t a r t i n g  l i n e  f o r  ze ro  a n g le  o f  
a t ta c k  p ro b lem s. The d e te rm in a tio n  o f  c o n d i t io n s  a lo n g  t h i s  l i n e ,  
c a l l e d  th e  s ta g n a t io n  l i n e ,  i s  a m ajor and im p o rta n t problem  in  
i t s e l f .  C o n se q u e n tly , developm ent o f th e  method to  o b ta in  th e se  
i n i t i a l  c o n d i t io n s  ( i . e .  s ta g n a t io n  l i n e  s o lu t io n s )  i s  d e lay ed  u n t i l  
a f t e r  th e  boundary  c o n d i t io n s  a re  e s ta b l i s h e d .
As d is c u s s e d  in  th e  n e x t s e c t io n ,  th e  t h i n  shock e q u a tio n s  a re  
a  s e t  o f  p a r a b o l ic  i n t e g r o - d i f f e r e n t i a l  e q u a tio n s  w ith  i n i t i a l  v a lu e s  
g iv e n  a lo n g  x = 0 , th e  s ta g n a t io n  l i n e .  B ecause th e  shock wave 
lo c a t io n  i s  n o t known b e fo re  hand, th e  b lu n t  body prob lem  i s  m athe­
m a t ic a l ly  r e f e r r e d  to  as  a  f r e e  boundary p rob lem . G iven i n i t i a l
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c o n d i t io n s  a lo n g  th e  s ta g n a t io n  l i n e  and boundary c o n d i t io n s  a lo n g  
th e  body, th e  th in  shock la y e r  e q u a tio n s  can  t h e o r e t i c a l l y  be so lv ed  
w ith  a  s im u ltan eo u s  developm ent o f  th e  shock geom etry  and c o rre sp o n d in g  
shock boundary  c o n d i t io n s .  The shock geom etry (s e e  F ig . A .3) can  be 
o b ta in e d  by c a r ry in g  o u t th e  fo llo w in g  i n t e g r a t i o n .
In  p r a c t i c e  a n o th e r  te c h n iq u e  has been  used  to  d e te rm in e  th e  
shock geom etry  R ef. 2 .3 ,  2 .1 0  and o th e r s .  The shock geom etry  i s  
assumed and s p e c if ie d  in  te rm s o f  d e /d x . I t e r a t i o n s  a r e  made around 
th e  body u n t i l  th e  in p u t and o u tp u t shock geom etry c o in c id e .
I f  th e  shock geom etry i s  known, th e  R ankine-H ugonio t e q u a tio n s  
can  be used  to  o b ta in  th e  shock boundary  c o n d i t io n s .  The developm ent 
o f  th e s e  e q u a tio n s  in  c u r v i l i n e a r  c o o rd in a te s  fo llo w s  d i r e c t l y  from 
R e f . 2 .1 0 . The d im en sio n a l R ank ine-H ugono it e q u a tio n s  w r i t t e n  in  
r e c ta n g u la r  c o o rd in a te s  a r e :
C o n tin u ity :
*  *  *  *  p V = p V (2 .6 8 )oo,n ^s s ,n
Momentum:
*
,x *
(2 .6 7 )
0
(no rm al) (2 .6 9 )
( t a n g e n t i a l )  Vm t  = V t
J ®|
(2 .7 0 )
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E nergy:
% V *2 + % V * 2 + h *  = % V * 2 + % V *2 +  h * (2 .7 1 )00, t  m ,n 00 * s , t  * s ,n  s '
U sing F ig . 2 .5  th e  above e q u a tio n s  can be w r i t t e n  in  body o r ie n te d  
c o o rd in a te s .  From geom etry  we have
v  = V . s in  e -  V cos e (2 .7 2 )s s , t  s ,n  v *
u = V cos e -  V s i n  e (2 .7 3 )s s , t  s ,n  N '
where
*  *
V = U cos cp
c o , n  oo “
★ — ie
V = D U cos cps ,n  ^ o o  t
V = V .. = U s in  cpS, t  co, t  oo T
S u b s t i tu t in g  fo r  V , V and V . E qs. 2 .7 2  and 2 .7 3  y ie ld  
o o ,n s j n o o , t
*  *  — *  
v g -  s i n  cp s in  e -  p cos cp cos e (2 .7 4 )
u = U s in  cp cos e -  p U cos cp s in  e (2 .7 5 )
The p re s s u re  beh in d  th e  shock can  be o b ta in ed  by u s in g  th e  norm al
momentum e q u a t io n  and s u b s t i t u t i n g  fo r  V and V®>n s $ n
^  A  ^  ^  ^  A  ^  t
P. CO. <=°s  <P> +  p .  -  Ps  <P0„ <P> +  p a  ( 2 . 7 6 )
By s u b s t i t u t i n g  norm al and t a n g e n t i a l  v e l o c i t i e s  th e  en e rg y  e q u a tio n  
can  be w r i t t e n
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The t a n g e n t i a l  v e lo c i ty  i s  n e g l ig ib le  n e a r th e  s ta g n a t io n  l i n e  and 
th u s  re d u c in g  2 .77  to
h * = % U * 2 (1 -  ”p 2) c o s 2 cp + h * (2 .7 8 )
N o n d im en sio n a liz in g  Eqs. 2 .74  th rough  2 .7 8  and dropp ing  P and h00 00
_ 2
w hich a r e  o rd e r  (p  ) y ie ld s  th e  fo llo w in g  shock boundary c o n d i t io n s .
v = s in  cp s in  e -  p cos cp cos e ( 2 . 79)
ug = s in  cp cos e + p cos cp s in  e (2 .8 0 )
Pg = (1  -  "p) c ° s 2 cp (2 .8 1 )
h = (1  -  p2) c o s 2 cp (2 .8 2 )
o r
hs = 1 " (us 2 +  v s 2) ( 2 *83>
I t  i s  im p o rta n t to  r e a l i z e  t h a t  th e  R ank ine-H ugon io t r e l a t i o n s  a r e  
v a l id  o n ly  i f  s tro n g  p re c u rso r  r a d i a t i o n  e f f e c t s  do no t become 
im p o r ta n t .  The shock c o n d itio n s  can  be more a d e q u a te ly  d e s c r ib e d  
fo r  th e  s tro n g  p re c u rs o r  r a d ia t io n  problem  w ith  m od ified  R ankine- 
H ugoniot r e l a t i o n s  p re se n te d  by Z e ld o v ich  and R aezer (R ef. 2 .1 6 ) .  
However, s i g n i f i c a n t  p re c u rs o r  r a d i a t i o n  e f f e c t s  a r e  n o t ex p e rien ced  
in  a i r  below  f l i g h t  v e l o c i t i e s  o f  a p p ro x im a te ly  60,000 to  65,000 
f t . / s e c .  a s  d em o n stra ted  by L asher and W ilson  (R e f. 2 .1 7 ) .  T h e re fo re ,
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th e  R ank ine-H ugon io t r e l a t i o n s  p ro v id e  s a t i s f a c t o r y  boundary cond i­
t io n s  fo r  th e  o u te r  edge o f  th e  th in  shock la y e r  e q u a tio n s  f o r  many 
problem s o f  c u r r e n t  i n t e r e s t  in  a tm o sp h eric  e n t r y .  L e t us now 
w r i te  th e  shock  boundary  c o n d it io n s  a t  y = 6 .
u  = u s
V = V s
P o p g
( 2 . 8 4 )
h = hs
C. = C. (P ,h  ) (Assuming ch em ica l e q u i l ib r iu m )
X IS s s
i  " ( t  )  =  oV v ,s
The R ank ine-H ugon io t e q u a tio n s  p ro v id e  e x p re s s io n s  fo r  u , v , P ,s s s
and hg . The e q u a t io n  o f  s t a t e  and f r e e  stream e le m e n ta l mass f r a c t io n  
p ro v id e s  th e  a d d i t i o n a l  in fo rm a tio n  needed to  d e te rm in e  th e  p o s t 
shock s p e c ie s  mass f r a c t io n s  assum ing ch em ica l e q u i l ib r iu m . The 
s p e c i f i c  i n t e n s i t y  coming th ro u g h  th e  shock tow ards th e  body i s  
s p e c i f i e d  as z e ro .  We n o te  t h a t  in  t o t a l  fo u r boundary  c o n d itio n s  
a re  needed f o r  th e  en erg y  e q u a t io n  b ecau se  o f  i t s  in te g ro -  
d i f f e r e n t i a l  n a tu r e .  Thus two boundary  c o n d i t io n s ,  e n th a lp y  and 
s p e c i f i c  i n t e n s i t y ,  have been  s p e c i f ie d  a t  th e  shock .
The c o rre sp o n d in g  body s u r fa c e  boundary  c o n d i t io n s  can  be 
w r i t t e n  f o r  y = 0 :
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(2 .8 5 )
u = 0
v = vw
p = pw
h = hw
C. = C. x i ,w
I  + ( T ) = B
V V,W V
T = 0v,w
The boundary  c o n d it io n s  s p e c i f i e d  in  2 .84  and 2 .85  a re  s u f f i c i e n t  to  
so lv e  th e  th i n  shock la y e r  e q u a t io n s .  However, s u b s t i t u t i o n  o f  
e q u iv a le n t  boundary c o n d it io n s  f o r  some s u r fa c e  c o n d i t io n s  i s  found 
to  be p r a c t i c a l .  For exam ple th e  norm al v e lo c i ty  a t  th e  w a ll  i s  
u s u a l ly  re p la c e d  by (p v )w« Of g r e a t e r  p r a c t i c a l  im p o rtan ce  i s  th e  
w a ll  boundary  c o n d it io n  on p r e s s u r e .  T h is  p re s s u re  i s  n o t known a 
p r i o r i . An e q u iv a le n t  boundary c o n d i t io n  i s  th e n  needed . T h ere  a re  
a t  l e a s t  two s u i t a b le  boundary c o n d i t io n s  w hich m ight be u sed  in  
l i e u  o f  p r e s s u r e .  These a r e  th e  norm al p re s s u re  g r a d ie n t  a t  th e  
shock o r  th e  norm al p re s s u re  g r a d ie n t  a t  th e  body. The norm al 
p r e s s u re  g r a d ie n t  a t  th e  shock c o u ld  be s p e c if ie d  by e v a lu a t in g  th e  
in v i s c id  y -  momentum e q u a tio n  a t  th e  shock u s in g  th e  R ank ine- 
H ugonio t e q u a t io n s .  The norm al p r e s s u re  g ra d ie n t  a t  th e  body cou ld  
be s e t  e q u a l to  ze ro  from boundary  la y e r  th e o ry . Each o f  th e s e  
c o n d i t io n s  would in v o lv e  some d eg ree  o f  ap p ro x im a tio n . The e f f e c t
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o f  th e s e  a p p ro x im a tio n s  a re  no t e v a lu a te d  h e re .  To e v a lu a te  th e  
p r e s s u re  g r a d ie n t  a t  th e  shock an approx im ate  form o f  th e  c o n t in u i ty  
e q u a t io n  i s  needed . C o rresp o n d in g ly  th e  z e ro  norm al p re s s u re  
g r a d ie n t  a ssu m p tio n  a t  th e  w a ll  n e g le c ts  th e  w a ll  v e lo c i ty  head 
a t  th e  body w hich would push  th e  t r u e  s ta g n a t io n  p r e s s u re  p o in t  o f f  
th e  body. An a d d i t io n a l  co m p lic a tin g  f a c t o r  a r i s e s  when one 
o b se rv es  w hat boundary c o n d i t io n  i s  needed in  th e  m a te r ia l  re sp o n se  
a n a ly s i s .  The p re s s u re  a t  th e  o u te r  w a ll  i s  u s u a l ly  s p e c if ie d  a s  a  
boundary c o n d i t io n  R e f. 2 .1 8 . I d e a l ly  one would l ik e  to  know and 
s p e c ify  th e  p r e s s u re  boundary c o n d it io n  f o r  b o th  p rob lem s. T h is  
would e l im in a te  i t e r a t i n g  on t h i s  v a r ia b le  betw een th e  two s o lu t io n s .
The s u r fa c e  boundary c o n d it io n s  can  be d e r iv e d  by in te g r a t in g  
th e  c o n s e rv a t io n  e q u a tio n s  a c ro s s  the  boundary  and ta k in g  th e  l i m i t  
a s  th e  s p a t i a l  in c rem en t ap p roaches z e ro . T h is  method a s s u re s  
in c lu s io n  o f  a l l  th e  e f f e c t s  accoun ted  f o r  i n  th e  f lo w - f ie ld  
e q u a t io n s .
A p h o to g rap h  o f  a  s e c t io n  o f  c h a r r in g  a b l a to r  i s  shown in  
F ig . 1 .5  in  w hich th e  im p o rtan t zones a re  in d ic a te d .  The a b la t iv e  
c o m p o s ite 's  re sp o n s e  d u rin g  e n t ry  may be a n a ly z e d  in  two ways. One 
i s  a  t r a n s i e n t  a n a ly s i s  w hich g iv e s  th e  re s p o n se  o f th e  m a te r ia l  a s  
a  tim e fu n c t io n  o f  i t s  h e a t in g  env ironm ent. The o th e r  i s  a q u a s i­
s te a d y  a n a ly s i s  w hich p r e d ic t s  a c o n s ta n t ,  h i s to r y  in d e p en d en t, r a t e  
o f  d eco m p o sitio n  fo r  a  g iv en  h e a tin g  en v iro n m en t. E xperim en ta l 
ev id en ce  in d i c a te s  th e  c o n d it io n s  under w hich th e  q u a s i- s te a d y  
b eh av io r  e x i s t .  As th e  m a te r ia l  i s  h e a te d , th e  s u r fa c e  i s  removed
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by chem ica l r e a c t i o n s ,  su b lim a tio n  and e ro s io n ; as  a  r e s u l t ,  th e  
t o t a l  th ic k n e s s  o f  th e  m a te r ia l  d e c re a se s  a s  shown by th e  d a ta  in  
F ig . 2 .6 .  C o n c u rre n tly  decom position  in  d ep th  and a  ch ar b u i ld  up 
o ccu r. When an e q u i l ib r iu m  s i t u a t io n  e x i s t s  such  th a t  a  c o n s ta n t 
char th ic k n e s s  and a  c o n s ta n t  su r fa c e  r e c e s s io n  v e lo c i ty  a re  
m a in ta in e d , a  q u a s i - s te a d y  re sp o n se  would p h y s ic a l ly  e x i s t .
A d d itio n a l e v id e n c e  t h a t  a  q u a s i- s te a d y  a b la to r  re sp o n se  would occu r 
d u rin g  h y p e rb o lic  e n t ry  has been p re se n te d  by R e f . 2 .2 9 . T h e o re t ic a l  
c a lc u la t io n s  u s in g  a  t r a n s i e n t  a b la to r  a n a ly s i s  and a  q u a s i- s te a d y  
a n a ly s is  w ere shown to  y ie ld  e s s e n t i a l l y  i d e n t i c a l  r e s u l t s  over th e  
peak h e a t in g  p o r t io n  o f  a ty p i c a l  t r a j e c t o r y .  T h is  p o r t io n  o f  th e  
t r a j e c t o r y  i s  th e  c o n d i t io n s  o f  c u r r e n t  i n t e r e s t .
As in d ic a te d  in  F ig . 2 .6  th e  ch a r d ep th  i s  o f  th e  o rd e r  0 .3  
in c h e s . The flow  th ro u g h  th e  ch ar can  be c o n s id e re d  one d im en sio n a l 
u n le s s  th e  r a t i o  o f  th e  char th ic k n e s s  to  th e  lo c a l  s u r fa c e  c u rv a tu re  
i s  somewhat s m a lle r  th a n  .05 (R ef. 2 .1 9 ) .  For r a t i o s  o f  the- o rd e r  
.05 o r g r e a te r  th e  f lo w - f ie ld  p re s s u re  v a r i a t i o n s  may cau se  m u lti­
d im en sio n a l flow  th ro u g h  th e  c h a r .  S in ce  th e  s u r f a c e  r a d i i  under 
c o n s id e ra t io n  a re  o f  th e  o rd e r  o f  1 to  15 f e e t  th e  one d im en sio n a l 
flow  a p p ro x im a tio n  shou ld  be q u i te  good. M oreover, s in c e  th e  porous 
char and d eco m p o sitio n  zones a r e  q u i te  t h i n  w ith  r e s p e c t  to  th e  body 
r a d iu s ,  th e  p r e s s u r e  th rough  th e  zones can  be assum ed c o n s ta n t .
The q u a s i - s te a d y  s u r fa c e  b a lan ce  e q u a tio n s  w ere d e r iv e d  by Esch 
in  R e f. (2 .2 0 )  u s in g  th e  p re c e e d in g  assum ptions  a p p l ie d  to  e q u a tio n s
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F ig . 2 .6  T hickness o f  th e  Char and V irg in  P l a s t i c  
as a F u n c tio n  o f  Time (R e f. 2 .28 )
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2 .52  to  2 .5 5  and 2 .5 7 . From th e  developm ent in  R e f. ( 2 .2 0 ) ,  th e  
s p e c ie s  boundary c o n d i t io n s  a r e :
S p e c ie s  boundary  c o n d i t io n s :
gp = c h a r  p o r o s i ty  (volume o f  v o id s  p e r  u n i t  v o l  ume) 
and where th e  s u p e r s c r ip t  -  and + means e v a lu a te d  on th e  ch a r s id e  
and f lo w - f ie ld  s id e  o f  th e  s u r fa c e  r e s p e c t iv e l y .
The e le m e n ta l  boundary c o n d i t io n s  can  be o b ta in e d  by m u l t i p l i ­
c a t io n  o f  Eq. 2 .8 6  by
( p v C p ' +  J . "  + (Ri  + S . ) ( l  -  ep ) = (pvCi ) +  + J +  (2 .8 6 )
where R^ = mass r a t e  o f  fo rm a tio n  o f  s p e c ie s  i  by h e te ro g en eo u s 
r e a c t io n s
= mass r a t e  o f  su b lim a tio n  o f  s p e c ie s  i  by homogeneous 
r e a c t io n s
(2 .8 7 )
where
A . . = m oles o f  e lem ent j  p e r  mole o f  compound i
= m o le c u la r  w eigh t o f  compound i
and summing o v er a l l  compounds i
n n n
i= l i= l i
n n ( 2 . 88)
= (pv ) + +
i= l i = l
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The above e q u a t io n  can  be e x p re sse d  in  term s o f  th e  e le m e n ta l mass
f r a c t i o n s ,  *£)., and th e  e le m e n ta l mass f lu x e s ,  '3 ..
J j
E lem e n ta l s p e c ie s  boundary c o n d i t io n :
( p v C . ) "  +  ' j '  =  ( p v C j ) +  + (2 .8 9 )
The momentum boundary c o n d i t io n  was o b ta in e d  u s in g  th e  y -
—2momentum e q u a t io n  o f  o rd e r  p .
Momentum boundary  c o n d i t io n :
P = P" -  ( pv +  - |k ^ave) (v+ -  v " )
4 f  d v \ 4 /  d v \
3 V1 d y / " 3 V4 d y j
(2 .9 0 )
The s u r fa c e  en ergy  b a la n c e  e q u a t io n  was d e r iv e d  n o tin g  th a t  no 
s i g n i f i c a n t  r a d i a t i v e  t r a n s f e r  o ccu rs  w ith in  th e  c h a r .
Energy boundary  c o n d it io n :
d + H )k  f - pv l hi (°i+-cr > + a + *>[ I hij i+
T +N. D. ,3. J .
+  (1  + w ) ^
dT
dy +  %
(2 .9 1 )
The r a d i a t i o n  te rm , qD , i s  th e  sum o f  th e  r a d i a t i o n  f lu x  to  th eA
s u r fa c e  from  th e  f lo w - f ie ld  minus th e  r e r a d i a te d  en e rg y  f lu x .
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T hese s u r f a c e  boundary c o n d i t io n s  e x p re s s  th e  c o u p lin g  r e l a t i o n ­
sh ip s  w hich e x i s t  betw een th e  f lo w - f ie ld  and the  a b l a to r .  I f  
d i f f u s io n  i s  s i g n i f i c a n t  near th e  s u r f a c e ,  th e  sp e c ie s  b a la n c e  i s  
a  boundary c o n d i t io n  o f  th e  t h i r d  k in d .  The momentum b a la n c e
in d ic a te s  a  co m p lica ted  co u p lin g  o f  th e  s u r fa c e  p re s s u re  to  b o th  th e
—2
i n t e r n a l  and  e x t e r n a l  norm al v e l o c i ty  p r o f i l e  i f  term s o f  o rd e r  p 
a re  r e t a in e d .  The en erg y  b a la n c e  i s  a  boundary c o n d itio n  o f  th e  
second k in d  i n  te m p e ra tu re  w ith  a d d i t io n a l  c o n v e c tiv e , mass and 
th e rm a l d i f f u s io n ,  sp e c ie s  and r a d i a t i o n  c o u p lin g . The co m p lex ity  
o f  th e se  boundary  c o n d itio n s  su g g e s t s im p l i f ic a t io n s  must be made, 
w here p o s s ib le ,  to  a r r iv e  a t  a t r a c t a b l e  s e t  to  be u sed . A s im p l i f ie d  
s e t  o f  boundary  c o n d itio n s  i s  s e le c te d  in  th e  nex t s e c t io n .
T y p ic a l boundary  c o n d itio n s  f o r  th e  boundary la y e r  e q u a tio n s  
can  now be d is c u s s e d  in  term s o f  th e  ones used  fo r  th e  shock la y e r  
e q u a t io n s .  O uter boundary c o n d i t io n s  a lo n g  a l in e  betw een th e  
shock and th e  body known as th e  boundary la y e r  edge a re  u sed  r a th e r  
th a n  th e  R ank ine-H ugon io t e q u a t io n s .  These edge c o n d itio n s  a r e  
u s u a l ly  o b ta in e d  u s in g  some in v i s c id  la y e r  a n a ly s is  w hich i s  
bounded by a  shock and a  s t r e a m lin e .  The method o f c h a r a c t e r i s t i c s  
i s  used  fo r  th e  su p e rso n ic  p o r t io n  o f  th e  flow  and ty p i c a l l y  a 
B e lo s ts e rk o v s k i i  s t r i p  in t e g r a l  te c h n iq u e  i s  used fo r  th e  n e a r  
s ta g n a t io n  su b so n ic  flow  (R ef. 2 .2 ) .  These methods p ro v id e  th e  
fo llo w in g  boundary  la y e r  edge c o n d i t io n s
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u = ue
v  = v = 0 e
P = P
6 (2 .9 2 )
h = he  o r  g = ge = 1
(assum ing ch em ica l e q u i lib r iu m )
*v (tv  e^ (usually not used)
The boundary  la y e r  w a ll  boundary c o n d it io n s  t h a t  a re  u s u a l ly  employed 
can  be  w r i t t e n :
u = u  = 0  w
pv = (p v )w
p = p = p w e
(2 .9 3 )
h = hw o r g = gw 
Ci  * ° iw
I  + (T ) = B (usually not used)w v .v r  v  Jl
I f  th e  s p e c t r a l  i n t e n s i t y  i s  e l im in a te d  from  th e  p re v io u s  two s e t s  
o f  boundary  c o n d i t io n s  th ey  a re  e q u iv a le n t  to  th o se  p re s e n te d  in  
C hap ter 1 o f  R e f. 2 .1 5 . One can  o b se rv e  t h a t  th e  problem  o f  
i t e r a t i n g  on p re s s u re  betw een a  boundary la y e r  s o lu t io n  and m a te r ia l  
re sp o n se  s o lu t io n  i s  e l im in a te d .  However, t h i s  problem  i s  l e f t  
u n re so lv e d  i n  t h a t  th e  c o r r e c t  edge p r e s s u re  can  be o b ta in e d  
a c c u r a te ly  o n ly  th ro u g h  an i t e r a t i o n  p ro c e d u re  betw een th e  in v is c id
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flow  a n a ly s i s  and th e  boundary  la y e r  a n a l y s i s .  I t  i s  a l s o  s ig n i ­
f i c a n t  to  p o in t  o u t t h a t ,  a lth o u g h  u s u a l ly  n o t a t te m p te d , i t  i s  
c o m p u ta tio n a lly  r a t h e r  d i f f i c u l t  to  h an d le  boundary  la y e r  and 
in v is c id  flow s w hich a r e  coup led  by r a d i a t i v e  t r a n s f e r .  I n  a d d i t io n  
to  th e  g e o m e tr ic a l i n t e g r a t i o n  problem s th e  boundary  c o n d i t io n  on 
s p e c i f i c  i n t e n s i t y  o r  r a d i a t i v e  f lu x  i s  n o t a  s in g le  v a lu e  b u t  a  
freq u en cy  dependen t f u n c t io n  w hich m ust be m atched a t  th e  boundary 
la y e r  edge .
S ta g n a tio n  L ine  E q u a tio n s
To t h i s  p o in t  we have n o t d is c u s s e d  how i n i t i a l  v a lu e s  f o r  th e  
th in  shock la y e r  e q u a t io n s  may be d e te rm in e d . T h is  prob lem  i s  o f  
n ea r e q u a l im p o rtan ce  to  th e  e n t i r e  shock la y e r  problem  and w i l l  
be d is c u s s e d  in  th e  rem ainder o f  t h i s  s e c t io n .  To o b ta in  i n i t i a l  
v a lu e s  fo r  th e  shock  la y e r  s o lu t io n ,  a  red u ced  s e t  o f  th e  t h in  
shock la y e r  e q u a t io n s  m ust be so lv ed  a t  x = 0 a lo n g  y ,  th e  s ta g n a t io n  
l in e  ( s e e  F ig . 2 .4 ) .  The s o lu t io n  o f  t h i s  o f  e q u a tio n s  i s  o f  m ajor 
im portance b ecau se  ( 1) th e  h ig h e s t  h e a t in g  r a t e s  and p r e s s u re s  on a  
body a re  e x p e rie n c e d  a t  th e  s ta g n a t io n  p o in t  ( 2) any d i s t r i b u t i o n a l  
shock la y e r  s o lu t io n  b ecau se  o f  i t s  p a r a b o l ic  n a tu re  i s  o n ly  as  
v a l id  a s  i t s  i n i t i a l  v a lu e s  and (3 ) th e  t h i n  shock la y e r  e q u a tio n s  
a long  c h a r a c t e r i s t i c s  x = c o n s ta n t  red u ce  to  o rd in a ry  d i f f e r e n t i a l  
e q u a tio n s  l i k e  a t  th e  s ta g n a t io n  l i n e .  Thus by d e v e lo p in g  a  
s ta g n a t io n  l in e  s o lu t io n  an  im p o rtan t prob lem  i s  so lv ed  and a  g r e a t  
d e a l  o f  th e  work i s  com pleted  w hich i s  a p p l ic a b le  to  th e  t o t a l  
shock la y e r  p rob lem . T h is  i s  p r im a r i ly  why th e  s ta g n a t io n  l i n e  
problem  has r e c e iv e d  a  g r e a t  d e a l  o f  a t t e n t i o n  in  th e  p a s t  d eca d e .
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The s o lu t i o n  to  th e  s ta g n a t io n  l i n e  (S L) prob lem  by d i r e c t  
m ethods has b een  approached  in  two w ays. The work o f  Ho and P r o b s te in  
(Ref. 2 .22) t y p i f i e s  th e  s ta g n a t io n  r e g io n  s o lu t io n s  w hich u se  expan­
s io n s  o f  th e  dependen t v a r ia b le s  in  x to  o b ta in  th e  s ta g n a t io n  and 
n e a r  s ta g n a t io n  l i n e  e q u a t io n s .  The work o f  H o sh izak i and W ilson  
(R ef. 2 .3 )  t y p i f i e s  th e  s ta g n a t io n  l i n e  s o lu t io n s  w hich d e te rm in e  
th e  s ta g n a t io n  l i n e  e q u a tio n s  by fo rm a lly  ta k in g  th e  l i m i t  o f  th e  
term s in  th e  shock la y e r  e q u a tio n s  a t  x  = 0 u s in g  symmetry c o n d i t io n s .  
The l a t t e r  method i s  u sed  in  t h i s  developm ent.
From t h i s  p o in t  on in  th e  developm ent, a t t e n t i o n  w i l l  be
r e s t r i c t e d  to  ax isy m m etric  b o d ie s  fo r  w hich th e  ex ponen t A = 1 ( i . e .
A
r  = r ) .  W ith t h i s  r e s t r i c t i o n  n o te d , l e t  us f i r s t  exam ine th e  
g lo b a l c o n t in u i ty  e q u a t io n  in  expanded d im en s io n a l form .
(2 .9 4 )
As x -» 0 th e  fo llo w in g  l im i t  i s  approached
u d r  . du 
r  3x 3x (2 .9 5 )
assum ing a  s p h e r i c a l ly  shaped body a t  x = 0 . A lso , n o te  t h a t
(2 .9 6 )
U sing th e s e  c o n d i t io n s  th e  g lo b a l  c o n t in u i ty  e q u a t io n  can  be
r e w r i t t e n
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G lobal c o n t in u i ty  (S L )
2 h  (pu) + ty  ^ pv) + Kpv = 0 (2,97)
The s p e c ie s  c o n t in u i ty  e q u a tio n  can  be r e w r i t t e n  by s u b t r a c t in g  th e  
g lo b a l  c o n t in u i ty  Eq. 2 .5 2  from th e  l e f t  hand s id e  o f Eq. 2 .5 3 .
A ^ C  '  A S C  • -N A A
r  pu —  +  r  KPv —  = -  —  Qv J . y ) +  * r a,. (2 .9 8 )
N oting  th a t  a t  x  = 0 ,  u = 0  and u s in g  Eq. 2 .96  in  Eq. 2 .9 8  y ie ld s  
S p ec ies  c o n t in u i ty :  (S L)
ac
Kpv ay“  = -  <£J - ) “ H J -  + (2 .9 9 )ay i» y  r , y  i
o r by n o tin g  = h
3C
pv ( J .  ) -  J .  +  cm. (2 .1 0 0 )H a y  a y  i , y  ~  i ,y  iH
Now c o n s id e r  th e  x -  momentum Eq. 2 .5 4
a  au ~  a au , a a a pr  pu +  * r  pv +  „ r  puv -  -  r  —
By e v a lu a t in g  th e  above e q u a tio n  a t  x  = 0 ,  r e l a t i v e l y  l i t t l e  in f o r ­
m ation  i s  o b ta in e d .  A long th e  s ta g n a t io n  l i n e  u = 0 f o r  a l l  y ; 
th e re f o r e
( $ )  - °  « . » « »
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U sing t h i s  in fo rm a tio n  in  Eq. 2 .5 4  y ie ld s
( 2 . 102)
w hich a g re e s  i d e n t i c a l l y  w ith  th e  R ankine-H ugonio t eq u a tio n s  f o r  a 
sym m etrica l shock ( i . e .  tp = 0 a t  x  = 0 ) .  The r e d u c t io n  o f Eq. 2 .5 4  
to  2 .1 0 2  a lo n g  th e  s ta g n a t io n  l i n e  y ie ld s  th e  ex p ec ted  p h y s ic a l 
i n t e r p r e t a t i o n  th a t  no momentum i s  t r a n s f e r r e d  in  th e  x - d i r e c t io n  a t  
th e  s ta g n a t io n  l i n e .  S in ce  t h i s  t r i v i a l  form o f th e  momentum 
e q u a t io n  i s  n o t u s e f u l ,  th e  r a t e  o f  change o f  momentum in  th e  x - 
d i r e c t i o n  i s  u sed . T h e re fo re  l e t  us d i f f e r e n t i a t e  th e  x -  momentum 
e q u a t io n  w ith  r e s p e c t  to  x  and d e te rm in e  i t s  l im i t in g  form a lo n g  
th e  s ta g n a t io n  l i n e .
A f te r  some m a n ip u la tio n  and s u b s t i t u t i o n  fo r  l im i t  q u a n t i t i e s  Eq. 
2 .1 0 3  red u ce s  to
(2 .1 0 3 )
A a2P BP a rA . 5 / b_
r  ^ 2  Bx Bx By \Bx( i M > :)
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(2 .1 0 4 )
For s u b s t i t u t i o n  in to  Eq. 2 .104 th e  s ta g n a t io n  l i n e  g lo b a l  c o n t in u i ty  
Eq. 2 .97  may be r e w r i t t e n .
T his i s  a  t h i r d  o rd e r  inhomogenous o rd in a ry  d i f f e r e n t i a l  e q u a tio n  
where th e  r a t e  o f  change o f  th e  p re s s u re  g r a d ie n t  in  th e  x -  d i r e c t io n  
i s  an  undeterm ined  fu n c t io n  o f  y .
The y -  momentum e q u a tio n  can be e v a lu a te d  d i r e c t l y  by s u b s t i ­
tu t io n  o f  th e  s ta g n a t io n  l in e  l im i t  q u a n t i t i e s .  The s ta g n a t io n  l in e
—2norm al momentum e q u a t io n  to  o rd e r  p i s
(2 .1 0 5 )
o r
(2 .1 0 6 )
Combining E qs. 2 .104 and 2.105 y ie ld s
x -  Momentum: (S L)
(2 .1 0 7 )
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y -  Momentum: (S L)
~  dv ~  dP a r i a  ~  d   r i  a -|p»v ^  = ' 11» L i ; *  <ev > +  *VJ
+  -  —
3 d y f ; | ;  (pv) + Wv ] + | ;  n [ - ^ ^  ( Pv) + „ v ]
H
2 (2 .1 0 8 )
, 4  dv . 4 ~  d , dv. 4 3u, 4 «
+ 3 K|1 aj + 3 * aj (“ '  3 “v ^  '  3 ir >1V
K
+ { [ - | jx^  +  |m ] [ - ^ | ^  (pv) + H V] + ^ , X ^ - V + - | ^ | ^ }
H K
w here th e  te rm s in  th e  b ra c k e ts  a re  th e  te rm s o f  o rd e r  p^. By 
d ro p p in g  th e s e  term s o n ly  term s o f  o rd e r  p rem a in . S in ce  some o f  
th e  te rm s o f  o rd e r  p have been  expanded in  Eq. 2 .108  a few o f  th e  
term s w i l l  com bine, 
y -  Momentum: (S L)
~  dv _ ~  dP d f  ,  v . \
PkV d y  ~ K d y  "  *  d y  \  2p  dy  ( p v )  +  HV
+ 3 %  (pv) + IWV)  + ^  +  0  (  2 ;  &  (pv)
K
(2 .1 0 9 )
, \  , 0 dv , 4 ~  d / dvN 4 du,
+  K V ) +  2 W  ^  +  3  »  ^  ( U ^ >  -  3 KV ^
I t  i s  obv ious th a t  e i t h e r  w ith  o r  w ith o u t th e  second o rd e r  te rm s th e  
y -  momentum e q u a tio n  i s  a second o r d e r ,  inhom ogenous, o rd in a ry  
d i f f e r e n t i a l  e q u a t io n  w ith  v a r ia b le  c o e f f i c i e n t s .  G iven a s o lu t io n  
to  th e  en e rg y  e q u a tio n  ( i . e .  an  e n th a lp y  o r  te m p e ra tu re  p r o f i l e )  in
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p r in c i p l e  th e  x  -  and y -  momentum e q u a t io n s  co u ld  be so lv ed  fo r  th e
norm al v e l o c i ty  and th e  norm al p r e s s u re  g r a d ie n t  i f  th e  r a t e  o f
change o f  th e  p r e s s u r e  g ra d ie n t  in  th e  x  -  d i r e c t i o n  a s  a fu n c t io n
2 2o f  y i s  g iv e n . T h is  p re s s u re  te rm , (5 P /dx  ) ,  i s  u s u a l ly  assumed
s in c e  i t  i s  a  r e s u l t  o f  th e  e l l i p t i c  n a tu re  o f  th e  p rob lem .
The en e rg y  Eq. 2 .5 7  can  be red u ced  to  th e  s ta g n a t io n  l in e  
en e rg y  e q u a t io n  by in s p e c t io n .
~  3H _ / i i  x \ 5 f  dT ~  Y* .
H P V T -  -  -  ( 1  +  - g -  I -  Kk ^  +  K )  i  i  .V
T h is  i s  a  second  o r d e r ,  o rd in a ry  i n t e g r o d i f f e r e n t i a l  e q u a t io n . I t  
i s  i n t e r e s t i n g  to  n o te  th a t  th e  l im i t in g  p ro c e s s  has e l im in a te d  th e  
v is c o u s  d i s s i p a t i o n  te rm s .
The s ta g n a t io n  l i n e  c o n s e rv a t io n  e q u a t io n ,  o b ta in e d  from th e  
th in  shock la y e r  e q u a t io n s ,  a r e  a  s e t  o f  fo u r  o rd in a ry  d i f f e r e n t i a l  
e q u a tio n s  in  f iv e  unknowns, ( i . e .  p, v ,  H, P and C ^ ). In  a d d i t io n  
to  th e  c o n s e rv a t io n  e q u a t io n s ,  th e  th e rm a l and c a l o r i c  e q u a tio n  o f  
s t a t e  i s  a v a i l a b l e  to  p ro v id e  a n o th e r  in d e p en d en t e q u a t io n .  The 
g lo b a l  c o n t in u i ty  e q u a t io n  was used  to  e l im in a te  th e  t a n g e n t i a l  
v e l o c i ty  g r a d ie n t  in  th e  momentum e q u a t io n s  and th e r e f o r e  i s  n o t 
needed in  a s o lu t io n  o f  th e  s ta g n a t io n  l i n e  e q u a t io n s .  I t  can  be 
used  p o s t  p r i o r i  to  p ro v id e  i n i t i a l  c o n d i t io n s  f o r  th e  t h i n  shock 
la y e r  e q u a t io n s .  For a  shock la y e r  s o lu t io n  th e  r a t e  o f  change o f  
th e  p r e s s u r e  g r a d ie n t  in  th e  t a n g e n t i a l  d i r e c t i o n  m ust be s p e c i f ie d
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TABLE 2 . 5
STAGNATION LINE BOUNDARY LAYER EQUATIONS
G lo b a l c o n t in u i ty :
2 - S  = '  7  i  <pv) ( 2 a u )
S p ec ies  c o n t in u i ty :
pv ~  ( J .  ) + u). (2 .1 1 2 )H dy 9y i , y  j-
x -  Momentum:
I ?  [  “ I ?  < * " > ) ] -  ( 7  ^ < p o ) )
y -  Momentum:
Energy:
9H 9 T 1 9T , _ . Tpv ~  = -  -  -  k  t -  +  E h . J .H 9 y  9 y  L 9 y  t  1 i , y
_ N. D .T . j . j . . . .
_ v y _ i  - 1 .. ( —UZ _ \ 1 .
jj2 bk Pj ? i  ^
(2 .1 1 3 )
■ |  = 0 (2 .1 1 4 )
(2 .1 1 5 )
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as  a  fu n c t io n  o f  th e  norm al d i r e c t i o n .  Comment on how t h i s  m ight 
be s p e c i f ie d  i s  r e s e rv e d  u n t i l  we have c o n s id e re d  th e  re d u c t io n  o f  
th e  boundary  la y e r  e q u a tio n s  to  s ta g n a t io n  l i n e  e q u a t io n s .
D ropping norm al c u rv a tu re  e f f e c t s  and r e t a i n i n g  o n ly  f i r s t  
o rd e r  term s E qs. 2 .9 7 , 2 .9 9 , 2 .1 0 7 , 2 .109  and 2 .110  red u ce  to  th e  
s ta g n a t io n  l i n e  boundary la y e r  e q u a t io n s .  These e q u a tio n s  a re  
p re s e n te d  in  T ab . 2 .5
2l^P d PS ince  —  = 0 and —  = 0 fo r  a l l  y a t  x = 0 ,  — x i s  a c o n s ta n t
3y dj/
and may be e v a lu a te d  a t  any y s t a t i o n .  I f  th e  boundary la y e r  
e q u a tio n s  a re  e v a lu a te d  over th e  w hole shock la y e r  a s  done a t  th e  
s ta g n a t io n  l i n e  by D i r l in g ,  Rigdon and Thomas R e f. 2 .23  we may use  
th e  R ank ine-H ugon io t r e l a t i o n s  to  d e te rm in e  t h i s  c o n s ta n t .
From Eq. 2 .8 1  th e  d im en sio n a l p r e s s u re  beh in d  th e  shock can  be 
ex p re ssed  as
P = (1 -  p) c o s 2 cp p U 2 (2 .1 1 6 )
S co co
d i f f e r e n t i a t i n g  we g e t
£ f i
5x2
2
= -  2 (1  -  p ) ( |® - )  [c o s 2cp -  s i n 2cp] p j j /  (2 .1 1 7 )
a t  x -  0 ,  cp = 0 by symmetry. T h e re fo re
1 )  -  -  2 (1  -  7 )  ( I S ) 2  P 0  2 (2 .1 1 8 )
V 3x2 4 = 0  p Vax4 = o  p"  “
In  o rd e r  to  g e t  th e  boundary la y e r  momentum e q u a tio n  in to  a  more 
common form l e t  u s  e x p re s s  th e  r a t e  o f  change o f  th e  p re s s u re  g ra d ie n t
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in  term s o f  th e  v e lo c i ty  g ra d ie n t  behind  th e  shock . From Eq. 2 .7 5 , 
th e  d im en sio n a l t a n g e n t i a l  v e lo c i ty  behind  th e  shock i s
u g = s in  cp cos e + p cos cp s in  eJuQ
from which we can  o b ta in  
'x =0
The r a t e  o f  change o f th e  p re s s u re  g r a d ie n t ,  Eq. 2 .1 1 8 , c an  be
r e w r i t t e n  in  te rm s o f  th e  v e lo c i ty  g r a d ie n t - 
2
/ d P v p- / du \ \  ^
= • 2p“ (1 • P) L U»p ( 4 = 0   ^ (2-120)
I f  th e  shock  i s  assum ed to  be c o n c e n tr ic  to  th e  body a t  x  = 0
th e n
( 4 * )  = ° - » ( | $ ') = 1  (2. 121) 
^ s* 4 =0 V 8*  4 =0
T h is  g iv e s  a  N ew tonian v e lo c i ty  g ra d ie n t  u sed  in  many boundary  la y e r  
a n a ly s i s .  I n s te a d  o f  a p p ly in g  t h i s  c o n d it io n  beh ind  th e  shock  m ost 
an a ly se s  ap p ly  t h i s  c o n d i t io n  a t  th e  edge o f  th e  boundary la y e r
w hich i s  a t  some in te rm e d ia te  s t a t i o n  betw een th e  shock and body.
U sing th e  c o n c e n tr ic  a ssu m p tio n  Eq. 2 .113  may be w r i t t e n  
x -  Momentum: (B L , S L)
h  [  “ »  (7  %  (pv))d '  pv ay (i  »  <pv)>
(2 . 122)
+  2  ( p ^  ( PV ) ) 2  -  ( l  '  ^  ( ^ C o ” 0
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I t  has been  d em onstra ted  t h a t  th e  th in  shock l a y e r ‘and boundary 
la y e r  e q u a tio n s  can  be reduced  to  o rd in a ry  d i f f e r e n t i a l  e q u a tio n s  
a lo n g  th e  s ta g n a t io n  l i n e  w ith o u t r e s o r t i n g  to  s i m i l a r i t y  t r a n s ­
fo rm a t io n s . ' By do ing  so one im p o rta n t d i f f e r e n c e  in  th e  r e s u l t i n g  
two s e t s  has become a p p a re n t. The s ta g n a t io n  l i n e  boundary la y e r  
e q u a tio n s  a r e  co m p le te ly  s p e c if ie d  by boundary c o n d i t io n s  a t  th e  
s u r fa c e  and o u te r  edge . However, an  unknown f u n c t io n  o f  y rem ains 
in  the  t h i n  shock  la y e r  e q u a tio n s  w hich can n o t be d e te rm in e d , w ith o u t 
a p p ro x im a tio n , by o u te r  and in n e r  boundary  c o n d i t io n s .  The u n d e te r­
mined f u n c t io n  a s  s ta t e d  p re v io u s ly  i s
T his fu n c t io n  l i k e  th e  r a t e  o f  change o f  th e  shock an g le  i s ,  by 
p h y s ic a l  i n t e r p r e t a t i o n ,  d e term ined  by th e  flow  dow nstream . The 
dow nstream  flow  i s  to  be c a lc u la te d  by s p e c ify in g  th e s e  s ta g n a t io n  
l i n e  c o n d i t io n s  such th a t  i n i t i a l  c o n d i t io n s  may be d e te rm in e d . The 
problem  i s  c o m p lica ted  f u r th e r  by th e  f a c t  t h a t  th e r e  i s  no a p p a re n t 
t h e o r e t i c a l l y  b ased  means o f i t e r a t i n g  on t h i s  fu n c t io n  such  th a t  i t  
co u ld  be  assum ed and c o r re c te d  u n t i l  some s a t i s f a c t o r y  convergence 
i s  o b ta in e d .  The d e r iv a t io n  o f th e  s ta g n a t io n  l i n e  boundary la y e r  
e q u a tio n s  d e m o n s tra te s  th a t  to  a  f i r s t  ap p ro x im atio n  th e  fu n c tio n  
F (y ) i s  a  c o n s ta n t  w hich can  be e v a lu a te d  a t  th e  shock by s p e c ify in g  
th e  shock geom etry . For u su a l boundary  la y e r  problem s th e  edge 
t a n g e n t i a l  v e l o c i ty  g ra d ie n t  i s  s p e c i f i e d  r a t h e r  th a n  th e  r a t e  o f  
change o f  th e  p r e s s u re  g ra d ie n t  a t  th e  boundary la y e r  ed ge . The
2 .
(2 .1 2 3 )
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v e lo c i ty  g r a d ie n t  has been  c o r r e la te d  as  a  fu n c t io n  o f  f l i g h t  
c o n d itio n s  and body shape fo r  many case s  to  be used  in  b lu n t  body 
boundary la y e r  s o lu t io n s  in  o rd e r  to  s p e c ify  t h i s  unknown dow nstream  
in f lu e n c e  a p r i o r i .
In  shock la y e r  s o lu t io n s  th e  shock wave has been  c o n s id e re d  
c o n c e n tr ic  by R e fs .  2 .3 ,  2 .4 ,  2 .9 ,  2 .1 0 , 2 .1 7 , 2 .2 1 , 2 .2 2 , 2 .2 3  
and many o th e r s .  F u rth e rm o re , m ost o f th e s e  a n a ly se s  s e t  th e  fu n c t io n ,  
Eq. 2 .123  e q u a l to  a  c o n s ta n t .  The f u l l  e x te n t  o f  in f lu e n c e  o f  th e se  
assum ptions has n o t been  de te rm in ed  fo r  r a d i a t i o n  and a b l a t i o n  
coupled  flow s a l th o u g h  some r a d i a t i v e  coup led  r e s u l t s  a r e  p re s e n te d  
in  R ef. 2 .2 4 . T h is  i s  th e  p o in t  where e n g in e e r in g  judgem ent and o r  
ex p e rim e n ta l r e s u l t s  m ust be  used  in  o rd e r  to  make th e  m a th e m a tic a l 
model u s e f u l .
To r e c a p i t u l a t e  th e  developm ents made in  t h i s  s e c t i o n ,  i t  i s  
no ted  th a t  an a p p r o p r ia te  o rd e r  o f  m agnitude a sse ssm e n t o f  te rm s in  
th e  c o n s e rv a t io n  e q u a t io n s  was made. The r a d i a t i v e  t r a n s f e r  e q u a t io n  
was developed  u s in g  a  p la n a r  s la b  ap p ro x im atio n . U sing dev elo p ed  
and s ta t e d  e x p re s s io n s  f o r  th e  f lu x  d iv e rg e n c e , b u lk  v i s c o s i t y  and 
co n d u c tiv e  f lu x  th e  t h i n  shock la y e r  e q u a tio n s  were s t a t e d  r e t a in in g  
second o rd e r  te rm s and f i r s t  o rd e r  term s w ith  c u rv a tu re  e f f e c t s .  The 
f i r s t  o rd e r  shock la y e r  e q u a tio n s  w ith o u t c u rv a tu re  e f f e c t s  w ere 
found to  be th e  boundary  la y e r  e q u a t io n s .  Shock and s u r f a c e  boundary 
c o n d itio n s  were d ev e lo p ed . S u b seq u en tly , th e  s ta g n a t io n  l i n e  e q u a tio n s  
were developed  and d is c u s s e d .  T h is  t o t a l  developm ent p ro v id e s  th e  
re q u ire d  in fo rm a tio n  to  d e te rm in in g  th e  a p p ro p r ia te  e q u a t io n s  to  
s e le c t  fo r  u se  in  th e  p r e s e n t  problem .
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APPLICATION TO PLANETARY RETURN ENTRY
The s e le c t io n  o f  th e  p ro p e r  e q u a tio n s  w hich p ro v id e  a  re a so n a b le  
d e s c r ip t io n  o f  th e  p ro c e s s e s  in  th e  shock la y e r  i s  q u i t e  im p o r ta n t. 
The d e t a i l e d  developm ent o f  th e  shock la y e r ,  r a d i a t i v e  t r a n s f e r ,  and 
s u r fa c e  b a la n c e  e q u a t io n s  in  th e  p re v io u s  s e c t io n  p ro v id e s  a  p ro p e r 
b a s is  from w hich a  s e le c t io n  can  be made.
In  o rd e r  to  make a  lo g ic a l  s e l e c t i o n ,  a s e t  o f  c o n d i t io n s  o r  
o b je c t iv e s  m ust be  d e f in e d .  Based on th e  c u r r e n t  s t a t e  o f  th e  a r t  
and a n t i c ip a te d  im provem ents th e  fo llo w in g  s e t  o f  c o n d i t io n s  were 
a r r iv e d  a t  fo r  a  c r i t e r i o n  to  u se  in  s e le c t in g  th e  e q u a t io n s  to  be 
so lv e d .
C r i t e r i a  fo r  S e le c t io n
1. The e q u a t io n  m ust y ie ld  an a c c u ra te  d e s c r ip t io n  o f  th e  m ass, 
momentum, and en e rg y  t r a n s f e r  w ith in  th e  shock la y e r  fo r  
th e  body s iz e  and f l i g h t  c o n d i t io n s  o f  i n t e r e s t .
2 . The e q u a tio n s  m ust be v a l id  fo r  la rg e  and sm a ll mass 
i n j e c t i o n  r a t e s  from th e  s u r f a c e .
3 . The e q u a tio n s  m ust be coup led  p ro p e r ty  to  th e  s u r fa c e  
boundary c o n d i t io n s .
4 . S u f f i c i e n t  d e t a i l  m ust be m a in ta in ed  in  th e  e q u a tio n s  in  
o rd e r  to  a c c u r a te ly  a c c e ss  th e  e f f e c t s  o f  d i f f u s io n  and 
f i n i t e  r a t e  c h e m is try .
5 . The com puter s o lu t io n  o f  th e s e  e q u a tio n s  sh o u ld  be an  
e n g in e e r in g  to o l  to  p r e d i c t  s u r fa c e  h e a t in g  r a t e s  and 
p ro v id e  th e  means to  d e te rm in e  a b la to r  b e h a v io r .
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Based on th e  o b je c t iv e  s t a t e d  above th e  f i r s t  o rd e r  shock la y e r  
e q u a t io n s  w ith o u t c u rv a tu re  e f f e c t s  th ro u g h  th e  shock la y e r  were 
s e le c te d  to  be so lv e d . The re a s o n in g  le a d in g  to  t h i s  c h o ic e  fo llo w s :
Second o rd e r  term s in  th e  c o n s e rv a t io n  e q u a tio n s  were dropped f o r  
th e  fo low ing  r e a s o n s .  (1 ) They do n o t s i g n i f i c a n t l y  a l t e r  shock 
la y e r  p ro c e s s e s .  (2 ) T here a r e  in h e re n t  ap p ro x im atio n s  in  th e  
t h e o r e t i c a l  models and e x p e r im e n ta l d a ta  used  to  p r e d ic t  r a d i a t i o n ,  
therm odynam ic, and t r a n s p o r t  p r o p e r t i e s .  Thus th e r e  i s  no need fo r  
more d e t a i l  in  th e  flow  f i e l d  e q u a t io n s  th a n  in  th e  p r o p e r t i e s  used 
in  i t s  c a l c u la t io n .  (3 ) At h ig h  R e y n o ld 's  num bers, t y p i c a l  o f  
E a r th  e n t r y  from M ars, m ost second o rd e r  te rm s become le s s  
s i g n i f i c a n t  th a n  a t  th e  R e y n o ld 's  number used  fo r  th e  o rd e r  a n a ly s i s .  
(4 )  A long th e  s ta g n a t io n  l i n e  m a th em a tic a l r i g o r  r e q u ire d  dP /dy  = 0 
in  o rd e r  to  uncouple th e  s o lu t io n  o f  th e  x -  momentum e q u a tio n  from 
dow nstream  e f f e c t s .  S ta t in g  d P /dy  = 0 on th e  s ta g n a t io n  l i n e  
n e c e s s i t a t e s  d ropp ing  second o rd e r  term s from th e  y  -  momentum 
e q u a t io n .  (5) The a d d i t io n  o f  second o rd e r  te rm s would n o t p re s e n t  
n u m e rica l d i f f i c u l t i e s .  However, th ey  would add n u m e rica l com pu ta tio n  
tim e th u s  d e t r a c t in g  from th e  o b je c t iv e  o f  an e n g in e e r in g  t o o l .
C u rv a tu re  e f f e c t s  th ro u g h  th e  shock la y e r  w ere no t in c lu d e d  in  
th e  shock la y e r  e q u a tio n s  b ecau se  fo r  th e  la rg e  R ey n o ld 's  numbers and 
body r a d i i  o f  i n t e r e s t  th e  shock la y e r  i s  th in  th u s  making th e  
c u rv a tu re  e f f e c t s  second o rd e r .  L ik e w ise , th e  th e rm al d i f f u s io n  te rm  
o f  th e  c o n d u c tiv e  h e a t  f lu x  v e c to r  was dropped b ecau se  o f  i t s  
second o rd e r  n a tu re .
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I t  has been  argued  th a t  fo r  th e  la rg e  R e y n o ld 's  numbers o f  
i n t e r e s t  v is c o u s  e f f e c t s  co u ld  be n e g le c te d . However, in  o rd e r  to  
a s s e s s  f i n i t e  r a t e  c h e m is try  and d i f f u s io n  e f f e c t s  and in  o rd e r to  
p ro p e r ly  co u p le  th e  flow  f i e l d  and th e  a b l a to r  th ro u g h  s u rfa c e s  
b a la n c e s  th e  c o n t r o l l i n g  v is c o u s  term s m ust be  r e t a in e d .
The s e le c te d  shock la y e r  e q u a tio n s  w hich a re  a p p l ic a b le  fo r  
la rg e  a s  w e ll  a s  sm a ll mass i n j e c t i o n  r a t e s  a r e  p re s e n te d  in  Tab. 
2 .6 .  T hese e q u a tio n s  a re  th e  boundary la y e r  e q u a tio n s  w ith  th e  
e x c e p tio n  o f  th e  in v is c id  y -  momentum e q u a t io n .  The Reynolds 
number l i m i t  o f  v a l i d i t y  o f  th e se  e q u a tio n s  i s  shown in  F ig . 2 .7  
a lo n g  w ith  th e  s ta g n a t io n  l i n e  p o s t  shock c o n d i t io n s  fo r  a  ty p i c a l  
h y p e rb o lic  e n t ry  t r a j e c t o r y .  For th e  10-g u n d e rsh o o t t r a j e c t o r y  o f  
R ef. 2 .2 6  th e  maximum h e a t in g  o ccu rs  n ear th e  p o in t  wliere th e  
t r a j e c t o r y  le v e ls  o u t .  Thus th e  e q u a tio n s  a r e  v a l id  in  th e  ran g e  
i n t e r e s t .  C o n d itio n s  below  f l i g h t  v e l o c i t i e s  o f  36,000 f t / s e c  a re  
n o t c o n s id e re d  in  F ig . 2 .7  and , in  g e n e ra l ,  th ro u g h o u t th e  rem ainder 
o f  t h i s  work s in c e  th e  A pollo  f l i g h t  d a ta  i s  a v a i la b le  fo r  th e se  
low er f l i g h t  v e l o c i t i e s .
The s ta g n a t io n  l i n e  e q u a tio n s  which r e s u l t  from E qs. 2 .124 to  
2 .128  fo r  an  ax isym m etric  body a r e :
G lo b a l c o n t in u i ty :
(2 .1 2 9 )
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TABLE 2 . 6
BLUFF BODY FIRST ORDER SHOCK LAYER EQUATIONS
G lobal c o n t in u i t y :
( r  A pu) +  r  A (pv) = 0 dx w F w 3y  K (2 .1 2 4 )
S pec ies  C o n t in u i ty :
- ~ r  ( r  A pC.u) +  | -  (pvC.) = -  | -  ( J .  ) +  co. A 3x w H i  '  dy K i  dy i , y  i
w
(2 .1 2 5 )
x -  Momentum:
d u , „ d u _  dP , d /  du \  
pu dx p dy dx dy \  ^  dy / (2 .1 2 6 )
y -  Momentum:
2 dP 
* pU = * (2 .1 2 7 )
Energy:
dH , dH d /. 9T \  d ,  „  . T 1
PU *  + pV d^ "  d^  V* d^ J - &  { 2  h i  J i }
BqR J . j L  (  
dy dy \  ^  u dy /
(2 .128)
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S p e c ie s  c o n t i n u i t y :  
d c < *
Pv d? d ? ( J i , y ) + ‘“i  ( 2 ' 130)
x -  momentum:
( 2 . 1 3 1 )
dx n x=0
y -  momentum:
I 2 = 0 (2 .1 3 2 )oy
Energy:
dy dy
I n  o rd e r  to  make th e  s u r f a c e  boundary c o n d i t io n s  c o m p a tib le  
w i th  th e  f l o w - f i e l d  e q u a t io n s  th e  boundary c o n d i t io n s  must be 
s i m p l i f i e d  u s in g  th e  same c r i t e r i o n .  The a p p r o p r ia te  s u r f a c e  
boundary c o n d i t io n s  a r e :
S p e c ie s  boundary  c o n d i t io n :
(pvC.)"" + (R. +  S . ) ( l  -  e ) = (pvC ,)+  + J . +  (2 .1 3 4 )r i  i i  p r i  l
E lem en ta l  boundary  c o n d i t i o n s :
(p v C j)  = ( p v £ j ) +  +  ( 2 . 1 3 5 )
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Momentum boundary  c o n d i t io n :
P+  =  P" ( 2 . 1 3 6 )
Energy boundary c o n d i t io n :  
+
dy = Pv 2 > 1 cci + - c i - ) + ; [ h 1j 1+
(2 .1 3 7 )
dT
+ kb dy
The s p e c ie s  and e le m e n ta l  c o n s e r v a t io n  e q u a t io n s  a r e  s l i g h t l y  more 
t r a c t a b l e  th a n  th o s e  p r e s e n te d  p r e v io u s ly  s in c e  th e  i n t e r n a l  d i f f u s i o n  
e f f e c t s  have been  d ropped . Dropping second o rd e r  term s s i g n i f i c a n t l y  
s im p l i f i e d  th e  momentum and energy  e q u a t io n .  The m ajor c o m p lic a t io n s  
rem ain ing  in  th e s e  boundary c o n d i t io n s  a r e  th e  e f f e c t s  o f  e x t e r n a l  
d i f f u s i o n  and s u r f a c e  r e a c t i o n s .
I n  g e n e r a l  Eqs. 2 .129  to  2 .132  must be used f o r  p ro p e r  a b l a t o r -  
f l o w - f i e l d  c o u p l in g  i f  th e  f l e x i b i l i t y  o f  a r b i t r a r y  a b l a t i o n  r a t e s  
i s  m a in ta in ed  in  th e  a n a l y s e s .  However, f o r  th e  c a s e s  in  which th e  
a b l a t i o n  r a t e  i s  l a r g e  ( i . e .  a t  l e a s t  (pv) /(p U ) = .0 5 )  f u r t h e r
W  G O  0 0
s i m p l i f i c a t i o n s  ca n  be made. I f  th e  a b l a t i o n  r a t e  i s  l a rg e  th e  
co n v e c t iv e  term s a t  th e  s u r f a c e  a r e  much l a r g e r  th a n  th e  d i f f u s i v e  
te rm s ,  and c o n s e q u e n t ly  th e  d i f f u s i v e  term s may be d ropped . 
F u rthe rm ore ,  i n  th e  ab sence  o f  d i f f u s i o n  o r  s u r f a c e  e r o s i o n ,  th e  
only  s u r f a c e  r e a c t i o n  o f  s i g n i f i c a n c e  i s  t h a t  o f  s u b l im a t io n .  I n  
t h i s  s i t u a t i o n  t h e  s u b l im a t io n  p ro c e s s  can  be computed i n  th e
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a b la to r  a n a ly s e s  and th e  e f f e c t  accoun ted  f o r  in  th e  (pvC^) te rm . 
With th e se  q u a l i f i c a t i o n s  a  s im p l i f i e d  s e t  o f  s u r fa c e  b a la n c e  
e q u a t io n  can  be w r i t t e n .
Species  boundary  c o n d i t io n :
(pvC.,)" = (pvCi ) +  (2 .1 3 8 )
E lem ental boundary  c o n d i t io n :
(p v C .)"  = (pvCj ) +  (2 .1 3 9 )
G lobal mass b a la n c e :
(pv )"  = (pv )+ (2 .1 4 0 )
Momentum boundary c o n d i t io n :
P" = P+ (2 .1 4 1 )
Energy boundary c o n d i t io n :
+
k, &  “b dy dy qR (2 .1 4 2 )
These e q u a t io n s  shown, f o r  l a r g e  a b l a t i o n  r a t e s ,  th e  on ly  co m p lica ted  
c o u p lin g  betw een th e  f l o w - f i e l d  and th e  a b l a t o r  i s  i n  t h e  energy  
boundary c o n d i t io n .
The shock boundary c o n d i t io n s  d e r iv e d  in  th e  p re v io u s  s e c t i o n  
a r e  u n a l t e r e d  by th e  q u a l i f i c a t i o n s  made i n  t h i s  s e c t i o n .  /
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TRANSFORMED STAGNATION LINE EQUATIONS
I n  t h i s  s e c t i o n  th e  s t a g n a t io n  l i n e ,  b l u f f  body f i r s t  o rd e r  
shock l a y e r  e q u a t io n s  a r e  nond itnensiona lized  and tran s fo rm e d  i n t o  a 
form s u i t a b l e  f o r  n u m erica l  s o l u t i o n .  The d i f f e r e n c e  betw een th e  
n o n d im e n s io n a l iz a t io n  i n  t h i s  s e c t i o n  and t h a t  o f  th e  f i r s t  s e c t i o n  
o f  t h i s  c h a p te r  i s  i n  th e  u se  o f  the  p o s t  shock d e n s i t y  r a t h e r  th a n  
th e  f r e e  s t ream  d e n s i t y .  As a  r e s u l t  a  d i f f e r e n t  R e y n o ld 's  number 
appea rs  i n  th e  momentum e q u a t io n  th a n  appeared  p r e v io u s l y .  T h is  
development b e g in s  w i th  th e  d im en s io n a l  e q u a t io n s  s e l e c t e d  i n  th e  
p re v io u s  s e c t i o n .
U sing th e  fo l lo w in g  nondim ensional q u a n t i t i e s ,  which a r e  a l s o  
used f o r  th e  energy  and e le m e n ta l  sp e c ie s  e q u a t io n s ,
th e  c o n t i n u i t y  and momentum Eqs. 2 .129 and 2 .130 can  be r e w r i t t e n  i n  
nondim ensional form a s :
C o n t in u i ty :
* * * *
J
(2 .143 )
(2 .1 4 4 )
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Momentum:
2 ,_2„
0* I ;  # )  - t  ( I )  - * (£ )  - 0 j )  ■ 0 (2a45)
1 S_
Reg a y  V S y ' a § ' ) v ' a y W ^ a g .  ^ § -
As developed  i n  t h e  f i r s t  s e c t i o n  o f  t h i s  c h a p t e r ,  th e  second
d e r i v a t i v e  o f  p r e s s u r e  te rm  i n  th e  momentum e q u a t io n  can  be e v a lu a te d
SPa t  th e  shock u s in g  th e  Rankine-H ugonio t e q u a t io n s  i f  —  i s  assumed 
z e ro .  T h is  p r e s s u r e  te rm  i s
= -  2p (1  - ~ 9) ( H )  (2 .146 )
c*Pfo r  a  c o n c e n t r i c  shock ■—  = 1. The c o n c e n t r i c  shock assum ption  i s
o§
u s u a l ly  r a t h e r  good f o r  h y p e rso n ic  flow , however i n  t h i s  a n a l y s i s  
w i l l  be t r e a t e d  a s  a  p a ram te r  and thus  w i l l  be l e f t  g e n e r a l .
S u b s t i t u t i n g  t h i s  te rm  i n t o  th e  momentum e q u a t io n  y i e l d s
1 a  /  a  , a u v \  a_ / 'a u \  / a u \
Re ay v 4 ay ( a § v  p ay W  p \ a ? J
S
2 (2 .1 4 7 )
+ 2 7 ( 1  -  7 ) ( | £ )  = 0
To o b t a i n  a  more c l a s s i c a l  form o f  th e  momentum e q u a t io n  a  v e l o c i t y  
fu n c t io n  i s  d e f in e d
f '  = ^  ~  = a  f u n c t io n  o f  y (2 .1 4 8 )s s  5-»0 u g
au _
where -  = —S +  p from th e  R ankine-H ugonio t e q u a t io n s .
S u b s t i t u t i n g  i n t o  th e  momentum e q u a t io n  y i e l d s
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1 <3 /  3 f 7\  3 f '  (  Sus ,o  N ^ / v 2  ,
r r T y ^ W J -  p v W ~  +0 3  r  3y /  K 3y 3?
(2 .1 4 9 )
*p IL - S .  (3af.  o
(Sus , o /S 5 )  ^
Thes e q u a t io n s  can  now be t ran s fo rm e d  u s in g  th e  D o ro d n itsy n  
t r a n s  fo rm at io n
ry ryp dy p dy
T l " - ? ------- = — ----------------  7 " “ ” ^  (2 .1 5 0 )1 ^6 ** dy ~  d'Q
I p < y  1 6
J o
T ransfo rm ing  Eqs. ( 2 .1 4 4 ) ,  (2 .148 )  w i th  (2 .1 5 0 )  y i e l d s  
C o n t in u i ty :
* t i = Y ^ (pv> ( 2 - l 5 1 )
V e lo c i ty  f u n c t io n :
I e  ~  ^ >
f / = --SS.   = -2-6- —-5U- a M  (2 .1 5 2 )
3u ,3u .s . o  /  s , o \  1
s i  V 35 ;
Momentum:
d ( d f 7\  _  ~  d f 7 ,
«ij ^  i1 d i p  - > v • * * . 6 dif +
Re % , 2  ,3u . 2  _
pg^ -ysg L2’(1 • (^ffJ • "hs,s f') > 0S  • O
(2 .1 5 3 )
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I n t e g r a t i n g  Eq. (2 .1 5 2 )  y i e l d s
/d“
Pv  =  "  2 f  (2 .1 5 4 )
E q u a t io n  (2 .1 4 4 )  can  be used  to  e l im in a te  pv i n  th e  momentum e q u a t io n .  
T h is  y i e l d s  a  t h i r d  o rd e r  n o n l in e a r  o rd in a ry  d i f f e r e n t i a l  e q u a t io n  
Momentum:
(p „ f )  + [2 R ., 62 ( ^ ® )  ]  t f  +
( 2 . i55 )
*5 0 -/1  “ \  'Su .2
s  2 p ( l  -  p ) /3S f\ _ /— L i°  \ ( £ * )  1  = 0
(Su /B |) L P W  V B| 7 U  ' J8)0
The boundary  c o n d i t io n s  fo r  t h i s  e q u a t io n  a r e
n  -  l ,  f 7 = 1
T\ -  0 ,  f '  = 0 ' (2 .1 5 6 )
“ ( Pv ) wT1 = 0 , f  = f  = ------------------------ ---
W 2 's (Bu /3 § )  s ,o
I n  a d d i t i o n ,  Eq. (2 .1 4 )  has a  boundary c o n d i t io n  imposed on i t  t o  
d e te rm in e  th e  t ran s fo rm e d  s ta n d o f f  d i s t a n c e ,  6 .
- ( pv >
1 1 - 1 ,  f  = f  =  2--------  (2 .1 5 7 )
2 6 O u S j0 /BS)
The momentum e q u a t io n  can  be reduced  to  a  f i r s t  and a  second o rd e r  
e q u a t io n  by d e f in i n g
r  = —  (2 .1 5 8 )
6
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and s u b s t i t u t i n g  i n t o  Eq. (2 .1 5 5 )
(2 .1 5 9 )
The r e s u l t i n g  boundary c o n d i t io n s  f o r  Eq. (2.159) a r e :
(2 .160 )
The energy  e q u a t io n  i s  tran s fo rm e d  in  a manner s i m i l a r  to  th e  
momentum e q u a t io n .  F i r s t ,  however, th e  e q u a t io n  i s  w r i t t e n  in  term s 
o f  te m p e ra tu re  a s  th e  dependent v a r i a b l e .  I t  i s  a n t i c i p a t e d  t h a t  
u s in g  te m p e ra tu re  r a t h e r  th a n  e n th a lp y  a s  th e  dependent v a r i a b l e  w i l l  
save computer tim e s in c e  b o th  i n  thermodynamic e q u i l ib r iu m  and 
chem ica l  k i n e t i c  s u b ro u t in e s  te m p e ra tu re  i s  used as th e  independen t 
v a r i a b l e .  Thus th e  use  o f  te m p e ra tu re  w i l l  e l im in a te  an i t e r a t i o n  
loop between th e  ene rg y  s o l u t i o n  and th e  p r o p e r ty  s u b r o u t in e s .
The d im e n s io n a l  s t a g n a t io n  l i n e  e n e rg y  e q u a t io n  i s  ( n o t in g  th e  
s u p e r s c r i p t  * i s  o m i t te d  fo r  s i m p l i c i t y ) .
dH _ d _ r , d T , _ .  I  dqR
PV dy dy L dy i  i  J dy (2. 161)
C onside r  th e  te rm  on th e  l e f t  hand s id e  o f  th e  above e q u a t io n
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Noting t h a t
h = S Ci  h i
^  ' d c 4 d h < HT
• ^  = S h .  + S C. -r=r -r~ dy 1 dy i  dT dy
dCt dT 
= 2  h .  S C .  C .l  dy dy i  p i
d C ,- dT
^ h . r ^  +  Cl  dy p a y
Thus
dH _ r dCi  dT d (v 2 / 2 ) 1 
Pv  dy PV l  i  dy p dy dy J
by s u b s t i t u t i o n  o f  Eq. (2 .162 )  and o b se rv in g  t h a t  u = 0 a t  x 
S u b s t i t u t i n g  Eq. (2 .1 6 3 )  in t o  (2 .1 6 1 )  y i e l d s
d f, d1\  _ d t  _  dV  2 dv
l k  d ^ J " p^ p  d^ = pv s  h i  d T  + pv d?dy
d dqR
+ T -  Cs h . J . ]  +■—dy L l  i J dy
A d d i t i o n a l  m a n ip u la t io n  o f  two term s i s  n e c e s s a ry .  
dC. ^SC. \
ev  E h i  i f  * s  h i  (si-) dF
(2 .162)
(2 .163 )  
0 .
(2 .164)
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( * V \N o tic e  the  te rm  can  o n ly  be e v a lu a te d  f o r  f low s in  l o c a l
chem ica l  e q u i l ib r iu m .  S in ce  some c a l c u l a t i o n s  make t h i s  a ssu m p tio n  
w i l l  be p r e s e n te d ,  t h i s  e q u a t io n  w i l l  be d i s c u s s e d .  S u b s t i t u t i n g  
th e  above r e l a t i o n s  in t o  Eq. (2 .1 6 4 )  and r e a r r a n g in g  y i e l d s
2 dv , dqR 
pV dy dy
(2 .1 6 5 )
The terms in  th e  ( ) b r a c k e t s  above a r e  from l e f t  to  r i g h t  th e
f r o z e n  p lu s  r e a c t i n g  th e rm a l  c o n d u c t iv i t y ,  k ^ ,  and th e  f r o z e n  p lu s
r e a c t i n g  h e a t  c a p a c i t y ,  C , r e s p e c t i v e l y .  Using th e s e  d e f i n i t i o n s
PT
th e  s t a g n a t io n  l i n e  en e rg y  e q u a t io n  can  be w r i t t e n  as
d A. <JT'i .  dT 2 dv . dqR . .
<>vCi>I  d j  = i”  d j  +  d T  < 2 a 6 6 )
N o n d im e n s io n a l iza t io n  o f  Eq. (2 ,166 )  by th e  convens ion  s t a t e d  i n  
(2 .1 4 3 )  r e s u l t s  in
T y  (*T  f )  ’ fy  -  * *  fy  + " <2’167>
Eq. (2 .167 )  can  now be tran s fo rm e d  u s in g  th e  D orodn itzn  t r a n s f o r m a t io n
(2 ,1 5 0 )  to  g iv e :
d /  . dTN 6 „  dT
d*n \ p d y j  " 2 pv CpT dll
(2 . 168)
- t  2 £ v  +  £  m 
~ 6 p v  dT) +  p E
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or
d2T *6 /  ^  d ^Pkr K  dT
2 2 ^  V"“pT d^ J dTl
(2 .1 6 9 )
-  i _  „2  dv . 6 | -
" * *  p2* ,
This  l a t e r  form i s  second o rd e r  and l i n e a r  i n  te m p e ra tu re .
The s p e c ie s  e q u a t io n  n o n d im en s io n a l ized  u s in g  th e  convension  
s t a t e d  in  (2 .1 4 3 )  r e t a i n s  th e  same form as Eq. (2 .1 3 0 )  
dC. dJ
Pv  d T  = “ d T  +  ®i (2 .1 7 0 )
T ransfo rm ing  u s in g  Eq. (2 .1 5 0 )  y i e l d s
dC. d J .  ~ i  _ __ i  . _6
dTl "  " dTl Ppv T “  = “ +  "T (2 .1 7 1 )
For s t u d i e s  o f  b in a ry  d i f f u s i o n  and ch em ica l  e q u i l ib r iu m ,  Eq. (2 .1 7 1 )
can  be reduced  to  th e  e le m e n ta l  c o n s e r v a t io n  e q u a t io n  u s in g  th e
fo l lo w in g  r e l a t i o n s  
£  A. .m C
C. = > d—  = mass f r a c t i o n  o f  e lem en t j  (2 .1 7 2 )
J  L. M
i = l
£  A. .m.J
J .  = ) —  = mass f lu x  o f  e lem en t j  (2 .1 7 3 )
J  L  M
i = l  
which y i e l d
St. S3
( 2 - 174)
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The g e n e r a t io n  terra d o es  n o t  ap p ea r  in  Eq. (2 .1 7 4 )  s in c e  th e  n e t  
g e n e r a t io n  o f  e lem en ts  i s  z e r o .
The t h i n  shock la y e r  e q u a t io n s  developed  in  t h i s  s e c t i o n  a long
w ith  th e  c o r re s p o n d in g  boundary c o n d i t io n s  a r e  th e  p r im ary  s e t  o f  
e q u a t io n s  which a r e  so lv ed  in  t h i s  work. C hap te r  4 p r e s e n t s  th e  
num erica l  methods used  i n  th e  s o lu t i o n  o f  th e s e  s t a g n a t i o n  l i n e
eq u a t io n s  and r e s u l t s  a r e  p r e s e n te d  in  C hap te r  5 .
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TRANSFORMED AROUND THE BODY EQUATIONS
In  o rd e r  to  com plete  th e  fo rm u la t io n  o f  e q u a t io n s  d e s c r ib i n g  the  
hy p erso n ic  b lu n t  body prob lem , th e  around th e  body e q u a t io n s  a r e  
m an ipu la ted  in t o  a  form s u i t a b l e  fo r  n u m erica l  s o l u t i o n .  T h is  i s  
accom plished  by n o n d im e n s io n a l iz a t io n  and t r a n s f o r m a t io n  o f  th e  
t h i n  shock e q u a t io n s  (2 .1 2 4 )  to  (2 .1 2 8 ) .  A von Mises t r a n s f o r m a t io n  
i s  used s in c e  i t  y i e l d s  a  s e t  o f  e q u a t io n s  am eanable to  forw ard  
i n t e g r a t i o n  and f i n i t e  r a t e  c h e m is t ry  can be in c lu d e d  u s in g  l o c a l  
o n e -d im en s io n a l  c h e m is t ry  a long  s t r e a m l in e s .
The shock la y e r  e q u a t io n s  (2 .1 2 4 )  to  (2 .1 2 8 )  a r e  r e w r i t t e n  h e re  
w ith  some changes n o te d .  The g lo b a l  c o n t in u i t y  and two momentum 
e q u a t io n s  a re  unchanged. The g lo b a l  c o n t in u i t y  i s  removed from th e  
s p e c ie s  e q u a t io n .  The e n e rg y  e q u a t io n  i s  w r i t t e n  w i th  te m p e ra tu re  
as th e  p r i n c i p l e  dependen t v a r i a b l e .  F u r th e rm o re ,  th e  r e s u l t i n g  
form o f  th e  energy  e q u a t io n  was o b ta in e d  by s u b t r a c t i n g  th e  momentum 
e q u a t io n ,  s u b s t i t u t i n g  th e  r i g h t  hand s id e  o f  th e  s p e c ie s  e q u a t io n  
fo r  th e  l e f t  hand s id e  and assuming b in a ry  d i f f u s i o n .  The r e s u l t i n g  
s e t  o f  d im en s io n a l  ax isym m etric  shock la y e r  e q u a t io n s  a r e :
G lobal c o n t i n u i t y :
■§- (pur ) + r  ~  (pv)dx H w w By K (2 .1 2 4 )
S p ec ies  c o n t i n u i t y :
i  , i  B /  M- i \  ,
p”  a T  + pv  W  ‘  ¥  V  W )  + " i
i
(2 .1 7 5 )
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x  -  momentum:
(2 .1 2 6 )
y -  momentum:
(2 .1 2 7 )
Energy:
(2 .1 7 6 )
I t  should  be noted  t h a t  th e  h e a t  c a p a c i t y  (C ) and the rm al
c o n d u c t iv i t y  (k) i n  th e  e q u a t io n  above c o n s i s t  o f  on ly  th e  " f ro z e n "  
p a r t s .  T h is  i s  u n l i k e  th e  f i n a l  form o f  th e  ene rg y  e q u a t io n  d e r iv e d  
in  th e  p re v io u s  s e c t i o n  fo r  th e  s t a g n a t i o n  l i n e .
The shock la y e r  e q u a t io n s  can  be n o n d im en s io n a l izea  u s in g  th e  
same s e t  o f  n o n d im en s io n a l iz in g  q u a n t i t i e s  u sed  fo r  th e  s t a g n a t io n  
l i n e  e q u a t io n s  (Eq. 2 .143)  w ith  th e  a d d i t i o n  o f
With th e s e  q u a n t i t i e s  th e  p re c e d in g  e q u a t io n s  may be w r i t t e n  a s :  
G loba l c o n t i n u i t y :
*  *  
R a>£
(2 .1 7 7 )
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S p e c ie s  c o n t i n u i t y :
90i  30 i  1 a /  ll ^ i \,>u3r + pvar*Rrw^3r) + '"i (2-l78)
s c i
x  -  momentum:
3u , 3u BP . 1 B /  3u \
Pu d§ +  pv 3y ~ “ d§ Re By V* By) (2 .1 7 9 )s
y -  momentum:
* p u 2 = | £  (2 .180
Energy:
puCP I + puCP f  -  - s  " A  + « I
+  2 ¥ y  ( k f ) - 2 E + S -  ( § )  <2 - l 8 1 >s
c
+  i t  [ V J l  —1 \  IS.
Reg \  L  Sc By /  d y
The t r a n s f o r m a t io n  o f  th e  independen t v a r i a b l e s  o f  th e  above 
e q u a t io n s  from % and y to  § and 'if r e s p e c t i v e l y  i s  accom plished as 
f o l lo w s .  L e t
* (  f  ) 5  ’  purw <2 - 1 8 2 >
' * (  I  ) y  -  -  pvrw <2 - i 8 3 >
C onseq u en tly  any dependen t v a r i a b l e  F ca n  be  w r i t t e n  a s
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F = F (§ ,  Y)
( H M D  t ( J O y + ( t f ) ? ( i f ) y
S u b s t i t u t i n g  Eq. 2 .183  i n t o  2 .184  y i e ld s
f  \  -  ( i  v  ^  ( f \
C o rresp o n d in g ly
( f\ ■ ( f)  $ £  + ® t (f)5
from w hich, by u s in g  Eq. ( 2 .1 8 2 ) ,  one o b ta in s
The n o n d im e n s io n a l•shock l a y e r  e q u a t io n s  a f t e r  undergo ing  t r a n s ­
fo rm a t io n  w i th  Eqs. 2 .1 8 2 ,  2 .1 8 3 ,  2,185 and 2.187 a r e :
G lo b a l  c o n t in u i t y :
V  dyJ by \
(2 .1 8 8 )
0 s  0
S p e c ie s  c o n t in u i t y :
b f  = Re Y BY Is T "  bY~) +  pu (2 .1 8 9 )  /
s C±
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x -  momentum:
v r
-  " 1 .§Z 4. — 2  4. —---- -S_ (a (2  190^
S§ pu a§ uY 3Y Re Y dY \  SY/s
y -  momentum:
H = H_JLJ (2 .1 9 1 )
Energy:
:p ag " P Y 3Y
-  i ;  ( s  V i + 2 E)  <2 - 192>
♦IbEiin2 < 1 ^ )1 1  -
_ 5T _ 1 9P 9P , 2 9 / j £  J9T\
c i
where
a  =
2
HPu rw
(2 .1 9 3 )
With th e  e x c e p t io n  o f  th e  p r e s s u r e  v a r i a t i o n  and r a d i a t i v e  f l u x  
d iv e rg e n c e  te rm , th e  p re c e d in g  e q u a t io n s  a r e  i n  i d e n t i c a l  form to  
th o s e  s u c c e s s f u l l y  u sed  to  d e s c r ib e  sh e a r  la y e r  and com bustion 
chamber f low s w i th  f i n i t e  r a t e  c h e m is t ry  (R ef .  2 .27 )
I n  a d d i t i o n  to  t r a n s fo rm a t io n  o f  th e  shock l a y e r  e q u a t io n s ,  th e  
n e c e s s a ry  tran s fo rm e d  boundary c o n d i t io n s  a r e :
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1 .  ^  ^  = 0  from y  =  0 ,  u  =  0
y = 0
2 . ( H  )  -  f r o .  y = 0 , v  » vw, p -  pu
3  y = 0  w
/  dY \  P6U6r w
3 * K & j  = T ~  froin y = 6 ’ U = U6oy y=6 6
4 ' ( H  ) y=6 = ■ £ro>" y  -  6 , V = v 6 , p = p6
5 * (  " i i  ' l  =  0  f r o m  y  =  0 ,  u  =  0  ( 2 . 1 9 4 )
'  a Y  y = 0
6 . T = T a t  y = 0w
7. T = T at y = 60
8 . C. = (C .)  a t  y = 0 x  i  w ^
9. C « (C ) a t  y = 6 1 i o
The th e rm a l  and c a l o r i c  eq u a t io n s  o f  s t a t e  a r e  a l s o  r e q u i r e d  to  
co m ple te  th e  s e t  o f  e q u a t io n s  and boundary c o n d i t io n s .
I
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CHAPTER 3
GAS AND ABLATOR PROPERTIES
In  o rd e r  to  implement a  s o l u t i o n  to  th e  shock la y e r  e q u a t io n s  
r a d i a t i v e ,  thermodynamic, t r a n s p o r t  and a b l a t o r  p r o p e r t i e s  a r e  
r e q u i r e d .  The r e l i a b i l i t y  o f  th e s e  p r o p e r t i e s  n a t u r a l l y  i n f lu e n c e s  
th e  r e l i a b i l i t y  o f  th e  f l o w - f i e l d  s o l u t i o n .  T h is  c h a p te r  p r e s e n t s  
a d i s c u s s io n  o f  th e  p r o p e r t i e s  used  in  t h i s  work w ith  s p e c i a l  
a t t e n t i o n  g iv e n  to  r a d i a t i v e  p r o p e r t i e s .  A method o f  d e te rm in in g  rad- 
i a t i v e l y  im p o r tan t  s p e c ie s  and s p e c ie s  mechanisms i s  p r e s e n te d  and 
a p p l ie d  t o  m o lecu la r  s p e c i e s .  Chemical e q u i l ib r iu m ,  therm odynamic, 
and t r a n s p o r t  p r o p e r t i e s  o f  a i r  and a b l a t o r  s p e c ie s  a r e  d i s c u s s e d .  
F u r th e r ,  q u a s i - s te a d y  a b l a t o r  re sp o n se  p r o p e r t i e s  f o r  p h e n o l ic  
ny lon  a re  p re s e n te d  and d i s c u s s e d .
RADIATIVE PROPERTIES
F l i g h t  c o n d i t i o n s ,  a tm o sp h e r ic  co m p o s i t io n s  and a b l a t o r  composi­
t i o n s  a r e  th e  th r e e  im p o r ta n t  c o n s t r a i n t s  which should  be  c o n s id e re d  
i n  d e te rm in in g  what r a d i a t i v e  p r o p e r t i e s  a r e  r e q u i r e d .  The f l i g h t  
c o n d i t io n s  o f  i n t e r e s t  y i e l d  shock la y e r  c o n d i t io n s  i n  the ra n g e s  
( s e e  F ig .  2 .7 )
3000 <  T <  17000°K 
. 0 0 1  <  P <  2  a t m *
Gases i n  th e s e  thermodynamic ran g es  a r e  c l a s s i f i e d  a s  low te m p e ra tu re  
p la sm as .  The gas i s  n o t  h ig h ly  io n iz e d  as i n  a  f u l l  p lasm a s t a t e .
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In  a  low te m p e ra tu re  p lasm a, m o le c u le s ,  atoms and io n s  may p la y  an 
im p o r ta n t  r o l e  i n  r a d i a t i v e  energy  t r a n s p o r t  and t h e r e f o r e  th e  
c o n t r i b u t i o n  and mechanism o f  th e s e  th re e  ty p e s  o f  s p e c ie s  must be 
a s s e s s e d .  The a tm ospheric  and a b l a t o r  com positions  d e f in e  which 
s p e c i f i c  s p e c ie s  a r e  p r e s e n t  and th e  r e l a t i v e  amounts o f  each  
p r e s e n t .  W ith in  t h i s  c o n te x t  a  s e l e c t i o n  o f  th e  r a d i a t i v e  p r o p e r t i e s  
used  in  t h i s  a n a l y s i s  i s  made.
Bound-bound t r a n s i t i o n s :  L in e  r a d i a t i o n  r e s u l t s  from e l e c t r o n i c
t r a n s i t i o n s  betw een th e  d i s c r e t e  o r  bound energy  l e v e l s  i n  atoms or 
m o le c u le s .  For atoms th e  concern  i s  w ith  t r a n s i t i o n s  betw een s t a t e s  
o f  d i f f e r i n g  p r i n c i p l e  quantum numbers w i th in  a  g iv e n  io n ic  s t a t e  
o f  th e  a tom ic  s p e c ie s .  These t r a n s i t i o n s  a r e  c h a r a c t e r i z e d  by 
s p e c t r a l  l i n e  s e r i e s  which a r e  l im i t e d  by th e  i o n i z a t i o n  th re s h o ld  
o f  th e  n ex t  io n i c  s t a t e  (R ef.  3 . 1 ) .  The im portance o f  a  p a r t i c u l a r  
t r a n s i t i o n  i s  measured by i t s  a b s o r p t io n  c ro s s  s e c t i o n  (R ef .  3 .2 )
. _ . ~ -h v  /kT
a - * r |  S  2 l £„ „ ' 0 - e  )  (3 .1 )
' W  “  L (v -v 0) + v
which i s  a  f u n c t io n  o f  th e  f-num ber,  f  and th e  l i n e  h a l f - w id th* nn *
y  in  a d d i t i o n  t o  frequency  and te m p e ra tu re .  The f-number i s  th e  
t r a n s i t i o n  p r o b a b i l i t y  and can  r e p r e s e n t  a s in g l e  l i n e ,  m u l t i p l e t  o r  
a  c o l l e c t i o n  o f  l i n e  t r a n s i t i o n s  hav ing  th e  same lower s t a t e .
For m o le c u le s ,  th e  concern  i s  w ith  t r a n s i t i o n s  betw een d i f f e r e n t  
e l e c t r o n i c  s t a t e s  o f  a  g iven  m o lecu la r  s p e c ie s .  The e l e c t r o n i c  ^
t r a n s i t i o n s  a r e  m odified  by v i b r a t i o n a l  and r o t a t i o n a l  e f f e c t s  which 
produce groups o f  bands c a l l e d  band systems which a r e  composed o f
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d i s c r e t e  l i n e  t r a n s i t i o n s  (R ef.  3 . 1 ) .  The im portance  o f  a  band 
system can  be a s s e s s e d  in  terms o f  th e  s p e c t r a l  c r o s s  s e c t i o n  fo r  
th e  band . The a b s o r p t io n  c ro s s  s e c t i o n  can  be w r i t t e n  (R e f .  3 . 3 ) .
ffj* k = tt^  r Qf  (Auoj,) * exp [ -  (urc''o)^/(AuVj.)^] (3 .2 )
where
2 -13r  = e /me ^  2 .8  x  10 cm o
f  = band system  f-number
A (Up = Ac»0 [ ta n h  (9 q/2 T ) ]^
Au)o = s p e c t r a l  h a l f  w id th  a t  T = 0°K
9 = he tu /;/ k°o e
a; = e f f e c t i v e  v i b r a t i o n a l  frequency  o f  th e  lower e l e c t r o n i c  
s t a t e
0) = o r i g i n  f requency  o r  a b s o r p t io n  maximum c e n t e r  o f  th e
system
T his  r e l a t i o n  a p p l i e s  to  b o th  d ia tom ic  and po lya tom ic  m o lecu le s  as  
r e p o r t e d  by R e f .  3 .3 .  The im p o rtan t  p o in t  h e re  i s  t o  n o te  t h a t  a  
bands e f f e c t i v e n e s s  in  c o n t r i b u t i n g  to  r a d i a t i v e  t r a n s p o r t  i s  
measured i n  te rm s o f  an a b s o rp t io n  c ro s s  s e c t i o n  which i s  d i r e c t l y  
p r o p o r t i o n a l  to  the  band f-num ber.
B o und-free  t r a n s i t i o n s :  T ra n s f e r  between io n ic  s t a t e s  
fo r  b o th  a tom ic and m o lecu la r  s p e c ie s  r e s u l t  i n  continuum
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r a d i a t i o n .  For a  b o u n d -free  p r o c e s s ,  e i t h e r  th e  i n i t i a l  or 
f i n a l  s t a t e  in c lu d e s  a  f r e e  e l e c t r o n .  The a b s o r p t io n  o f  r a d i a t i o n  
from a d i s c r e t e  a tom ic  s t a t e  produced  by a  pho ton  having enough 
energy  to  ex ten d  above th e  i o n i z a t i o n  th r e s h o ld  r e s u l t s  in  the  
p ro c e s s  o f  p h o to i o n iz a t io n .
The r e v e r s e  p r o c e s s ,  re c o m b in a t io n ,  o ccu rs  when an ion  and an  
e l e c t r o n  recom bine y i e ld in g  an e m is s io n  o f  a  pho ton
S ince  th e  u p p er  s t a t e  fo r  b o th  p ro c e s s e s  i s  c o n t in u o u s ,  b e in g  d e f in e d  
by th e  k i n e t i c  energy  o f  th e  io n  and e l e c t r o n ,  th e  r a d i a t i o n  ab so rb ed  
o r  e m i t te d  i n  th e  r e s p e c t iv e  p ro c e s s e s  i s  c o n t in u o u s .  The ab so rp ­
t i o n  c r o s s  s e c t i o n  fo r  a tom ic s p e c ie s  can  be e x p re ssed  as  (R ef.  3 .4 )  
f o r  hv <  hvtj,
a  b- £ = 0
V
fo r  hv £  huj.
A +  hv -» A*" +  e ( 3 .3 )
A+ +  e -» A +  hv ( 3 .4 )
a
f - b  b - f
= a = a.
/ G£lJl, (v)cos2[q>y'>t, , e)]
v o
( 3 .5 )
where
19 2
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n = e f f e c t i v e  quantum no. = [(Z  + 1 )][R  /X .5 ]
C O  1
%
X± = i o n i z a t i o n  e n e rg y  o f  i - t h  s t a t e
Z = cha rg e  on th e  r e s i d u a l  io n
eu ‘ * \ au ' .  cp a r e  f u n c t io n s  o f  th e  s p e c ie s  and t r a n s i t i o n
5^ /  = phase  s h i f t
h v j  = th r e s h o ld  f req u en cy
The b o u n d -f ree  t r a n s i t i o n s  o f  m olecu les  a r e  n o t ,  i n  g e n e r a l ,  
s i g n i f i c a n t  enough to  c o n s id e r  f o r  t h i s  problem .
F r e e - f r e e  t r a n s i t i o n s :  T r a n s i t i o n s  between two f r e e  energy  
l e v e l s  in  which f r e e  e l e c t r o n s  a r e  p r e s e n t  i n  b o th  th e  i n i t i a l  and 
f i n a l  s t a t e  r e s u l t  i n  continuum  r a d i a t i o n .  The e m is s io n  p ro c e s s  
i s  commonly known a s  B rem es trah lu n g  and ta k e s  p la c e  in  th e  Coulomb 
f i e l d  o f  an  io n  (R ef .  3 .1 )  as
The f r e e - f r e e  a b s o r p t io n  p r o c e s s  fo r  an atom ta k e s  p la c e  a c c o rd in g  
to  th e  r e l a t i o n
A+ + e  •+ A+ + e  +  hv ( 3 .6 )
o r  i n  th e  f i e l d  o f  a n e u t r a l  atom as
A + e  -»A + e + hv ( 3 .7 )
A + e  +  hv -» A +  e (3 .8 )
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The continuum  r a d i a t i o n  from th e se  p ro c e s s e s  may be c o n s id e re d  
c l a s s i c a l l y  to  o ccu r  a s  a  r e s u l t  o f  atoms o r  io n s  d e f l e c t i n g  
i n c id e n t  e l e c t r o n s  and g iv in g  them an a c c e l e r a t i o n  r e s u l t i n g  in  a 
pho ton  a b s o r p t i o n  o r  e m is s io n .  The f r e e - f r e e  c ro s s  s e c t i o n  can 
be ex p re s se d  a s  (R ef. 3 .4 )
74*1 7 —
c £' f  = 1 .2 6  x  10' 9 (Z + 1)^T %  e"X /kT — S-x (cm2) (3 .9 )
Q (hv ) 3
where
Z = ch a rg e  on th e  r e s i d u a l  ion
X = i o n i z a t i o n  energy
Q = p a r t i t i o n  f u n c t io n  o f  th e  r e s i d u a l  io n
g = Gaunt f a c t o r  (a  non-hydrogenic  c o r r e c t i o n  f a c t o r )  averged
f o r  a  s h e l l
For f r e e - f r e e  p ro c e s s  as  w i th  th e  bound-bound and b o u n d -f re e  th e  
a b s o r p t io n  c r o s s - s e c t i o n  can be used  a s  a  m easure o f  th e  e f f e c t iv e n e s s  
o f  a  p a r t i c u l a r  r a d i a t i v e  t r a n s f e r  mode o f  a  s p e c i e s .  F u rtherm ore ,  
fo r  bound-bound t r a n s i t i o n s  the  a b s o r p t io n  c r o s s  s e c t i o n  i s  w r i t t e n  
in  term s o f  th e  f  number.
Many te c h n iq u e s  have been used  to  o b t a i n  r a d i a t i o n  d a t a  (R ef.
3 .5 )  and th e  f i n a l  form o f  th e  d a t a  may be found in  forms ran g in g  
from i n t e n s i t y  measurements o f  in d i v id u a l  l i n e s  to  t o t a l  i n t e n s i t i e s  
measured from e n t i r e  gas m ix tu re s  a t  v a r io u s  te m p e ra tu re s  and I
p r e s s u r e s .  A cco rd in g ly  th e  t h e o r i e s  which a r e  used f o r  p r e d i c t i v e  
methods o f  r a d i a n t  h e a t in g  v a ry  i n  c o r re s p o n d in g  d e t a i l .  As
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i n d i c a t e d  i n  th e  p re v io u s  d i s c u s s io n  t h i s  work uses a b s o r p t io n  
c r o s s  s e c t i o n s  a s  a  b a s i s  f o r  a r a d i a t i v e  model. T h e re fo re  th e  
p r e s e n t  d i s c u s s i o n  i s  c e n te r e d  around th e  measurement o f  th e  r e q u i r e d  
c r o s s  s e c t i o n s  and th e  in fo rm a t io n  needed to  use  models f o r  
com puting c ro s s  s e c t i o n s .
Q u a n t i t a t i v e  s p e c t r o s c o p ic  s tu d i e s  which y i e ld  a b s o lu te  
i n t e n s i t i e s  and l i n e  h a l f - w id t h  a r e  r e q u i r e d  t o  de term ine  f-n u m b ers ,  
c r o s s - s e c t i o n s  o r  a b s o r p t io n  c o e f f i c i e n t s  (R e f .  3 .5  and 3 . 6 ) .  
Measurements o f  s p e c t r a l  l i n e  p r o f i l e s  o f  i n d i v id u a l  l i n e s  may be 
made in  th e  microwave r e g io n  however i n t e g r a t e d  band i n t e n s i t i e s  
a r e  s u f f i c i e n t  f o r  m o le c u le s .  A d d i t io n a l  d a t a  such a s  d i s s o c i a t i o n  
e n e r g i e s , i o n i z a t i o n  e n e r g ie s  and l i n e  f req u en cy  c e n te r s  a lo n g  w ith  
a quantum m e ch an ic a l  model f o r  th e  s p e c ie s  under c o n s id e r a t io n  i s  
needed to  compute th e  c r o s s  s e c t i o n .  I n t e n s i t y  measurements a r e  
u s u a l l y  c a r r i e d  o u t  i n  i s o th e rm a l  e x p e r im e n ta l  a rrangem en ts .  For 
example low te m p e ra tu re  measurements can be c a r r i e d  o u t  i n  c o n s ta n t  
volume c e l l s  a t t a c h e d  to  s p e c tro m e te rs  (R ef .  3 . 5 ) .  For h ig h  
te m p e ra tu re  s t u d i e s  o f  continuum r a d i a t i o n  shock wave induced 
plasm as and e l e c t r i c a l  d is c h a rg e s  have been  used  to  a ch iev e  th e  
r e q u i r e d  thermodynamic s t a t e  (R ef. 3 . 6 ) .
The pu rpose  h e re  i s  n o t  to  d e s c r ib e  equipm ent. The i n t e r e s t e d  
r e a d e r  i s  r e f e r r e d  to  r e f e r e n c e s  3 .5 ,  3 .6  and 3 .7  and t h e i r  
r e s p e c t i v e  r e f e r e n c e s .
The s e l e c t i o n  o f  th e  s p e c ie s  and t h e i r  t r a n s p o r t  p ro c e s s e s  t o  
in c lu d e  i n  th e  shock  l a y e r  r a d i a t i o n  c a l c u l a t i o n  i s  based  on th e
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maximum r e l a t i v e  c o n t r ib u t io n  to  th e  a b s o rp t io n  c o e f f i c i e n t .  The 
s p e c ie s  c o n s id e re d  a re  d e te rm in ed  by th e  e le m e n ta l co m p o sitio n  o f  
th e  a tm osphere ( a i r )  and th e  e le m e n ta l co m p o sitio n  o f  th e  a b l a to r  
(p h e n o lic -n y lo n ) . G iven th e s e  e le m e n ta l c o n s t r a i n t s  and th e  
te m p era tu re  and p re s s u re  ra n g e s  under c o n s id e r a t io n ,  therm odynamic 
c o n s t r a in t s  d e te rm in e  th e  m agnitude o f  sp e c ie s  m olar c o m p o s itio n s . 
The s e le c t io n  i s  d iv id e d  in to  two groups (monotomic and p o ly a to m ic  
s p e c ie s ) .
For monotomic s p e c ie s  (atom s and a tom ic  io n s )  a  good d e a l  o f  
work has been  done. I t  has b een  shown th a t  atom ic H, C, 0 and N 
l i n e  and continuum  mechanisms a r e  th e  m ajo r c o n t r ib u to r s  to
r a d i a t i v e  energy  t r a n s p o r t  in  th e  shock la y e r  (R ef. 3 .2 ,  3 .4 ,  and
-f 4* *4“3 .8 ) .  F u rth e rm o re , th e  e f f e c t s  o f  io n ic  sp e c ie s  H , C , 0 , and N
and h ig h e r  io n iz a t io n s  have b een  shown to  be n e g l ig ib l e  (R e f. 3 .2 )
f o r  te m p e ra tu re s  below 20,000°K . The r a d i a t i o n  m odel o f  W ilso n 's
(R ef. 3 .2 )  in c lu d e s  l in e  and continuum  mechanisms o f  th e  fo u r  atom ic
sp e c ie s  and n e g le c ts  th e  io n ic  s p e c ie s .  For t h i s  re a so n s  and
because  ad d in g  m o lecu la r s p e c ie s  to  h i s  model was f a i r l y  s im p le ,
i t  was s e le c te d  as  th e  b a s is  o f  th e  p r e s e n t  a n a ly s i s .
A greement does n o t e x i s t  on w hich m o lecu la r s p e c ie s  and 
r e s p e c t iv e  mechanisms s i g n i f i c a n t l y  c o n t r ib u te  to  th e  r a d i a t i o n  
t r a n s p o r t  in  an a b la t io n  co u p led  shock  la y e r .  The g o a l h e re  i s  to  
su g g e s t a  means o f  s e le c t in g  th e  s p e c ie s  and mechanisms w hich co u ld  
be s i g n i f i c a n t  in  th e  shock la y e r  r a d i a t i v e  t r a n s p o r t  p ro c e s s .
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A b la to r  and a i r  m o lecu la r  s p e c ie s  w hich e x i s t  in  therm odynamic 
e q u i l ib r iu m  in  s i g n i f i c a n t  q u a n t i t i e s  a r e  p re s e n te d  in  th e  fo low ing  
s e c t io n .  R e s t r i c t i n g  c o n s id e r a t io n  to  th e s e  s p e c ie s ,  i t  i s  no ted  
t h a t  th e  freq u en cy  dependen t a b s o rp tio n  c o e f f i c i e n t  i s  d i r e c t l y  
p r o p o r t io n a l  to  th e  s p e c ie s  number d e n s i ty  tim es  th e  s p e c ie s  a b so rp ­
t i o n  c r o s s - s e c t io n ,  se e  Eq. B .14 . T ab le  3 .1  p r e s e n t s ,  f o r  th e  
m o lecu la r  s p e c ie s ,  a  l i s t  o f e s tim a te d  maximum m olar co m p o sitio n s , 
maximum c r o s s - s e c t io n s  and re p o r te d  t r a n s i t i o n  p r o b a b i l i t i e s  ( f -  
num ber). T h is  in fo rm a tio n  i s  needed in  o rd e r  to  e s t im a te  th e  
r e l a t i v e  e f f e c t iv e n e s s  o f  a  s p e c ie s  and mechanism as  a r a d i a t o r .
I t  shou ld  be n o te d  th a t  th e  ta b le  i s  n o t co m p le te . Some in fo rm a tio n  
e i t h e r  was n o t found o r does n o t e x i s t ;  w h ile  o th e r  in fo rm a tio n  
was re p o r te d  a s  b e in g  o f  q u e s tio n a b le  a c c u ra c y . F u r th e r ,  some 
m o lecu la r  mechanisms w ere n o t l i s t e d  s in c e  t h e i r  c ro s s  s e c t io n s  o r 
f-num bers w ere n e g l ig ib ly  sm a ll in  com parison  w ith  th e  ones l i s t e d  
i n  Tab. 3 .1 .
The e f f e c t iv e n e s s  o f  a  p a r t i c u l a r  mechanism o f  a s p e c ie s  i s  
p r in c ip ly  d ependen t upon i t s  a b s o rp tio n  c ro s s  s e c t io n ,  <j , number 
d e n s i ty  and freq u en cy  ran g e  in  w hich th e  a b s o rp t io n  c r o s s - s e c t io n  
i s  th e  same o rd e r  o f  m agnitude as  th e  maximum c r o s s - s e c t io n .  O ther 
f a c to r s  which d e te rm in e  th e  s ig n if ic a n c e  o f  a  mechanism o f  a 
s p e c ie s  a re  th e  te m p e ra tu re  l e v e l  and th e  p h y s ic a l  d is ta n c e  in  th e  
shock la y e r  in  w hich th e  sp e c ie s  e x i s t .  Most m o lecu le s  w i l l  e x i s t  
in  a  n ea r c o n s ta n t  te m p e ra tu re  la y e r  n e a r  th e  body fo r  la rg e  mass 
i n j e c t i o n .  T h e re fo re  e v a lu a t io n  o f  c r o s s - s e c t io n  a t  and s l i g h t l y  
above th e  su b lim a tio n  te m p era tu re  o f  ca rb o n  i s  r e a l i s t i c .  F u r th e r ,
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TABLE 3 . 1
MOLECULAR SPECIES CONSIDERED
S p e c ie s Maximum 
mole f r a c t i o n  
1007. p h e n o l ic -  
n y lo n , p = l atm
P ro c e ss  o r
s p e c tro s c o p ic
t r a n s i t i o n
Maximum
c r o s s - s e c t io n
(cm2)
f-num ber R e f .
3 .
Comments
°2 n e g l ig ib l e  ( a i r - . 20)
Schumann-Runge 
P h o to d is s o c ia t io n  
P h o to io n iz a t io n
2 x  10"18 .17 1 0 ,1 4 ,3
8
8
R e ta in e d
o m itte d
o m itte d
N2 .011
(AIR -  .8 0 )
B irge -H opf ie Id  
1s t  -  p o s i t i v e  
2nd -  p o s i t i v e  
p h o to io n iz a t io n
1 .1  x 10“ 17
.0014+ .0028 
.04
10,12
3 .15
3 .15  
8
R e ta in e d
n e g l ig ib l e  (o m itte d )
o m itte d
o m itte d
CN .027 Red
V io le t
2 2 D TT -  A TT
2 2 +D TT -  X X
p h o to io n iz a t io n
1 . x  10"19
3 x  10" 19
4 x  10"20
5 x  10" 18
.0022
.027
.005
.005
3 ,9 ,1 1
9 ,1 3
3 .9
3 .9
n e g l ig ib l e  (o m itte d )  
o m itte d
n e g l ig ib l e  (o m itte d )
n e g l ig ib l e  (o m itte d )  
o m itte d
CO .147 A sundi
4 th  -  p o s i t i v e  
3 rd  -  p o s i t i v e  
p h o to io n iz a t io n
1 . x  10"22 
9 x 10" 18
.020
.017-+. 15 
.030
9 ,1 1
3 ,9 ,1 1 ,1 4
14
8
n e g l ig ib l e  (o m itte d )
r e ta in e d
o m itte d
n e g l ig ib l e  (o m itte d )
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TABLE 3 .1  (C o n t. 1) 
MOLECULAR SPECIES CONSIDERED
S p e c ie s Maximum P ro c e ss  o r Maximum f-num ber R e f . Comments
mole f r a c t i o n s p e c tro s c o p ic c r o s s - s e c t io n 3.
100% p h e n o lic - t r a n s i t i o n (cm2)n y lo n , P=1 atm
C2 .053 Swan 3 x  10" 17 .005-».029 3 ,9 o m itte d
D e s la n d re s -
Dazambya 5 x  10“ 19 .005 3 ,9 n e g l ig ib l e  (o m itte d )
Fox-H erzberg 4 x 10" 18 .05-*. 13 3 ,9 r e ta in e d
M u llik en 3 x  10" 17 .10 3 ,9 r e ta in e d
Freym ark
00 
1—i 1oI—
1
VO . 10+.20 3 ,9 r e ta in e d
p h o to io n iz a t io n 8 n e g l ig ib l e  (o m itte d )
C3 .023
(V / / *4“
A n  -  X 'E u g 8 .5  x  10" 17 .13 3 r e ta in e d
CH .002 B2s "  -  X2n .0049+ .012 3 ,1 5 n e g l ig ib l e  (o m itte d )
A2A -  X2n .005-*.027 3 ,15 n e g l ig ib l e  (o m itte d )
C2*]* = X2n r 0 .1 0 3 n e g l ig ib l e  (o m itte d )
C.H .057 none o m itte d
found
C-H .077 none o m itte d
found
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TABLE 3 .1  (C on t. 2) 
MOLECULAR SPECIES CONSIDERED
S p e c ie s Maximum 
m ole f r a c t i o n  
1007. p h e n o lic -  
n y lo n , P=1 atm
P ro c e ss  o r
s p e c tro s c o p ic
t r a n s i t i o n
Maximum
c r o s s - s e c t io n
(cm2)
f-num ber R ef.
3 .
Comments
C2H2 .067 A7 A -  x ' 2+8  4-
b ' ( ? )  -  x ' s s
/  / v ;  4*
C TT ”  X'Z
g
-2 13 .2  x  10 
1 . 6 x  10"18
3 .2  x  10-1 7
.0001
.005
.050
3
3
3
n e g l ig ib l e  (o m itte d )  
r e ta in e d
r e ta in e d
NCN .026 V k "  -  x 'z + -  is )1 .6  x 10 * .001 3 n e g l ig ib l e  (o m itte d )
b ' a " -  x 'z + -191 .6  x 10 .001 3 n e g l ig ib l e  (o m itte d )
c ' a '  -  x ' S+ -1 91 .6  x 10 .001 3 n e g l ig ib l e  (o m itte d )
c 9h .108 A2z+ -  X2n 3 .0  x  10“ 18 .01 3 n e g l ig ib l e  (o m itte d )
b V  -  x 2n 1 .1  x 10“ 18
l—1
o• 3 n e g l ig ib l e  (o m itte d )
.  ,  -1 7C TT -  X TT 1 .6  x 10 .10 3 r e ta in e d
d 2a "  -  a V 1 .7  x  10” 18 .01 3 n e g l ig ib l e  (o m itte d )
-1 7E S  -  A  S 1 .3  x  10 .10 3 r e ta in e d
H2 .278 W erner 3 x  10“ 17 .40 8 ,9 r e ta in e d
H-H continuum 5 x  10"22 9 n e g l ig ib l e  (o m itte d )
p h o to io n iz a t io n 7 x  10“ 18 • 8 ,9 n e g l ig ib l e  (o m itte d
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i r r e s p e c t iv e  o f  th e  p h y s ic a l  d im ensions c o n s id e re d  i f  th e  r e l a t i v e  
e f f e c t iv e n e s s  o f  a  mechanism o f  a s p e c ie s  i s  n e g l ig ib l e  c o n s id e r in g  
th e  a b s o rp tio n  c r o s s - s e c t io n ,  number d e n s i ty  and freq u en cy  ran g e  
t h a t  mechanism w i l l  n o t p a r t i c i p a t e  in  th e  r a d i a t i v e  exchange. 
C onsequen tly  a  m easure o f  th e  r e l a t i v e  e f f e c t iv e n e s s  o f  mechanisms 
o f  sp e c ie s  in  t h i s  work i s  d e f in e d  as
Si ‘ (V .n a x  C” 2> <3- 10>
where
(cr.*) = maximum c ro s s  s e c t io n  o f  mechanism i  o f  s p e c ie s  ij  max
(Y .) = maximum p o s s ib le  mole f r a c t io n  o f s p e c ie s  i in  th ej  max r  r  j
shock la y e r
•
(A hv)j = s p e c t r a l  i n t e r v a l  o v er w hich <jj i s  g r e a t e r  th a n
. 1  (cr.1) •j  max
In  th e  above d e f i n i t i o n  mole f r a c t i o n  which i s  d i r e c t l y  p ro p o r t io n a l  
to  number d e n s i ty  was u sed  r a th e r  th a n  number d e n s i ty .  The r a d i a t i v e  
" e f f e c t iv e n e s s  f a c t o r "  d e f in e d  above was computed fo r  th e  s p e c ie s  
and t h e i r  r e s p e c t iv e  mechanism l i s t e d  in  Tab. 3 .1 .  F ig u re  3 .1  
p re s e n ts  a  ra n k in g  o f  th e  la rg e r  e f f e c t iv e n e s s  f a c to r s  w hich v a ry  
over a  ran g e  o f  fo u r  o rd e rs  o f  m agn itude.
Based on th e  e f f e c t iv e n e s s  f a c to r s  in  F ig . 3 .1  a  s e le c t io n  was 
made o f  w hich m o lecu la r  s p e c ie s  and r e s p e c t iv e  m echanisms to  in c lu d e  
in  th e  r a d i a t i o n  c a l c u l a t i o n .  The s e le c t io n  i s  in d ic a te d  under th e
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4 x 1 0 - 1 7
^ (B ir g e - H o p f ie ld )
■ ^(W ern er)
10-17
0^ ( Schumann-Runge)
CM
C 0(4 th  p o s i t iv e )
10-20
10 •18
-^■C ^  (Swan)
► C2 (M u llik e n )  ^  #
*-C N (V io le t)* r C2H2 ^  n u"X Sg *
-------------------- ►-H2(photoionization)
lfli?.2.(£Leyma^ C2(Fox-Hergberg)
^ C 3 (A, TTu-X/ Sg/ )
I zk< $V -'a2x+)
-*-C2H (I2A/ -X2tt)
10-1 9
•*- c 2H2 (B (? )-3 1E +)
O ther S p ec ies  and 
R e sp e c tiv e  P ro c e sse s
F ig . 3 .1  A C om parative R anking o f  M olecular 
R a d ia t iv e  E f fe c tiv e n e s s  F a c to rs
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comments o f  T ab. 3 .1 .  Based on t h i s  s e l e c t i o n  th e  m echanism s -
0 0 0 t  o  t _
H£ (W ern er), C^H^C rr*X t t )  and C ^ H C E H - S s )  -  w ere added to  th e  
r a d i a t i o n  model o f  W ils o n 's .  The band a v e ra g e  c ro s s  s e c t io n s  fo r  
a l l  th e  s p e c ie s  mechanisms a lo n g  w ith  th e  d e t a i l s  o f  th e  r a d i a t i o n  
model used  in  t h i s  work i s  p re s e n te d  in  Appendix B. The r a d i a t i o n  
model in  com puter program  form i s  d is c u s s e d  and l i s t e d  in  A ppendix 
C. In  t h i s  program  c a l l e d  LRAD 3 tw e lv e  s p e c ie s  a r e  c o n s id e re d
H °2 CO
C ) N2 C3
0 > L in e  and Continuum C2 c2h
N H2
Continuum
w here th e  m o lecu le s  l i s t e d  a r e  th e  ones s e le c te d  ab o v e . Computa­
t i o n a l l y  th e  fre q u e n c y  ran g e  0 <  hv £ 20 . (ev ) i s  b ro k en  in to  
tw e lv e  continuum  bands w ith  n in e  l in e  g roups u sed  lo c a te d  a t  n in e  
l in e  c e n t e r s .  The boundary  c o n d i t io n s  on i n t e n s i t y  e n te r in g  th e  
shock la y e r  from  th e  f r e e  s tream  and from th e  body a r e  assumed 
z e ro . Thus i t  i s  assumed th a t  no r a d i a t i o n  e n te r s  th e  shock la y e r  
a l th ro u g h  r a d i a n t  en e rg y  may le av e  th ro u g h  e i t h e r  s u r f a c e .  T h is  i s  
th e  assum ption  made in  s t a t e  o f  th e  a r t  a n a ly s e s  (R e fs . 3 .1 0 ,  3 .1 9 , 
3 .2 2 , 3 .2 7 ,' 3 .3 1  and o th e r s ) .  The o n ly  q u e s t io n a b le  p a r t  o f  t h i s  
assu m p tio n  ap p ea rs  to  be  in  assum ing th e  r e r a d i a t i o n  from  th e  
s u r fa c e  does n o t e f f e c t  th e  shock la y e r .  T h is  i s  t h e o r e t i c a l l y
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c o r r e c t  fo r  ah  o p t i c a l l y  t h i n  shock la y e r .  The r e s u l t s  p re s e n te d  
in  C h ap te r 5 show t h a t  th e  m agn itude o f  th e  r e r a d i a t i o n  f lu x  i s  
sm a ll in  com parison  to  th e  o th e r  r a d i a t i v e  f lu x  in  th e  shock la y e r .  
F u r th e r ,  th e  s h o c k 'la y e r  i s  o bserved  to  be o p t i c a l l y  t h i n  in  th e  
low er freq u en cy  ran g e  w here th e  s u r f a c e  r a d i a t i o n  i s  e m itte d .  
C onseq u en tly  th e  a ssu m p tio n  a p p e a rs  v a l i d .  The m agnitude o f  th e  
en e rg y  lo s s  from  th e  s u r f a c e  i s  s i g n i f i c a n t  w ith  r e s p e c t  to  th e  
en erg y  abso rbed  and th u s  i s  acc o u n ted  fo r  in  th e  s u r fa c e  b a la n c e  
e q u a tio n s  p re s e n te d  in  th e  t h i r d  s e c t io n  o f  t h i s  c h a p te r .
One a d d i t io n a l  comment i s  p e r t i n e n t  r e g a rd in g  th e  s e l e c t i o n  o f  
r a d i a t i v e  p r o p e r t i e s .  I t  has been  assumed in  th e  fo re g o in g  d i s c u s s io n  
t h a t  th e  a b l a to r  s u r f a c e  te m p e ra tu re  i s  a t  th e  e q u i lib r iu m  s u b l i ­
m a tio n  te m p e ra tu re  o f  th e  c h a r  and th e  a b l a to r  responds i n  a  q u a s i ­
s te a d y  m anner. I f  however th e  s u r fa c e  te m p e ra tu re  i s  s i g n i f i c a n t l y  
below  th e  ch a r  s u b lim a tio n  te m p e ra tu re ,  w hich i s  th e  ca se  in  th e  
e a r ly  p o r t io n  o f  a  r e - e n t r y  t r a j e c t o r y ,  h ig h e r  m o lecu la r w e ig h t 
s p e c ie s  w i l l  be in tro d u c e d  in to  th e  shock la y e r .  The r a d i a t i v e  
p r o p e r t i e s  o f  such  s p e c ie s  sh o u ld  be c o n s id e re d . However, by 
and la rg e  th e  r a d i a t i v e  c h a r a c t e r i s t i c s  o f  po lya tom ic  hyd ro carb o n s 
a r e  unknown. In  a d d i t io n ,  i f  th e  s u r fa c e  does n o t sublim e 
co m p le te ly  b u t  r a th e r  m e c h a n ic a lly  e ro d e s ,  w hich some e x p e r im e n ta l 
ev id en ce  in d ic a te s  can  and does o ccu r (R e f. 3 .1 6  and 3 .1 7 ) ,  th e n  
th e  r a d i a t i v e  p r o p e r t i e s  o f  s o l id  ca rb o n  ( s o o t)  shou ld  be in c lu d e d  in  j 
th e  r a d i a t i v e  and therm odynam ic c a l c u l a t i o n s .  The r a d i a t i v e  
im portance  o f  t h i s  p ro c e s s  i s  in d ic a te d  by th e  a b s o rp tio n  c r o s s -
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•*  12 2  °s e c t io n  o f  so o t (10 cm fo r  a 250 A p a r t i c l e  a s  computed u s in g
d a ta  o f  R e f . 3 .1 8 ) w hich i s  a  f a c to r  o f  ap p ro x im a te ly  10^ la rg e r  
th a n  any gas phase  s p e c ie s .  C hem ical e q u i l ib r iu m  therm odynam ics 
a n a ly se s  d o - no t p r e d ic t  th e  p re se n c e  o f  s o l id  ca rb o n  a t  te m p e ra tu re s  
above th e  c h a r s u b lim a tio n  te m p e ra tu re . F u rth e rm o re , mechanisms 
which r e s u l t  i n  s o l id  ca rb o n  in  th e  f lo w - f ie ld  a re  n o t w e ll  under­
sto o d  and c o n se q u e n tly  have no t been  m odeled. Thus, f o r  t h i s  work 
s o l id  ca rb o n  was n e g le c te d  a l th o u g h  i f  i t  e x i s t s  in  s ig n i f i c a n t  
q u a n t i t i e s  i t  m igh t w e ll  have a pronounced  e f f e c t  on th e  r a d i a t i v e  
h e a t in g .
In  a d d i t io n  to  th e  d e t a i l e d  r a d i a t i o n  model and a s s o c ia te d  
p r o p e r t i e s  j u s t  d is c u s s e d ,  a  s im p l i f ie d  r a d i a t i o n  model based  on th e  
em iss io n  p r o p e r t i e s  o f  a i r  was u se d . T h is  model developed  by 
R e f . (3 .1 9 )  i s  a  c o r r e l a t i o n  o f  th e  r a d i a t i v e  f lu x  d iv e rg e n c e  o f  
a i r  p re s e n te d  by R e f. ( 3 .2 0 ) .  The cu rv e  f i t  e q u a tio n s  fo r  th e  
r a d i a t i v e  f lu x  d iv e rg e n c e  a re  l i s t e d  below .
T = 1000. lo g 1QP +  13800.
I f  T <  Tfc, th e n
lo g 1Q IE = .005 T +  1 .15 lo g 1QP -  3 .1 5  (3 .1 7 )
I f  T s  T t , th e n
log^Q IE = 1 .875  +  3 .903
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In  th e  p re c e e d in g  e q u a tio n s  T i s  te m p e ra tu re  in  °K; P i s  p re s s u re
3
in  atm , and IE i s  th e  continuum  f lu x  d iv e rg e n c e  in  w a tts /cm  . T h is  
r a d i a t i o n  model w i l l  be h e n c e fo rth  c a l l e d  th e  em issio n  m odel. I t  
p ro v id e s  a  c o m p u ta tio n a lly  f a s t  means o f  e s t im a t in g  th e  f lu x  
d iv e rg e n c e  in  r a d i a t i v e  coup led  p ro b lem s; a l th o u g h , a s  no ted  in  
R e f . ( 3 .1 9 ) ,  th e  em iss io n  model te n d s  to  o v e rp re d ic t  th e  f lu x  
d iv e rg e n c e  o b ta in e d  from more d e t a i l e d  m odels .
The s p e c ie s  r a d i a t i v e  p r o p e r t i e s  d is c u s s e d  a long  w ith  th e  
r a d i a t i o n  model p re s e n te d  in  A ppendix B and th e  em issio n  model a r e  
used  in  a  n u m e rica l s o lu t io n  o f  th e  t h i n  shock la y e r  e q u a t io n s .  The 
p rim ary  r e s u l t  from  such a  s o lu t io n  u s in g  e i t h e r  o f th e  r a d i a t i o n  
m odels i s  th e  s u r f a c e  h e a tin g  r a t e .  An a d d i t io n a l  method was u sed  
in  th e  p r e s e n t  work to  compute s u r fa c e  r a d i a t i v e  h e a t in g  r a t e s .
T h is  method i s  b ased  on a c o r r e l a t i o n  o f  a  r a d i a t i v e  c o o lin g  p a ra ­
m eter p re s e n te d  by R ef. (3 .2 1 )  w hich i s  based  on the  work o f  Page 
e t .  a l .  (R e f. 3 .2 2 ) .  The r a d i a t i v e  c o o l in g  p aram ete r acc o u n ts  
f o r  the  r a d i a t i v e  energy  lo s s e s  from an  in v i s c id  shock la y e r  as 
p r e d ic te d  by th e  n um erica l c a lc u la t io n s  o f  R ef. 3 .2 2 . The c o o lin g  
p a ra m te r , r ,  i s  d e f in e d  a s
2 (qR) .
r =  i s oth e r mal  .04  <  r  <  1.0  ( 3 . 12)
% p U J* rCO 00
The s u r f a c e  r a d i a t i v e  f lu x  i s  d e te rm in ed  from th e  r e l a t i o n
qR = (0 .2  -  0 .295  log  r ) ( q R) (3 .1 3 )
is o th e rm a l
w here th e  is o th e rm a l r a d i a t i v e  f lu x  m ust be de term ined  from an
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in d ep en d en t c a l c u la t io n .  In  th e  p r e s e n t  work th e  is o th e rm a l f lu x  
i s  d e te rm in ed  u s in g  th e  l in e  and continuum  r a d i a t i o n  model p re se n te d  
in  A p p en d ic ies  B and C. T h is  c o r r e l a t i o n  fo r  r a d i a t i v e  h e a t in g  i s  
used  in  a com puter program  c a l l e d  RADCCR developed  as p a r t  o f  th e  
p r e s e n t  w ork. A d d it io n a l  d e t a i l s  c o n c e rn in g  th e  u se  o f  th e  c o r r e ­
l a t i o n  a lo n g  w ith  th e  RADCOR Program  a re  p re s e n te d  in  A ppendix E. 
R e s u l ts  and com parisons w ith  more com plete  a n a ly s i s  a r e  g iv e n  in  
C h ap te r 5 .
To r e c a p a tu la te ,  th e  m o le c u la r  and a to m ic  mechanisms which 
p roduce l i n e  and continuum  r a d i a t i o n  have been  d is c u s se d  in  r e l a t i o n  
to  th e  c u r r e n t  problem . A method fo r  s e l e c t i n g  th e  mechanisms 
w hich s ig n i f i c a n t l y  c o n t r ib u te  to  th e  r a d i a t i v e  energy  t r a n s f e r  has 
b een  d ev e lo p ed . T h is method b ased  on a  r a d i a t i v e  e f f e c t iv e n e s s  
f a c to r  was a p p lie d  in  s e le c t in g  m o le c u la r  m echanism s. The e q u a tio n s  
fo r  an  e m iss io n  model o f  a i r  was s t a t e d .  E q u a tio n s  f o r  th e  r a d i a t i v e  
c o o lin g  p a ram e te r  were s t a t e d .  These e q u a tio n s  were u sed  in  th e  
RADCOR com puter program  fo r  s im p l i f ie d  h e a t in g  r a t e  c a l c u l a t i o n s .  
THERMODYNAMIC PROPERTIES
Two s e t s  o f  therm odynamic p r o p e r t i e s  and co m p u ta tio n a l methods 
w ere used  i n  th e  p r e s e n t  w ork. One method i s  l im i te d  to  th e  
s p e c ie s  o f  a i r  w hereas th e  second i s  a p p l ic a b le  to  a r b i t r a r y  gas 
m ix tu re s . The method w hich i s  l im i te d  to  a i r  sp e c ie s  was u se d , 
b ecau se  o f  th e  co m p u ta tio n a l sp e e d , in  s o lv in g  th e  R ankine-H ugonio t 
e q u a tio n s  and in  com puting therm odynam ic p r o p e r t i e s  o f  shock la y e r  
g a se s  where no a b l a t io n  p ro d u c ts  e x i s t .  The g e n e ra l  method was
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used  to  compute therm odynamic p r o p e r t i e s  o f  a i r - a b l a t i o n  and a b l a t io n  
p ro d u c t g as  m ix tu re s .
E q u ilib r iu m  therm odynamic p r o p e r t i e s  o f  a i r  which in c lu d e s  i t s  
m ajor com ponents ( 0 Ng,  0 , N, 0+ , N+ , E ) w ere o b ta in e d  in  c lo se d  
form  from  a  s e t  o f  app ro x im ate  p a r t i t i o n  fu n c t io n s  u s in g  th e  method 
o f  H a n se n 's  (R e f. 3 .2 3 ).. The p a r t i t i o n  fu n c tio n s  and therm odynamic 
r e l a t i o n s  fo r  an  id e a l  gas w ere programmed (R e f. 3 .2 4 ) such t h a t  th e  
t o t a l  e n th a lp y ,  e n tro p y , speed o f  sound , av e ra g e  m o lecu la r w e ig h t, 
h e a t c a p a c i ty  and sp e c ie s  c o n c e n tra t io n s  can  be found f o r  a  g iv en  
te m p e ra tu re  and p r e s s u re .  The fo llo w in g  s e c t io n  d is c u s s e s  th e  
t r a n s p o r t  p r o p e r t i e s  w hich w ere a l s o  com puted u s in g  H an sen 's  m ethod. 
The c o m p u ta tio n a l scheme f o r  b o th  th e  therm odynam ic and t r a n s p o r t  
p r o p e r t i e s  o f  a i r  i s  em bodied in  s u b ro u tin e  GAS w hich i s  l i s t e d  in  
A ppendix D. F ig u re  3 .2  p r e s e n ts  a  com parison  o f  s p e c ie s  number 
d e n s i t i e s  computed u s in g  t h i s  method w ith  number d e n s i t i e s  from 
two d i f f e r e n t  f r e e  energy  m in im iz a tio n  m ethods. T h is  agreem ent i s  
t y p i c a l  and len d s v a l i d i t y  to  th e  u se  o f  th e  s p e c ie s  number d e n s i t i e s  
a s  w e l l  a s  th e  o v e r a l l  therm odynam ic p r o p e r t i e s  o b ta in e d  from th e  
ap p ro x im ate  p a r t i t i o n  fu n c t io n s  o f  R e fe re n ce  3 .2 3 .
Thermodynamic p r o p e r t i e s  fo r  a r b i t r a r y  gas m ix tu re s  w ere 
com puted u s in g  a  f r e e  en e rg y  m in im iz a tio n  p rogram , CHEMEQ, developed  
by R e f . (3 .2 6 )  which i s  a  m o d if ic a t io n  o f  a  program  re p o r te d  by 
R e f . ( 3 .2 5 ) .  C u r v e - f i t s  o f  therm odynam ic d a ta  fo r  in d iv id u a l  sp e c ie s  
a re  r e q u ir e d  a s  th e  b a s ic  in fo rm a tio n  f o r  a  c a l c u la t io n .  The form s 
o f  th e  c u r v e - f i t  fo r  th e  s ta n d a rd  s t a t e  p r o p e r t i e s  a re  l i s t e d  in
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T ab. 3 .2 .  From th e  p u re  component p r o p e r t i e s  w hich a re  r e p re s e n te d  
by th e  c u r v e - f i t  e q u a t io n s  th e  m ix tu re  therm odynamic p r o p e r t i e s  a r e  
com puted by m in im iz in g  th e  f r e e  energy  o f  th e  sy stem .
The s e le c t io n  o f  th e  s p e c ie s  to  in c lu d e  in  therm odynam ic and 
th u s  th e  shock la y e r  c a l c u la t io n s  was b ased  on th e  a b l a to r  compo­
s i t i o n ,  th e  shock la y e r  te m p e ra tu re ,  and th e  p r e s s u re  ra n g e s  o f  
i n t e r e s t .  A ir  and th e  p h e n o lic -n y lo n  a b la to r  s e le c te d  f o r  s tu d y  
c o n ta in s  th e  fo u r  e le m e n ts , H, C, 0 , and N. The te m p e ra tu re  ran g e  
c o n s id e re d  was from th e  s u b lim a tio n  te m p era tu re  o f  th e  a b l a to r  up 
to  ap p ro x im a te ly  17000°K and th e  p re s s u re  ran g e  c o n s id e re d  was from  
.001 to  2 .0  a tm o sp h e re s . Twenty sp e c ie s  w ere found to  have a  
s i g n i f i c a n t  c o n c e n tr a t io n  in  te m p e ra tu re  ran g e  o f  i n t e r e s t  a t  1 .0  
a tm osphere  p r e s s u r e .  T h is  was ta k e n  a s  r e p r e s e n ta t iv e  in  th e  
p r e s s u r e  ra n g e . These s p e c ie s  a r e  l i s t e d  in  Tab. 3 .3  from  R e f .
3 .3 2  a lo n g  w ith  t h e i r  r e s p e c t iv e  h e a ts  o f  fo rm a tio n s  w here th e  
r e f e r e n c e  e lem en ts  a r e  Hg* N£, 0^ , s o l id  carbon  and e  .
The c u r v e - f i t  c o n s ta n ts  o b ta in e d  from R ef. 3 .3 2  fo r  th e s e  
tw en ty  s p e c ie s  a r e  l i s t e d  in  th e  b lo c k  d a ta  package o f  VISRAD 3 
p re s e n te d  in  Appendix D. Two s e t s  o f  c u r v e - f i t s  a re  used  f o r  th e  two 
te m p e ra tu re  ra n g e s  1000°K to  6000°K to  17000°K. R e t a i l s  o f  th e  
F o r t r a n  n o m en cla tu re  f o r  th e  c u r v e - f i t  e q u a tio n s  a r e  g iv e n  in  
A ppendix D.
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TABLE 3 . 2
A SUMMARY POLYNOMIAL EQUATIONS FOR STANDARD 
THERMODYNAMIC PROPERTIES
S p e c if ic H eat
C °
_EL
R = A, +  A.T +  A T 2 +  A.T3 +  A.T
E n th a lp y
V
RT
= A1 + ^ + ^ T 2 + £ t T 3 + ^ + £
•
Entropy
ST°
R
S  2 ^4  3 ^5 4 
» A^lnT +  A2T +  2 % +  ^ +  k 2 +  A7
F ree  Energy
F °  T
RT
A2 A3 2 A4 3 A5 4 
-  A ^ l - l n T )  "2 ^  “ 5 T -  -  ^ T  +
Afi—  _ a 
T 7
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TABLE 3 .3  
COMPONENTS AND HEATS OF FORMATION
(AH f ) 298 .16  (AHf  *o
Component (k /c a l/g m o le )  k ca l/g m o le
N 112.951 112.507
0 59 .544 58.972
C (gas) 171.301 169.990
N+ 449.709 447.564
0+ 374.867 372.942
C+ 432 .357 429.537
H 52.098 51.620
C2
197.0259 195.000
C3
189.6115 188.000
c 2h 117.6448 116.700
G2H2 53.8670 54.300
CO -2 6 .4 1 7 9 -2 7 .2 0 2
CN 109.7865 109.000
HCN 31.1895 31.281
c4h 154.000
c 3h 127.100
°2 0 .0
0 .0
N2 0 .0
0 .0
H2 0 .0
0 .0
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TRANSPORT PROPERTIES
The t r a n s p o r t  p r o p e r t i e s  used  in  th e  p r e s e n t  work a r e  th o se  o f  
Hansen (R e f. 3 .2 3 ) f o r  a i r .  As p o in te d  o u t by Hansen th e  knowledge 
o f  t r a n s p o r t  p r o p e r t i e s  o f  a i r  a t  h ig h  te m p e ra tu re s  i s  in  an 
e lem en ta ry  s t a t e  a s  compared to  th e  know ledge o f  th e  thermodynamic 
p r o p e r t i e s .  The b a s ic  in fo rm a tio n  needed fo r  c a l c u l a t i o n  o f  
t r a n s p o r t  p r o p e r t i e s  from k in e t i c  th e o ry  i s  th e  s p e c ie s  in t e r a c t io n  
p o t e n t i a l  such  th a t  th e  c o l l i s i o n  i n t e g r a l  may be com puted. At 
h ig h  te m p e ra tu re s  th e  atom -atom , a to m -io n  and a tom -m olecu le  p o t e n t i a l s  
a r e  r e q u ir e d  b u t  a r e  n o t known w e ll  enough f o r  a c c u ra te  t r a n s p o r t  
c a l c u l a t i o n s .  The problem  i s  f u r th e r  compounded when a b la t io n  
p ro d u c ts  a r e  in tro d u c e d  in to  th e  gas m ix tu re .  Thus as  an  e n g in e e r in g  
a p p ro x im a tio n , th e  c lo se d  form e x p re s s io n s  f o r  t r a n s p o r t  c o e f f i c i e n t s  
( i . e .  th e rm a l c o n d u c t iv i ty  and v i s c o s i t y )  f o r  a i r  were used  over th e  
e n t i r e  shock la y e r .
The c a l c u l a t i o n  o f  t r a n s p o r t  p r o p e r t i e s  by th e  Hansen method i s  
b ased  on s im p le  k in e t i c  th e o ry  o f  hard  s p h e re s .  The v i s c o s i t y  i s  
c a lc u la te d  by a  s im p le  summation fo rm ula  (Eq. 66 o f  R e f. 3 .23 ) 
w hich i s  a  f u n c t io n  o f  s p e c ie s  d e n s i ty ,  mean v e l o c i ty  and mean f r e e  
p a th .  T hese v a r i a b le s  a r e  th e n  r e l a t e d  to  th e  te m p e ra tu re , p re s s u re  
and a i r  s p e c ie s  co m p o sitio n  o f  th e  m ix tu re .  The th e rm a l c o n d u c t iv i ty  
i s  c a lc u la te d  a s  th e  sum o f two e f f e c t s .  The f i r s t  e f f e c t  acc o u n ts  
fo r  th e  en e rg y  t r a n s f e r  by m o lecu la r c o l l i s i o n  w hich i s  p ro cessed  
f o r  o rd in a ry  th e rm a l c o n d u c t iv i ty .  The second  e f f e c t  acco u n ts  f o r  
en erg y  t r a n s f e r  by d i f f u s io n  o f  s p e c ie s  w hich  a r e  in v o lv ed  in
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e q u i l ib r iu m  r e a c t io n s  a t  each  p o in t  in  th e  f lo w - f ie ld .  'T he  f i r s t  
e f f e c t  i s  e x p re sse d  a s  a  f u n c t io n  o f  s p e c ie s  d e n s i ty ,  mean v e l o c i t y ,  
mean f r e e p a th ,  m o lecu la r w eig h t and h e a t  c a p a c i ty .  The second  i s  
w r i t t e n  in  a s  a  fu n c tio n  o f  th e  te m p e ra tu re ,  s p e c ie s  d i f f u s io n  
c o e f f i c i e n t s ,  c o n c e n tra t io n  and s to ic h io m e tr ic  c o e f f i c i e n t  a s  w e ll  
a s  th e  e q u i l ib r iu m  c o n s ta n t .  T hese  two e f f e c t s  a r e  th e  f ro z e n  and 
r e a c t in g  p a r t s  r e s p e c t iv e ly  o f  th e  th e rm a l c o n d u c t iv i ty  d is c u s s e d  
in  C h ap te r 2 (Eq. 2 .169 ) when d e v e lo p in g  th e  te m p e ra tu re  form  o f  th e  
en e rg y  e q u a t io n .
U sing a i r  t r a n s p o r t  p r o p e r t i e s  i s  j u s t i f i e d  n o t o n ly  becau se  
s i g n i f i c a n t  u n c e r ta in ty  i s  p r e s e n t  in  th e  b a s ic  d a ta ,  b u t ,  more 
im p o r ta n t ly ,  th e  r e s u l t i n g  h e a t in g  r a t e  from a shock la y e r  s o lu t io n  
i s  e s s e n t i a l l y  u n e f fe c te d  by th e  d i f f e r e n c e  in  a i r  and a i r - a b l a t i o n  
p ro d u c t t r a n s p o r t  p r o p e r t i e s .  R igdon e t .  a l .  (R ef. 3 .2 7 ) showed f o r  
a t y p i c a l  f l i g h t  c o n d i t io n  a  1.5% change in  r a d i a t i n g  h e a t in g  r a t e  
as  a  r e s u l t  o f  th e  d i f f e r e n c e  i n  a i r  and a i r - a b l a t i o n  p ro d u c t 
t r a n s p o r t  p r o p e r t i e s .  More r e c e n t l y  Esch (R ef. 3 .2 6 ) has f u r th e r  
s u b s ta n tu a te d  th e  n e g l ig ib le  e f f e c t  o f  d i f f e r e n t  t r a n s p o r t  p r o p e r t i e s  
on r a d i a t i v e  h e a t in g .  S p e c if ic  c a l c u la t io n s  s u b s t a n t i a t i n g  t h i s  
assu m p tio n  w i l l  be g iv e n  in  C h a p te r  5 .
ABLATOR RESPONSE PROPERTIES
The p r e s e n t  work u se s  a  q u a s i - s te a d y  a b la to r  a n a ly s i s  o f  a  
p h e n o lic -n y lo n  com posite  a b l a t o r .  F u rth e rm o re , th e  s u r f a c e  tem pera­
tu r e  i s  s e le c te d  to  be  th e  s u b l im a tio n  te m p e ra tu re  o f  th e  c h a r .  T hese 
r e s t r i c t i o n s  im ply a p p re c ia b le  a b l a t i o n  r a t e s  ( a t  l e a s t  5% o f  th e
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f r e e - s t r e a m  mass f lu x ) ;  th e  s u r fa c e  b a la n c e  e q u a tio n s  (2 .1 3 8  to  
2 .1 4 2 ) a r e  a p p ro p r ia te  to  d e s c r ib e  such f lo w - f ie ld  a b l a to r  i n t e r ­
a c t io n .  R e s u l ts  p re s e n te d  in  C h ap te r 5 w i l l  show p o s t  p r i o r i  th a t  
t h i s  i s  a  v a l i d  ap p ro x im atio n  fo r  m ost f l i g h t  c o n d i t io n s  o f  i n t e r e s t .
S in ce  th e  e le m e n ta l s p e c ie s ,  t o t a l  mass flow  r a t e  and p re s s u re  
a re  i d e n t i c a l  a c ro s s  th e  in t e r f a c e  fo r  q u a s i - s te a d y  re sp o n se  w ith  
a p p re c ia b le  a b l a t io n  r a t e s ,  o n ly  th e  en erg y  boundary  c o n d it io n s  i s  
c o n s id e re d  h e re .
The l e f t  hand s id e  o f th e  above e q u a t io n  r e p r e s e n ts  th e  h e a t f lu x  
in to  th e  body. The q u a s i- s te a d y  m odel o f  th e  a b l a to r  can  be used 
to  r e l a t e  t h i s  in f lu x  o f  energy  to  th e  h e a t  abso rbed  and convected  
away. T h is  r e l a t i o n  i s
where qT i s  th e  t o t a l  h e a t f lu x  (c o n v e c tiv e  p lu s  r a d i a t i v e  to  th e  
s u r fa c e  from th e  f lo w - f ie ld  and AH . i s  th e  h e a t o f  a b l a t io n .
. dT" . dT+  +
S  dy ~ dy qR (2 .1 4 2 )
fy '  (Pv>"^Hab (3 .1 4 )
Combining E q u a tio n s  (3 .1 4 )  and (2 .1 4 2 ) y ie ld s
(3 .1 5 )
o r
<pv) AHab = qT -  GOT
,4 (3 .1 6 )
ab
The p h e n o lic -n y lo n  com posite  c o n s id e re d  in  t h i s  work i s
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d e s c r ib e d  by P ik e  e t .  a l .  in  R e f. 3 .2 8 . T h is  com posite has a  mass 
e le m e n ta l c o m p o sitio n  o f 73.03% c a rb o n , 7.29% hydrogen , 4.96% n it ro g e n  
and 14.72% oxygen.
The h e a t  o f  a b la t io n  o f  p h e n o lic -n y lo n  was computed by B a lh o ff  
(R ef. 3 .2 9 ) u s in g  a chem ical e q u i l ib r iu m  program  developed by 
(R ef. 3 .2 6 ) w hich acco u n ts  fo r  s o l id s  a s  w e ll  a s  gas com ponents. The 
h e a t  o f  a b l a t io n  which in c lu d e s  th e  h e a t  o f  p y ro ly s is  (300 . BTU/lb^) 
i s  p re s e n te d  in  F ig . 3 .3  a lo n g  w ith  th e  com puted su b lim a tio n  
te m p e ra tu re . The computed s u b lim a tio n  te m p e ra tu re  and h e a t o f  a b l a t io n  
d a ta  w ere l e a s t  sq u a re s  f i t  a s  a f u n c t io n  o f  p re s s u re  fo r  compu­
t a t i o n  work. The e q u a tio n s  from th e  cu rv e  f i t t i n g  p ro c e ss  a r e
Tsub = 3450' 4 +  187-° lo S io P + 9o715 ( lo g lOP)2 (3 .1 7 )
AHflb = 9179.7  -  114.81 lo g 1QP +  329 .64  ( lo g 1()P) 2 (3 .1 8 )
U sing  Eqs. 3 .17  and 3 .1 8 , th e  s u r f a c e  b a lan ce  e q u a tio n  (3 .1 6 )  
was so lv ed  fo r  v a r io u s  p re s s u re  le v e ls  p ro v id in g  th e  r e s u l t s  shown 
in  F ig . 3 .4 .  The r e s u l t s  in d ic a te  t h a t  th e  a b la t io n  r a t e  i s  a  weak 
fu n c t io n  o f  p r e s s u re  and a  w eaker f u n c t io n  o f  th e  su b lim a tio n  
te m p e ra tu re  fo r  a  g iven  f lo w - f ie ld  h e a t in g  r a t e  and c o n s ta n t  
s u r fa c e  e m is s iv i ty .  The e m is s iv i ty  o f  .6  i s  c o n s e rv a tiv e  v a lu e  
o b ta in e d  e x p e r im e n ta lly  by Pope (R e f. 3 .3 0 ) fo r  p h e n o lic -n y lo n  c h a r .
The av e rag e  v a lu e  re p o r te d  in  R e f. 3 .3 0  was .6 7 , t h i s  i s  in  c o n t r a s t  
to  an  av erag e  v a lu e  o f  .95 f o r  th e  d a ta  r e p o r te d  e a r l i e r  by
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W ilson (R ef. 3 .3 1 ) .  I n  o rd e r  to  d e te rm in e  th e  e f f e c t s  o f  u n c e r-
t a n t i e s  in  th e  s u r fa c e  e m is s iv i ty  on th e  a b la t io n  r a t e  p a ra m e tr ic
c a lc u la t io n s  were made f o r  two v a lu e s  o f  p re s s u re  u s in g  two v a lu e s
o f  e m is s iv i ty ,  nam ely: 1 .0  and 0 .4 .  The r e s u l t s  a r e  shown in
2
F ig . 3 .5  and in d ic a te  an  u n c e r t a in ty  o f  .056 l b ^ / f t  sec  f o r  1 .0
2
atm ospheres and .031 l b ^ / f t  sec  a t  0 .1  a tm o sp h eres . These v a lu e s  
a re  in d ependen t o f  h e a t in g  r a t e ;  however th e  p e rc e n ta g e  u n c e r t a in ty  
in c re a s e s  w ith  d e c re a s in g  h e a t in g  r a t e .
The r e s u l t s  p re s e n te d  in  F ig .  3 .4  a re  used  in  C h ap te r 5 to  
o b ta in  coup led  f lo w - f ie ld  and a b l a to r  s o lu t io n s .
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CHAPTER 4
NUMERICAL PROCEDURES
FINITE DIFFERENCE EQUATIONS
The s ta g n a t io n  l i n e  c o n t in u i ty ,  momentum and energy  e q u a tio n s  
s e le c te d  in  C hap ter 2 a r e  so lv ed  by f i n i t e  d i f f e r e n c e s  u s in g  a 
com puter program  c a l l e d  VISRAD 3 deveoped a s  p a r t  of t h i s  w ork. T h is  
c h a p te r  d e s c r ib e s  th e  te c h n iq u e s  u sed  in  VISRAD 3 to  o b ta in  
n u m e rica l s o lu t io n s .
The i m p l i c i t , f i n i t e  d i f f e r e n c e  method developed h e r e in  has been  
p re s e n te d  in  p a r t  by Adams e t .  a l .  (R ef. 4 . 1 ) ,  B lo t tn e r  (R e f . 4 .2  and
4 . 3 ) ,  D avis (R ef. 4 . 4 ) ,  Edelman and Hoffman (R e f. 4 .5  and  4 . 6 ) ,  and 
Fay and Kay (R ef. 4 . 7 ) .  The s ta g n a t io n  l i n e  o rd in a ry  d i f f e r e n t i a l  
e q u a t io n s  a r e  q u a s i l in e a r i z e d .  D e r iv a t iv e s  a re  re p la c e d  by th r e e  
p o in t  f i n i t e  d i f f e r e n c e s .  An im p l i c i t  s e t  o f  a lg e b ra ic  e q u a tio n s  
o f  th e  t r i d i a g o n a l  form r e s u l t  from th e  p re v io u s  s te p s  fo r  each  
second o rd e r  e q u a t io n .  T h is  s e t  can  be r a p id ly  so lved  u s in g  an  
a lg o ri th m  fo r  t r i d i a g o n a l  m a t r ic e s .  Thus t h i s  method i s  g lo b a l ly  
im p l i c i t  in  th e  shock  la y e r  c o o rd in a te .
In  C h ap te r 2 th e  c o n t in u i ty  and momentum e q u a tio n s  were 
tra n s fo rm e d  and s p l i t  in to  th e  fo llo w in g  f i r s t  and second o rd e r  
o rd in a ry  d i f f e r e n t i a l  e q u a t io n s .
r = —  (2 .1 5 8 )® fs*
6
and
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/du \  “i o ,du
<«*> C" + [2  Re, 62 (- S | l2 ) f  + <P**>' jC' -  Res I 3 ( - j f* 2)  C2
(2 .1 5 9 )
2ReS 6 P^1 ~ /^£N2
P(Sus,o/35) 5^'
The boundary  c o n d i t io n s  fo r  Eq. (2 .1 5 9 ) a r e :
T| = 0 C = 0 •
(2 .1 6 0 )
n = 1 c - 1/8
The momentum e q u a t io n ,  Eq. 2 .1 5 9 , i s  second o rd e r  e q u a t io n  and 
n o n l in e a r .  I n  o rd e r  to  so lv e  t h i s  e q u a t io n  i t  i s  d e s i r a b le  to  
o b ta in  a  l i n e a r  second o rd e r  e q u a tio n  o f  th e  form
+ *1  % + v  ■ *3  <4 - »
E q u a tio n  ( 4 .1 )  i s  th e  l i n e a r  form used  by B lo t tn e r  (R e f. 4 .2  and
4 . 3 ) ,  D avis (R e f. 4 . 4 ) ,  Edelman and Hoffman (R e fs . 4 .5  and 4 . 6 ) ,  
and Fay and Kaye (R ef. 4 .7 )  and o th e rs  to  s o lv e  some o r a l l  o f  th e
c o n s e rv a t io n  e q u a t io n s  w ith  d i f f e r i n g  d e g re e s  o f  c o m p le te n e ss . The
n o n lin e a r  term  in  Eq. (2 .1 5 9 ) can  be q u a s i l in e a r i z e d  in  th e  manner 
o f  Lee (R e f. 4 . 8 ) .
(e2f 1 - ( c f  * 2 c* (cM - ck) (4.2)
w here k i s  th e  i t e r a t i o n  number. S u b s t i t u t in g  Eq. (4 .2 )  in to  
(2 .1 5 9 )  y ie ld s  a  l i n e a r  e q u a tio n  o f  th e  form o f  Eq. ( 4 ,1 ) .
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In  Eq. (4 .3 )  th e  s u p e r s c r ip t  k d e n o te s , computed from  th e  k - th  
i t e r a t i o n ,  and th e  s u p e r s c r ip t  k+1 f o r  th e  c u r re n t  i t e r a t i o n  has 
been  d ro pped .
The th r e e  p o in t ,  v a r ia b le  s te p  s iz e  f i n i t e  d i f f e r e n c e s  s t a t e d  by 
D avis (R e f. 4 .4 )  and g iven  below were used  in  Eq. (4 . '3 ) ,
U sing th e  above r e l a t i o n s  f o r  th e  d i f f e r e n c e  e q u a t io n s ,  Eq. 2 .2 3  
can  be w r i t t e n  as
(4 .4 a )
4 \
4 V i (4  \  + 4 V i >  V l
2 (4 .4 b )
+ 2
* V i ( A \  + A V i >  V l
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2" a i  A \  -j r a i (A \  “ A V i *
^ V i ( A \  +  A V i ) J  n_1 L A \  A V l
2 + a l A  V l  - ■
U  \ ( A  \  +  A V ^ J V l  “  a 3
- 2
+  a,
( 4 . 5 )
E q u a tio n  ( 4 .5 )  i s  o f  th e  form
A r  , + B r  + c  c . = D ^n- 1 n+1 (4 .6 )
which y ie ld s  a t r i d ia g o n a l  m a tr ix  in  th e  v e c to r  e q u a t io n  to  be 
s o lv e d . E q u a tio n  (4 .6 )  can  be w r i t t e n  in  th e  fo llo w in g  m a tr ix  form :
B1 C1
A2 B2 C2
A3 B3 C3
r
—
©VJ>H
<1Q
1
^ 2 D 2
•
£3 = D3 (4 .7 )
Dn ” Cn ^n+]A B n n
E q u a tio n  ( 4 .7 )  was so lv ed  u s in g  th e  t r id ia g o n a l  in v e rs io n  a lg o ri th m  
program  g iv e n  by Conte (R ef. 4 . 9 ) .  T h is  a lg o rith m  g iv e s  a  r a p id  
and a c c u ra te  s o lu t io n  o f  th e  t r i d i a g o n a l  system . No s i g n i f i c a n t  
improvement in  ac c u ra c y  has been  n o ted  in  th e  u se  o f  d o u b le  p r e c i s io n  
in  c a l c u la t in g  v a r i a b le s  in  t h i s  s u b ro u tin e .
The f i r s t  o rd e r  e q u a t io n  (2 .1 5 8 ) w hich accom panies Eq. (2 .1 5 9 )  
was in te g r a te d
£ = 6 J C M  + fw ( 4 . 8 )
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where
- ( pv)
f   --------------    ( 4 .9 )
”  2 *  O “s ,o /a 5 )
u s in g  a  s im p le  t r a p e z o id a l  scheme.
The tra n s fo rm e d  s ta n d o f f  d i s t a n c e ,  6 , was computed by u s in g  th e  
boundary  c o n d i t io n  •
-(pv)
■n = i ,  f  =  f  = — — 2---------  ( 4 . i o )
2 % <a»Sj0/«>
and Eq. ( 4 .8 )  i n  th e  fo llo w in g  r e l a t i o n  
f  -  f~  s w . .v6 =   ( 4 . 1 1 )
J CdTl 
J 0
T h is  com puted v a lu e  was th e n  compared to  th e  assumed % f o r  con­
v e rg e n c e . I f  n e c e ssa ry  a  new 'g i s  assum ed and th e  e n t i r e  s e t  o f  
e q u a t io n s  i s  so lv ed  a g a in .
F in a l ly  th e  a c t u a l  s ta n d o f f  d is ta n c e  i s  computed u s in g  
.1 
0
w ith  a s im p le  t r a p e z o id a l  scheme.
The tran sfo rm e d  energy  e q u a t io n  d ev e lo p ed  in  C hap ter 2
6 = s J  p d T) (4 .1 2 )
d2!  _ j L  ( dT
" dTl /  d-ndT]2 2pkT \ H PT ] J T|
(2 .1 6 9 )
_ l _ v 2 d v + j i
p \
i s  l i n e a r  in  te m p e ra tu re  and th u s  q u a s i l i n e a r i z a t i o n  o f  te rm s i s
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n o t n eeded . I n  o rd e r  to  u se  th e  above e q u a t io n  in  th e  form  o f  Eq.
4 .1  th e  f lu x  d iv e rg e n c e  te rm  IE m ust be a  known fu n c t io n  o f  T|. 
N u m erica lly  t h i s  i s  accom plished  by d e te rm in in g  th e  f lu x  d iv e rg e n c e  
p r o f i l e  from  th e  p re v io u s  i t e r a t i o n  and t h i s  p r o f i l e  i s  th e n  used  
in  th e  s o lu t io n  o f  th e  energy  e q u a t io n .  A d d it io n a l  in fo rm a tio n  
co n c e rn in g  th e  i t e r a t i o n  te c h n iq u e  i s  g iv e n  l a t e r  in  t h i s  c h a p te r  in  
th e  d is c u s s io n  r e l a t e d  to  F ig . 4 .8 .
The boundary  c o n d i t io n s  fo r  th e  p re c e e d in g  e q u a t io n  a r e :
T i - 0 , T = Tw
(4 .1 3 )
T| = 1» T = Tg
where Tw i s  d e te rm in e d  by th e  a b l a to r  re sp o n se  ( f o r  a b l a t i o n  coup led
a n a ly s i s  T = T i s  ch osen ) and T i s  d e te rm in ed  by th eJ w s u b lim a tio n  s
s o lu t io n  o f  th e  R ankine-H ugoneot e q u a t io n s .
F o llo w in g  th e  developm ent o f  th e  momentum e q u a t io n ,  f i n i t e  
d i f f e r e n c e s  ( 4 .4 )  can  be s u b s t i tu t e d  in to  Eq. (2 .1 6 9 ) fo r  a l l  
d e r iv a t iv e s .  T h is  y ie ld s
:  2 -  A V i  -T + r a i < * \  -  AV i >  " \  
u V i (A\  +  AV i ) J  n"1 L A\  AV i  ■I n
(4 .1 4 )
+ 1+ 3 - i»i , i , . .
3 (A\  + AV i ) J  n+1 3
where
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- ' K r  ■‘K p M - i
a i "  2 PKj, LpvCpt  " d*n J
( 4 . 1 5 )
= 2L y2  i z  + I 2 E
3 _ k r  P\
E q u a tio n s  (4 .1 4 )  and (4 .1 5 )  y ie ld  a  t r i d i a g o n a l  m a tr ix  l i k e  Eq.
(4 .7 )  w hich i s  so lv ed  u s in g  th e  a lg o r i th m  d e s c r ib e d  fo r  th e  momentum 
e q u a t io n .
In  th e  p r e s e n t  a n a ly s i s  a  s im p l i f ie d  s p e c ie s  e q u a t io n  s o lu t io n  
was u se d . I t  was assumed t h a t  th e  e le m e n ta l co m p o sitio n  was c o n s ta n t  
and e q u a l to  th e  a b l a to r  e le m e n ta l co m p o sitio n  from th e  a b l a to r  
s u r fa c e  to  th e  s ta g n a t io n  p o in t  ( i . e .  v = 0 ). L ikew ise  from  th e  s ta g ­
n a t io n  p o in t  to  th e  shock th e  e le m e n ta l co m p o sitio n  o f  a i r  was 
assum ed. R e s u l t s  u s in g  t h i s  ap p roach  a re  i n  v e ry  c lo s e  agreem ent 
w ith  r e s u l t s  c o n ta in in g  s o lu t io n s  o f  th e  e le m e n ta l s p e c ie s  e q u a t io n  
as  d em o n stra ted  in  C hap ter 5 . I f  th e  e le m e n ta l  s p e c ie s  e q u a tio n  
was to  be so lv ed  n u m e ric a l ly ,  th e  same p ro c e d u re  d is c u s s e d  fo r  th e  
o th e r  e q u a t io n s  can  be u se d .
In  o rd e r  to  ta k e  ad v an tag e  o f  th e  v a r i a b l e  s te p  s iz e  f i n i t e  
d i f f e r e n c e s  a  s e t  o f  c r i t e r i a  was developed  to  d e te rm in e  th e  s te p  
s iz e  u sed  in  v a r io u s  r e g io n s  o f  th e  shock la y e r .  The n o nd im ensional 
te m p e ra tu re  was used  as  th e  v a r i a b le  to  s p e c ify  th e  s te p  s iz e  
p a t t e r n  s in c e  in  g e n e ra l  i t  e x h ib i t s  re g io n s  o f  more r a p id  change 
a s  a  f u n c t io n  o f  ^  th a n  th e  v e l o c i ty  f u n c t io n .  N um erical e x p e r i­
m e n ta tio n  r e s u l t e d  in  th e  fo llo w in g  s u f f i c i e n t  c o n d i t io n s
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1. .005 <  T <  .05  (The n o n d im ensional te m p e ra tu re  change 
a c ro s s  a  s te p  can  n o t be le s s  th a n  .005 u n le s s  ( c o n d i t io n  
2) o r  g r e a t e r  th a n  .05 )
2 . AT] < *04 (The s t e p - s i z e  is  n ev er g r e a te r  th a n  .0 4 ; no low er 
l i m i t  i s  s e t ) .
The upper l i m i t  on s t e p - s i z e  i s  u sed  to  m a in ta in  a c c u ra c y  in  th e  
momentum e q u a t io n  in t e g r a t i o n .  The T] s t e p - s i z e  i s  u p dated  betw een 
momentum and en erg y  s o lu t io n s  as th e  te m p e ra tu re  p r o f i l e  moves tow ards 
conv erg en ce .
The n u m e rica l m ethods d is c u s se d  w ere im plem ented in  th e  VISRAD 
3 com puter program  w hich i s  docum ented in  Appendix D. T h is  append ix  
a ls o  c o n ta in s  a d d i t io n a l  in fo rm a tio n  on th e  i t e r a t i o n  p ro c e d u re s  
u sed  in  th e  s o lu t io n  o f  th e  s ta g n a t io n  l i n e  e q u a tio n s .'
SOLUTION BEHAVIOR
The r e s u l t s  in  t h i s  s e c t io n  a re  p re s e n te d  to  d em o n stra te  th e  
v a l i d i t y  o f  th e  momentum and energy  e q u a t io n  s e le c te d  to  i l l u s t r a t e  
th e  w ide ra n g e  o f  a p p l i c a b i l i t y  o f th e  n u m erica l methods u sed  and 
to  e x h ib i t  th e  manner in  w hich convergence i s  a ch iev ed  under 
d i f f e r e n t  s i t u a t i o n s .
F ig u re  4 .1  p r e s e n ts  th e  r e s u l t s  o f  fo u r  d i f f e r e n t  m ethods used  
to  so lv e  th e  shock  la y e r  momentum and c o n t in u i ty  e q u a t io n s .  A ll  
fo u r  m ethods a g re e  re a s o n a b ly  w e ll f o r  t h i s  c ase  in  w hich th e r e  i s  
no mass i n j e c t i o n  and no r a d i a t i o n  c o u p lin g . The p r e s e n t  method 
and th e  Adams-M oulton p r e d ic to r  c o r r e c to r  method used  by Howe and
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1.0
O S h o o tin g  Method o f  Howe 
and Vegas R e f . 4 .1 0
P re s e n t Method 
' (6  = .0439)
6
I n te g r a l  Method o f S p rad ley  
and Engel (R e f. 4 .1 1 )
(6  = .0467)
.4
W ils o n 's  Method (R ef. 4 .1 2 )
50000 f t / s e c  
9 x 10"^ s l u g / f t
. 2 00
poo
Tw = 1800 °K 
0 . 0
0 . 0
1 .0.8.4 60 . 0 2
y /g ,  Nondimer.s io n a l  Shock Layer C o o rd in a te
F ig . 4 .1  Com parison o f  S ta g n a tio n  L ine Momentum E q u a tio n  
S o lu tio n s  f o r  th e  Case o f  No R a d ia tio n  C ou p lin g .
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Vegas (R ef. 4 .1 0 )  a g re e  q u i t e  w e l l .  Both o f  th e s e  methods a s  w e ll  
a s  th e  i n t e g r a l  method o f  S p rad ley  and E n g e l (R e f. 4 .1 1 ) in c lu d e  
d ( pp.)/ dTl in  th e  s o lu t io n .  The d i f f e r e n c e  method re p o r te d  by W ilson 
(R ef. 4 .1 2 )  does n o t in c lu d e  t h i s  e f f e c t  and i t  i s  p ro b ab le  t h a t  t h i s  
e f f e c t  a c c o u n ts  f o r  th e  low er v a lu e s  o f  th e  v e l o c i ty  p r e d ic te d  by 
W ils o n 's  m ethod. The d e v ia t io n  o f  S p rad ley  and E n g e l 's  i n t e g r a l  
s o lu t io n  from th e  p r e s e n t  f i n i t e  d i f f e r e n c e  method may be acc o u n ted  
fo r  by two e f f e c t s .  F i r s t ,  and fo rem o st i s  t h a t  in t e g r a l  s o lu t io n  
i s  l im ite d  by th e  d eg ree  o f  th e  p o ly n o m ia l s e le c te d  in  i t s  
im p le m e n ta tio n . S eco n d ly , second o rd e r  e f f e c t s  a r e  in c lu d ed  in  th e  
momentum e q u a t io n  so lv ed  u s in g  th e  i n t e g r a l  a p p ro x im a tio n . A 
com parison  o f  computed s ta n d - o f f  d is ta n c e s  betw een th e  p re s e n t  
im p l ic i t  method and th e  i n t e g r a l  method f o r  th e  c a se  shown in  F ig .
4 .1  in d ic a te s  ag reem ent w ith in  6%.
F ig u re  4 .2  p r e s e n ts  a  com parison  o f  v e l o c i ty  p r o f i l e s  w ith  
v a r i a b l e  and zero  d(pp,)dT| fo r  z e ro  and 20 p e rc e n t  mass in j e c t i o n  
( i . e .  (p v )w/ ( p v ) g = 0 and .2 )  . The r e s u l t s  in d ic a te  th a t  f o r  no 
mass i n j e c t i o n ,  as  a n t i c ip a te d  by W ilson (R e f . 4 .1 2 ) ,  n e g le c t in g  t h i s  
e f f e c t  s i g n i f i c a n t l y  changes th e  v e lo c i ty  p r o f i l e  n ea r th e  w a l l .  
F u r th e r ,  th e  r e s u l t s  i n d i c a te  t h a t  fo r  c a s e s  when th e  boundary la y e r  
i s  blown from  th e  w a ll  by la rg e  a b l a t io n  r a t e s  th e  e f f e c t  o f  t h i s  
te rm  i s  n o t a s  s i g n i f i c a n t  in  d e te rm in in g  th e  v e lo c i ty  p r o f i l e .
I
N ote th e  n e g a t iv e  s ig n  o f  (pv) /(p v )  h as  been  dropped .w §
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7], T ransform ed  Shock Layer C o o rd in a te
F ig . 4 .2  Com parison o f  th e  E f f e c ts  o f  (pp. ) 7 on th e
Momentum E q u a tio n  f o r  0 and 20 P e rc e n t Mass 
I n j e c t io n
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F ig u re  4 .3  p r e s e n ts  a  com parison  o f  te m p e ra tu re  p r o f i l e s  compu­
te d  w ith  th e  p r e s e n t  im p l ic i t  method and  w ith  th e  q u a d ra tu re  r e la x a ­
t i o n  te c h n iq u e  o f  S p ra d le y  and E ngel (R e f. 4 .1 1 ) .  The ag reem ent i s  
q u i te  good. Both s o lu t io n s  u se  H a n se n 's  therm odynamic and t r a n s p o r t  
p r o p e r t i e s .  Thus th e  o n ly  f a c t o r s  c o n t r ib u t in g  to  th e  d i f f e r e n c e s  
in  th e  te m p e ra tu re  p r o f i l e s  a r e  th e  n u m e ric a l te c h n iq u e s  u s e d , th e  
e f f e c t s  o f  second  o rd e r  term s in  th e  e q u a tio n s  so lv ed  by th e  
r e l a x a t i o n  te c h n iq u e  and th e  d i f f e r e n c e  in  th e  v e l o c i ty  p r o f i l e s  shown 
in  F ig . 4 .1 .
F ig u re  4 .4  p r e s e n ts  r e s u l t s  o f  th e  p r e s e n t  method f o r  th e  
momentum e q u a t io n  coup led  to  th e  en e rg y  e q u a t io n  w ith  e m iss io n  
r a d i a t i o n  f o r  v a r io u s  mass i n j e c t i o n  r a t e s .  The v e lo c i ty  p r o f i l e s  
e x h ib i t  changes due to  mass i n j e c t i o n  and r a d i a t i o n  c o u p lin g  th a t  
a r e  ex p e c te d  and re a s o n a b le .  F u rth e rm o re , no n u m e rica l problem s 
w ere e x p e r ie n c e d  in  o b ta in in g  th e  momentum s o lu t io n s .  T h is  i s  in  
c o n t r a s t  w ith  u n s ta b le  c h a r a c t e r i s t i c s  r e p o r te d  fo r  th e  momentum 
e q u a t io n  by Howe and Vegas (R e f. 4 .1 0 )  f o r  t h e i r  f  -  - . 7 ,  and th e  
need by W ilson  (R e f. 4 .1 2 )  to  go to  an  a l t e r n a t e  method f o r  la rg e
• r '■
blow ing  r a t e s .  The p re s e n t  method has been  used  w ith  no d i f f i c u l t i e s
* *  .
t o  so lv e  th e  momentum e q u a t io n  fo r  a  mass i n j e c t i o n  r a t e  o f  (p  v  ) /
(p  v  )g  = (pv ) w = *50 w hich c o rre sp o n d s  t o  Howe and V egas' = - 1 1 .5 .
N u m e ric a lly , th e  v e l o c i ty  fu n c t io n  £ ' has been  found to  converge 
q u a d r a d ic a l ly  i n  a  q u a s i l i n e a r i z a t i o n  sen se  as  shown in  F ig . 4 .5 .  
However, th e  i t e r a t i o n  o n *6 , s e e  F ig . 4 .6 ,  r e q u ir e d  a damping f a c to r  
to  in s u re  co n v e rg e n ce . L ik e w ise , f o r  some c a s e s ,  th e  te m p e ra tu re
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p r o f i l e  i s  w eighed w ith  th e  p re v io u s  g u ess  f o r  a  new guessed 
p r o f i l e .  The u se  o f  a  maximum o f  60 p o in t s  in  th e  flow  f i e l d  have 
b een  found to  be q u i t e  ad eq u a te  fo r  th e  f i n i t e  d i f f e r e n c e  s o lu t io n s  
o f  b o th  th e  momentum and energy  e q u a t io n s .  R a d ia t iv e  uncoupled 
s o lu t io n s  converge  when each  p o in t  o f  th e  in p u t  and o u tp u t p r o f i l e s  
i s  w ith in  one p e r c e n t .  C onvergence on % was a l s o  s e t  a t  one p e rc e n t .  
However, th e  a d d i t io n  o f  r a d i a t i v e  c o u p lin g  r e q u i r e s  more s t r in g e n t  
to le r a n c e s  to  in s u re  convergence to  a  u n iq u e  s o lu t io n .  F ig u re s  4 .7  
and 4 .8  p r e s e n t  some r e s u l t s  o f  th e  e f f e c t  o f  e m iss io n  r a d ia t iv e  
c o u p lin g  on th e  te m p e ra tu re  p r o f i l e  fo r  d i f f e r e n t  convergence 
c r i t e r i a .  The te m p e ra tu re  p r o f i l e  was s e le c te d  to  s tu d y  e m iss io n  
r a d i a t i v e  c o u p lin g  e f f e c t s  on convergence s in c e  te m p e ra tu re  i s  th e  
m ost s e n s i t i v e  v a r i a b le  to  b o th  th e  r a d i a t i v e  f lu x  te rm  and to  th e  
convergence  to l e r a n c e s .
F ig u re  4 .7  p r e s e n ts  te m p era tu re  p r o f i l e s  fo r  no mass in j e c t i o n  
t h a t  r e s u l t  from d i f f e r e n t  convergence c r i t e r i a .  I t  was found th a t  
t h i s  c a se  r e q u i r e s  more s t r in g e n t  converg en ce  to le r a n c e s  th a n  m ost 
mass i n j e c t i o n  c a s e s .  T h is  ca se  was s tu d ie d  in  d e t a i l  to  de te rm in e  
th e  l e a s t  s t r i n g e n t  to le r a n c e s  needed to  in s u r e  convergence to  th e  
c o r r e c t  an sw er. T here  a r e  th r e e  co n v e rg e n t to le r a n c e s  o f  d i r e c t  
im p o rtan ce  -  th e  to le r a n c e s  on each  p o in t  i n  th e  te m p e ra tu re  and 
v e l o c i ty  fu n c t io n  p r o f i l e  and the  to le r a n c e  on th e  6 change due to  a  
change in  th e  te m p e ra tu re  p r o f i l e .  The to le r a n c e s  a re  denoted  as  
th e  en erg y  to le r a n c e ,  E; momentum to le r a n c e ,  M; and th e  energy - 
momentum c o u p lin g  to le r a n c e  on % change i n  F ig .  4 .7  and 4 .8  S e v e ra l
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c o n c lu s io n s  can  be o b ta in e d  by c lo s e  o b s e rv a tio n  o f  Fig*. 4 .7 .  F i r s t ,  
n e i th e r  1.07o o r 0.5% to le r a n c e s  on E , M and *6 a r e  s u f f i c i e n t  to  
in s u r e  convergence to  th e  u n iq u e  s o lu t io n  o b ta in e d  u s in g  0 . 1% f o r  a l l  
th r e e  to le r a n c e s  and a l s o  o b ta in e d  u s in g  0.1% on E and M and 0.05% 
on 1). S econd ly , i t  i s  n o ted  t h a t  o n ly  3 i t e r a t i o n s  betw een th e  
momentum and energy  e q u a t io n  w ere r e q u ir e d  u s in g  th e  1.0% o r .5% 
to le r a n c e s  on E, M and Thus th e  r a d i a t i v e  f lu x  d iv e rg e n ce  te rm  
had been  c a lc u la te d  o n ly  3 t im e s . I t  was n a tu r a l  to  q u e s tio n  w hether 
th e  in t e g r a l  n a tu re  o f  the. en e rg y  e q u a tio n  was s a t i s f i e d  w ith  t h i s  
number o f  i t e r a t i o n s .  T h is  le a d s  to  th e  t h i r d  c o n c lu s io n . S ix  
o r  seven  energy-momentum i t e r a t i o n s  ap p ea r n e c e ssa ry  to  in s u re  t h a t  
th e  c o u p lin g  betw een th e  r a d i a t i v e  f lu x  d iv e rg e n c e  and th e  rem a in in g  
p o r t io n  o f  th e  en e rg y  e q u a t io n  i s  c o r r e c t ly  com puted. T h is  i s  
d em o n stra ted  in  F ig . 4 .7  by th e  c a se  w here .5% to le r a n c e s  on E , M 
and *6 was used  a g a in  b u t  in  a d d i t io n  i t  was r e q u ir e d  th a t  th e  
program  make 7 energy-momentum i t e r a t i o n s .  The agreem ent o f th e  
te m p e ra tu re  p r o f i l e  f o r  t h i s  c a s e  and th e  u n iq u e  s o lu t io n  i s  much 
b e t t e r  th a n  when o n ly  3 i t e r a t i o n s  w ere u se d . F o u r th , th e  en e rg y - 
momentum c o u p lin g  was found to  be a d a q u a te ly  s a t i s f i e d  when th e  
computed te m p e ra tu re  p r o f i l e  d id  n o t change *6 more th a n  0.1%. T h is  
i s  d em o n stra ted  by two c a s e s .  One c a se  was ru n  w ith  0.5% on E and 
M and 0.2% on <6. T hese  to le r a n c e s  y ie ld  a  s o lu t io n  s i g n i f i c a n t l y  
d i f f e r e n t  from th e  u n iq u e  s o lu t io n .  The s o lu t io n  s a t i s f i e d  th e  
to le r a n c e s  in  8 energy-momentum i t e r a t i o n s .  Thus th e  r a d i a t i v e  
f lu x  d iv e rg e n c e  c o u p lin g  in  th e  energy  e q u a tio n  was a p p a re n tly
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s a t i s f i e d .  However, th e  momentum-energy c o u p lin g  was n o t s a t i s f i e d .  
A nother c a se  was ru n  w ith  0.5% to le r a n c e s  on E and M and w ith  0.1% 
to le r a n c e  on *6 . The com puted p r o f i l e  i s  in  q u i t e  good ag reem en t w ith  
th e  u n iq u e  s o lu t io n  in d i c a t in g  t h a t  th e se  to le r a n c e s  a r e  s u f f i c i e n t  
to  in s u re  p ro p e r  co n v e rg e n ce . T hus, from th e s e  n u m e rica l ex p e rim en ts  
one co n c lu d es  t h a t  0.5%, to le r a n c e s  on E and M, 0.1% to le r a n c e  on 
6 i s  r e q u ire d  in  o rd e r  to  in s u re  p ro p e r  c o n v e rg e n ce . F u r th e r ,  a  
minimum o f s ix  o r  seven  energy-momentum i t e r a t i o n s  ap p ea r r e q u i r e d .
The r e s u l t s  p re s e n te d  in  F ig .  4 .8  in d i c a t e  t h a t  even  though  th e  
above convergence to le r a n c e s  a r e  r e q u ir e d  fo r  some shock la y e r  
s o lu t io n s ,  o th e r s  may n o t r e q u i r e  such s t r i n g e n t  to le r a n c e s .  For 
th e  prob lem  s t a t e d  in  F ig . 4 .8  a l l  th e  to le r a n c e s  employed y ie ld e d  
e s s e n t i a l l y  th e  same r e s u l t s .  I t  shou ld  be n o ted  however t h a t  a l l  
th e  c a s e s  w ere r e q u ir e d  to  i t e r a t e  betw een th e  en e rg y  and momentum 
e q u a tio n s  a t  l e a s t  5 tim e s  th u s  s a t i s f y i n g  th e  r a d i a t i v e  f lu x  
d iv e rg e n c e  and en e rg y  e q u a t io n  c o u p lin g . O ther c o n d i t io n s  n o t 
s tu d ie d  h e re  o r  i n  C h ap te r 5 m igh t r e q u i r e  d i f f e r e n t  c r i t e r i a .
The e s ta b l is h m e n t o f  th e  n e c e ss a ry  and s u f f i c i e n t  c o n d i t io n s  
to  a s s u re  co nvergence  to  a  u n ique  s o lu t io n  d is c u s s e d  above was 
c a r r i e d  o u t u s in g  th e  e m iss io n  r a d i a t i o n  m odel. T hese c r i t e r i a  
were found to  be  q u i t e  s a t i s f a c t o r y  fo r  c a l c u l a t i o n  w hich in c lu d e d  
l i n e  and continuum  r a d i a t i o n  c o u p lin g . However f o r  some f l i g h t  
c o n d it io n s  d i f f i c u l t i e s  w ere e x p e rie n c e d  in  co n v e rg in g  to  th e  
r e q u ir e d  c r i t e r i o n .
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The p r in c i p le  cause  o f  co nvergence  d i f f i c u l t i e s  is"  th e  v ery  
s tro n g  n o n - l in e a r  c o u p lin g  betw een  th e  te m p e ra tu re  and r a d ia t iv e  
f lu x  d iv e rg e n c e . No convergence d i f f i c u l t i e s  w ere e x p e rie n c e d  fo r  
c a se s  o f  no mass i n j e c t i o n  b u t co nvergence  became more d i f f i c u l t  
w ith  in c re a s in g  p re s s u re  fo r  mass i n j e c t i o n  c a s e s .  The e x te n t  o f  
r a d i a t i o n  c o u p lin g  i s ,  o f  c o u r s e ,  in c re a s e d  r a p id ly  by in c re a se d  
shock la y e r  p r e s s u r e .  At p r e s s u r e s  n e a r  one a tm osphere  th e  te m p e ra tu re  
p r o f i l e  e x h ib i t s  la rg e  o s c i l l a t i o n s  over th e  e n t i r e  f lo w - f ie ld  and 
i n s t a b i l i t i e s  p r in c i p a l l y  n e a r  th e  s ta g n a t io n  p o in t  i f  th e  p r o f i l e  
i s  n o t c o n s tr a in e d  in  some m anner. T h is  b eh av io r  i s  s im i la r  to  th e  
b e h a v io r  d is c u s s e d  by Anfimov and S h a r i  (R ef. 4 .1 3 )  f o r  th e  same 
f l i g h t  c o n d i t io n s .  S e v e ra l m ethods w ere t r i e d  to  a s s u re  and to  
speed  co n v erg en ce . A co m b in a tio n  o f  methods was n e c e s s a ry  to  
a c h ie v e  s a t i s f a c t o r y  co n v e rg e n ce -p e rfo rm an c e . T h is  co m b in a tio n  o f  
m ethods w i l l  be d is c u s se d  f i r s t  fo llo w ed  by th e  re a s o n in g  le a d in g  to  
th e  u se  o f  th e  in d iv id u a l  p a r t s .
The convergence lo g ic  o f  th e  VISRAD 3 com puter program  i s  
p re s e n te d  in  F ig . 4 .9  in  b lo c k  d iag ram  form . The o v a l  ended b lo c k s  . 
in  t h i s  f ig u r e  d en o te  o p e ra t io n s  a s s o c ia te d  w ith  co n v erg en ce . The 
f i r s t  th r e e  o f  fo u r  p a r t s  o f  th e  convergence  scheme a r e  s im p le  
w e ig h tin g  f a c t o r s .  The *6 , f lu x  d iv e rg e n c e  p r o f i l e  a t  each  p o in t and 
te m p e ra tu re  p r o f i l e  a t  each  p o in t  i s  w eigh ted  w ith  t h e i r  r e s p e c t iv e  
com puted v a lu e s  o f  th e  p re v io u s  i t e r a t i o n  to  p ro v id e  a  guess  fo r  th e  
c u r r e n t  i t e r a t i o n .  These th r e e  v a r i a b le s  g e n e ra l ly  e x h i b i t  o s c i l l a t o r y  
b e h a v io r  i f  unw eighed , th u s  th e  w eighing  p ro c e d u re  te n d s  to
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w eighing  v a lu e s  f o r  th e  p re c e d in g  v a r ia b le s  w ere d e te rm in e d  by 
n u m erica l e x p e r im e n ta tio n  and ap p ea r to  be s a t i s f a c t o r y ;  how ever, 
due to  th e  n o n l in e a r  c o u p lin g  in v o lv ed  and th e  change in  c o u p lin g  
fo r  d i f f e r e n t  f l i g h t  c o n d i t io n s  th e  w eighing f a c to r s  a r e  a  com prom ise.
A converged  s o lu t io n  was o b ta in e d  u s in g  th e  f i r s t  th r e e  p a r t s  o f  
th e  convergence schem e. The b e h a v io r  from i t e r a t i o n  to  i t e r a t i o n  o f  
*6 , s ta g n a t io n  p o in t  te m p e ra tu re  and r a d i a t i v e  f lu x  d iv e rg e n c e  a re  
shown in  F ig s .  4 .1 0 b , 4 .1 0 a  and 4 .1 1  r e s p e c t iv e ly .  The s ta g n a t io n  
p o in t  v a lu e s  o f  te m p e ra tu re  and f lu x  d iv e rg e n ce  w ere ch o sen  fo r  
p r e s e n ta t io n  s in c e  th e y  a re  g e n e ra l ly  th e  l a s t  v a lu e  to  converge 
in  th e  p r o f i l e . '  B oth 6 and te m p e ra tu re  e x h ib i t  la rg e  o s c i l l a t i o n s  
d u rin g  th e  f i r s t  f iv e  i t e r a t i o n s .  C o rrespond ing  to  th e  la rg e  
te m p e ra tu re  o s c i l l a t i o n s ,  F ig . 4 .1 1  shows a much la r g e r  change in  
the  f lu x  d iv e rg e n c e . Even though convergence was a c h ie v e d  fo r  t h i s  
low p re s s u re  th e  r e s u l t s  in d ic a te d  t h a t  th e  te m p e ra tu re  had to  be 
c o n s tra in e d  to  a c h ie v e  convergence f o r  h ig h e r v a lu e s  o f  p r e s s u r e .
T h is  r e a l i z a t i o n  le a d  to  th e  c o n s t r a in in g  p ro ced u re  o f  p a r t  fo u r  o f  
th e  convergence schem e. By n o t a l lo w in g  th e  gu essed  te m p e ra tu re  to  
d e v ia te  from th e  p re v io u s  p r o f i l e  a t  each  T] lo c a t io n  by more th a n  a  
f ix e d  p e rc e n ta g e  th e  la rg e  o s c i l l a t i o n s  w ere re d u c e d . F ig .  4 .1 2  
shows a  t y p i c a l  convergence  p ro c e d u re  fo r  a p r e s s u re  o f  0 .5  atm . 
u s in g  a  maximum p e rc e n ta g e  change o f  4.0% . The te m p e ra tu re  p r o f i l e s  
in  F ig . 4 .1 2  a re  fo r  in te rm e d ia te  i t e r a t i o n s  and th e  converged  
p r o f i l e  i s  n o t shown ( i t  i s  r e p o r te d  in  C hap ter 5 ) ,  how ever, th e  
p ro g re s s  tow ard co n vergence  i s  shown. The e le v e n th  and tw e lv th
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i t e r a t i o n s  a r e  n e a r  convergence in  th e  n e a r  w a ll  and n e a r  shock 
r e g io n .  The d ip  in  th e  te m p era tu re  p r o f i l e s  n e a r  th e  s ta g n a t io n  
p o in t  i s  c h a r a c t e r i s t i c a l l y  th e  l a s t  i r r e g u l a r i t y  to  d isa p p e a r  
b e fo re  c o n v e rg e n ce . The r e s u l t s  shown in  F ig .  4 .1 2  in d ic a te  th a t  
p e rh ap s  th e  4 .0  p e rc e n t  change c o n s t r a i n t  was somewhat sm a lle r  th an  
r e q u i r e d .  S ubsequent c a lc u la t io n s  in d ic a te d  a  v a lu e  o f  8.0% i s  
s u f f i c i e n t  and p ro v id e s  a  good compromise betw een s t a b i l i t y  and 
tim e re q u ir e d  f o r  com p u ta tio n .
From th e  r e s u l t s  p re se n te d  in  F ig s .  4 .1  and 4 .3  i t  can  be 
concluded  th a t  a p p a re n tly  th e  second o rd e r  e f f e c t s  do n o t s i g n i f i ­
c a n t ly  c o n t r ib u te  to  th e  d e s c r ip t io n  o f  th e  f lo w - f ie ld  c h a r a c t e r i s t i c s  
and th e r e f o r e  a r e  j u s t i f i a b l y  n e g le c te d .  F u rth erm o re , th e  p re s e n t  
m ethod a g re e s  w ith  o th e r  d e s c r ib e d  m ethods fo r  th e  ca se  w here th e s e  
m ethods a r e  a p p l ic a b le .  The n u m e rica l s o lu t io n  o f  th e  momentum 
e q u a tio n  i s  q u i t e  r a p id  and e x h ib i t s  no n u m e rica l d i f f i c u l t i e s  o n ly  
fo r  mass i n j e c t i o n  c a ses  w here th e  r a d i a t i v e  f lu x  d iv e rg e n ce  p r o f i l e  
changes from a  la rg e  n e g a tiv e  to  la rg e  p o s i t i v e  number in  th e  
s ta g n a t io n  p o in t  re g io n . The co nvergence  scheme p re s e n te d  in  F ig .
4 .9  i s  shown to  s a t i s f a c t o r i l y  overcome th e s e  d i f f i c u l t i e s .
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CHAPTER 5
STAGNATION LINE RESULTS
Two o f th e  b a s ic  o b je c t iv e s  o f  t h i s  r e s e a r c h ,  a s  s t a t e d  in  
C h ap te r 1, w ere to  develop  a  com puter program  s o lu t io n  fo r  th e  
s ta g n a t io n  l i n e  flow  f i e l d  e q u a tio n s  and to  p erfo rm  p a ra m e tr ic  s tu d ie s  
fo r  h y p e rb o lic  e n t r y  c o n d i t io n s .  The r e s u l t s  p re s e n te d  h e re in  
i l l u s t r a t e s  t h a t  th e s e  two o b je c t iv e s  have been  r e a l i z e d .
Two com puter program s have been  dev elo p ed  w hich p ro v id e  two 
le v e ls  o f  d e t a i l  i n  d e f in in g  s ta g n a t io n  l i n e  c h a r a c t e r i s t i c s .  A 
co up led  s e t  o f  f i r s t  o rd e r  s ta g n a t io n  l in e  e q u a tio n s  a r e  so lv ed  
n u m e ric a lly  by i m p l i c i t  f i n i t e  d i f f e r e n c e s  in  th e  program  c a l l e d  
VISRAD 3 w hich p ro v id e s  th e  most co m p le te  a n a ly s i s .  The e q u a tio n s  
and n u m e rica l p ro c e d u re s  u sed  a re  g iv e n  in  C hap ter 4 .  A second 
program  c a l le d  RADCQR was used  to  com pute r a d i a t i v e  h e a t in g  r a t e s  
f o r  no a b l a t io n  u s in g  th e  r a d i a t i v e  c o o l in g  p a ram e te r c o r r e l a t i o n  
d is c u s s e d  in  C h ap te r 3 (E q. 3 .1 2  and 3 .1 3 ) .
The two com puter program s have been  used  to  p e rfo rm  p a ra m e tr ic  
s tu d ie s  and th e  r e s u l t s  o f  th e se  s tu d ie s  a re  p re s e n te d  h e r e in .  The 
p a ra m e tr ic  s tu d ie s  w ere conducted  fo r  continuum  f l i g h t  c o n d i t io n s  
c o rre sp o n d in g  to  h y p e rb o lic  e a r th  e n t r y  v e l o c i t i e s .  T hese  c o n d it io n s  
p roduce  r a d i a t i v e  h e a t in g  r a t e s  w hich a re  much la rg e r  th a n  c o n v e c tiv e  
h e a t in g  (F ig . 1 .7 ) .  F l ig h t  v e l o c i t i e s  below  36000 f t / s e c  w ere n o t 
c o n s id e re d  s in c e  th e  A po llo  f l i g h t  d a ta  and o th e r  r e - e n t r y  d a ta  a re  
a v a i l a b l e  and d e f in e  th e  h e a t in g  and m a te r ia l  re sp o n se  b e h a v io r  fo r  
th e s e  l e s s  s e v e re  c o n d i t io n s .  The c o n d i t io n s  c o n s id e re d  a r e :
185
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F re e  s tre a m  v e lo c i ty :  36000 to  58000 f t / s e c
P o s t shock  p r e s s u r e :  .01  to  2 .0  atm .
F ig . 2 .7  i l l u s t r a t e s  t h a t  th e s e  c o n d i t io n s  a r e  in  th e  ran g e  o f  
a p p l i c a b i l i t y  o f  th e  shock la y e r  e q u a tio n s  and a re  a p p ro p r ia te  f o r  
h y p e rb o lic  e n t ry  t r a j e c t o r i e s  w hich l i e  in  th e  domain o f  i n t e r e s t .
In  a d d i t io n  to  f l i g h t  c o n d i t io n s ,  a d d i t io n a l  p a ra m e te rs  must be 
s p e c i f i e d  to  o b ta in  a  shock la y e r  s o lu t io n  a t  one p o in t  in  a  t r a j e c t o r y .  
The b a s ic  s p e c ify in g  v a r ia b le s  a r e :
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P o r  p *00 5
F re e -s tre a m  
o r
P o s t shock c o n d it io n s
R -  Body R adius |
(de/d§)^_Q - I n i t i a l  shock  c u r v a t u r e }
Cpv) w
w
***
Ciw
-  Mass in j e c t i o n  r a t e
-  S u rfa c e  T em perature
-  E lem en ta l mass f r a c t io n ]  
a t  th e  w a ll
S p e c if ie d  by
T r a je c to ry
V eh ic le  Shape
Assumed (z e ro  fo r  a  
c o n c e n tr ic  shock)
A b la to r  Response P a ra m e te rs
T hroughout th e  r e s u l t s  p re s e n te d  th e  w a l l  te m p e ra tu re  and e le m e n ta l
s p e c ie s  c o m p o sitio n  a t  th e  w a ll  have been  s p e c i f i e d  a s :
T = 3450°K (s u b lim a tio n  te m p e ra tu re  
o f  p h e n o lic  n y lo n  a t
1W
P = 1 .0  atm)
-  .7303 ca rb o n  
.0729 hydrogen 
.0496 n i t r o g e n  
.1472 oxygen
40% ny lo n
60% p h e n o lic  r e s i n
q u a s i - s te a d y  
s t a t e  a b l a t io n  
assumed
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The p rim ary  em phasis i n  th e  p a ra m e tr ic  s tu d ie s  was to  q u a n t i t a t iv e l y  
d e te rm in e  th e  e f f e c t s  o f  a b l a t io n  p ro d u c ts  and r a d i a t i v e  energy  
t r a n s p o r t  on s u r f a c e  h e a t in g  r a t e s .  From t h i s  in fo rm a tio n  coupled 
a b la to r - s h o c k  la y e r  s o lu t io n s  w ere o b ta in e d . In  a d d i t io n ,  r e s u l t s  
o f  th e  c a lc u la t io n s  w ere s tu d ie d  to  p ro v id e  a d d i t io n a l  u n d e rs ta n d in g  
o f  shock la y e r  p ro c e s s e s  such th a t  th e  im p o rtan ce  o f  th e  v a r io u s  
t r a n s p o r t  and c o u p lin g  p ro c e s s e s  cou ld  be a s s e s s e d .
In  d e s c r ib in g  r a d i a t i o n ,  a b la t io n  and o th e r  e f f e c t s  th e  word 
"co u p led "  has b een  e x te n s iv e ly  used in  t h i s  c h a p te r .  I t  m ight be 
w e ll  to  r e f l e c t  on i t s  c o n n o ta tio n  a s  u sed  h e re  b e fo re  p ro cee d in g . 
M a th e m a tic a lly , th e  s ta g n a t io n  l in e  e q u a tio n s  a r e  so lv e d  as  a  s e t  
o f  o rd in a ry  d i f f e r e n t i a l  e q u a tio n s  in  one dependen t v a r i a b le  
eac h . Each o f  th e  e q u a tio n s  c o n ta in s  v a r ia b le  c o e f f i c i e n t s  and 
term s w hich a r e  fu n c tio n s  o f  a n d /o r  in c lu d e  th e  d ep en d en t v a r ia b le s  
from th e  o th e r  e q u a t io n s .  Thus th e  e q u a tio n s  a r e  co u p led  in  th a t  a  
s o lu t io n  to  th e  s e t  o f  e q u a tio n s  can  n o t be  o b ta in e d  u n le s s  i t e r a ­
t io n s  betw een e q u a t io n s  on th e  dependent v a r i a b le s  a r e  made to  s a t i s f y  
th e  s e t  s im u lta n e o u s ly . The ex tend  o f  c o u p lin g  may be d e sc r ib e d  by 
a b r i e f  d is c u s s io n  o f  weak c o u p lin g . I f  one e q u a t io n  i s  w eakly coupled  
to  a n o th e r  e q u a t io n  la rg e  v a r i a t io n s  in  th e  d ep en d en t v a r i a b le  o f  
one e q u a t io n  p ro d u ces  o n ly  sm a ll v a r i a t io n s  in  th e  dependen t v a r ia b le  
o f th e  w eakly co u p led  e q u a t io n . The i n t e g r o d i f f e r e n t i a l  n a tu re  
o f  th e  en erg y  e q u a t io n  p roduces an o th e r  ty p e  o f  c o u p l in g .  The 
in te g ro  te rm  in  th e  en e rg y  e q u a tio n  has been  t r e a t e d  a s  a  s e p a ra te  
e q u a tio n  w ith  r e s p e c t  to  th e  rem ain d er o f  th e  en e rg y  e q u a t io n .
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I t e r a t i o n s  a r e  perform ed to  s a t i s f y  b o th  p a r t s  s im u lta n e o u s ly . The 
in te g r o  te rm  i s  th e  r a d ia t iv e  f lu x  d iv e rg e n c e  w hich i s  q u i te  
o b v io u s ly  dependen t on te m p era tu re  and i s  th u s  co u p led  to  th e  d i f f e r ­
e n t i a l  p o r t io n  o f  th e  energy  e q u a t io n .  The p h ra se  " a b la to r - sh o c k  
la y e r  c o u p lin g "  has a  s l i g h t l y  d i f f e r e n t  c o n n o ta t io n .  I t . i s  u sed  
to  d e s c r ib e  th e  a b la to r  and shock  la y e r  c o n d i t io n s  w hich y ie ld  a 
co m patab le  s e t  o f  s u r fa c e  boundary c o n d i t io n s .
The f i r s t  fo u r  s e c t io n s  o f  t h i s  c h a p te r  p r e s e n t  p a ra m e tr ic  
s tu d ie s  o f  th e  s ta g n a t io n  l in e  f lo w - f ie ld  o b ta in e d  u s in g  th e  VISRAD 3 
program . Some r e s u l t s  from  th e  RADCOR program  a re  a l s o  p re se n te d  
f o r  co m p ara tiv e  p u rp o se s . In  a d d i t io n  to  th e  p a ra m e tr ic  s tu d ie s  th e  
f i f t h  s e c t io n  o f  t h i s  c h a p te r  p r e s e n ts  h e a t in g  r a t e s  o b ta in e d  from 
a  r a d i a t i v e  c o o lin g  p aram eter c o r r e l a t i o n  u sed  in  th e  RADCOR com puter 
p rogram . The m ain r e s u l t s  in  t h i s  s e c t io n  a r e  a  s e t  o f  graphs fo r  
h e a t in g  r a t e s  w hich were o b ta in e d  u s in g  th e  RADCOR com puter program . 
T hese g rap h s  p e rm it hand c a l c u la t io n s  o f  h y p e rb o lic  e n try  r a d i a t i v e  
h e a t in g  r a t e s  f o r  no a b l a t io n .  A m ethod i s  su g g e s te d  fo r  e s t im a t in g  
th e  e f f e c t  o f  a b l a t io n  on h e a t in g  r a t e s .  The a b l a t io n  a d ju s te d  r a t e s  
cou ld  th e n  be used  to  o b ta in  q u a s i - s te a d y  s t a t e  a b l a t io n  r a t e s .  
EFFECTS OF RADIATION COUPLING ON THE SHOCK STAND-OFF DISTANCE
The shock  wave lo c a t io n  i s  a  boundary  c o n d i t io n  fo r  th e  th in  
shock la y e r  e q u a t io n s .  M a th e m a tic a lly  t h i s  boundary  c o n d i t io n  i s  
known a s  a  f r e e  boundary and i s  d e te rm in e d  by th e  s o lu t io n  o f  th e  
e q u a t io n s  in  th e  bounded r e g io n .  For th e  p rob lem  u nder in v e s t ig a t io n  
th e  shock  s ta n d - o f f  d is ta n c e  i s  d e te rm in e d  by th e  r a d ia t io n - g a s  
dynam ic c o u p lin g  w hich o ccu rs  in  th e  shock  la y e r .
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The p u rp o se  o f  t h i s  s e c t io n  i s  to  p r e s e n t  r e s u l t s  w hich demon­
s t r a t e  th e  r a d ia t io n - g a s  dynamic c o u p lin g  e f f e c t s  on th e  s t a n d - o f f  
d i s t a n c e .  T hese r e s u l t s  w ere o b ta in e d  u s in g  th e  VISRAD 3 and RADCOR 
com puter program s w hich a re  d is c u s se d  in  A ppendix D and E r e s p e c t iv e l y .  
A s y s te m a tic  s tu d y  i s  p re s e n te d  f o r  th e  s ta n d - o f f  d is ta n c e  fo r  f l i g h t  
v e l o c i t i e s  betw een  36000 and 58000 f t . / s e c .  assum ing T^ = 3450°K,
(p v )w = 0 .0  and a  c o n c e n tr ic  shock . The in f lu e n c e  o f  th e  c o n c e n tr ic  
shock a ssu m p tio n  i s  a s s e s se d  a t  a  t y p i c a l  f l i g h t  c o n d i t io n .  In  
a d d i t io n ,  th e  lo c a t io n  o f  th e  s ta g n a t io n  p o in t  fo r  m ass i n j e c t i o n  
c a se s  i s  exam ined f o r  a  number o f  f l i g h t  c o n d i t io n s .
S ta g n a tio n  l i n e  s o lu t io n s  w ere o b ta in e d  f o r  f r e e - s t r e a m  v e l o c i t i e s
betw een  36000 and 58000 f t . / s e c .  a t  p o s t  shock p r e s s u r e  le v e l s  o f
P = 1 .0 ,  .5 0 , .1 0  and .01  a tm ospheres u s in g  th e  l i n e  and continuum  o
r a d i a t i o n  m odel. The n o nd im ensional s ta n d - o f f  d is ta n c e s  r e s u l t i n g  
from th e s e  c a l c u la t io n s  a r e  shown in  F ig . 5 .1  a s  a f u n c t io n  o f  
d e n s i ty  r a t i o  a c ro s s  th e  shock . A long w ith  th e  com puted r e s u l t s  a r e  
p lo t s  o f  two commonly used  c o r r e l a t i o n  e q u a t io n s  w hich w ere 
d ev e lo p ed  to  p r e d i c t  n o n r a d ia t iv e ly  coup led  s ta n d - o f f  d i s t a n c e s .  I t  
i s  n o te d  t h a t  th e  c o r r e l a t i o n  o f  Inouye (R e f . 5 .1 )  p r e d i c t s  la rg e r  
s t a n d - o f f  d is ta n c e s  th a n  any o b ta in e d  by th e  p r e s e n t  m ethod; how ever, 
th e  c o r r e l a t i o n  p re s e n te d  in  R ef. 5 .2  a g re e s  to  w i th in  3% w ith  th e  
fo u r p o in t s  fo r  36000 f t . / s e c .  computed w ith  th e  p r e s e n t  f lo w - f ie ld  
s o lu t i o n .  I t  w i l l  be shown th a t  th e  e f f e c t s  o f  r a d i a t i o n  c o u p lin g  
i s  sm a ll fo r  t h i s  f l i g h t  v e lo c i ty  (F ig .  5 .1 9  shows th e  maximum e f f e c t ) .  
Thus th e  c o r r e l a t i o n  from  R e f. 5 .2  p ro v id e s  a  q u i te  r e a s o n a b le  e s t im a te  
o f  th e  n o n r a d ia t iv e ly  coup led  s ta n d - o f f  d i s t a n c e .
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The p r e s e n t  r e s u l t s  shown in  F ig . 5 .1  in d ic a te  some a d d i t io n a l  
i n t e r e s t i n g  p ro c e s s e s .  Most o b v io u s ly , th e  s ta n d - o f f  d is ta n c e  i s  a  
s tro n g  fu n c t io n  o f  th e  p o s t  shock p r e s s u re .  The c o n s ta n t  p re s s u re  
l in e s  show a  do u b le  v a lu e  fo r  6 a t  c o n s ta n t p. T h is  e f f e c t ,  w hich 
occu rs  a t  th e  h ig h e r  v e l o c i t i e s ,  i s  a  n a tu r a l  r e s u l t  o f  a i r  therm o­
dynamics b e in g  u sed  to  so lv e  th e  R ankine-H ugonio t e q u a t io n s .  As 
d is c u s se d  in  C h ap te r 3 th e  R ankine-H ugonio t e q u a tio n s  a r e  so lv ed  
u s in g  th e  a i r  m odel o f  Hansen (R ef. 5 .1 7 ) which assum es an  id e a l  
d i s s o c ia t in g  and io n iz in g  g a s . I t  i s  a l s o  no ted  t h a t  th e  tu r n  in  th e  
c o n s ta n t  p r e s s u re  l i n e  g e t s  sh a rp e r  w ith  d e c re a s in g  p r e s s u r e  u n t i l  
th e  s ta n d - o f f  d is ta n c e  becomes double v a lu ed  fo r  th e  p re s s u re  
= .0 1  atm .
A m easure o f  th e  r a d ia t iv e - g a s  dynamic c o u p lin g  e f f e c t s  on th e  
s ta n d - o f f  d is ta n c e  can  be shown by o b se rv in g  th e  a c t u a l  s ta n d - o f f  
d i s ta n c e ,  6 , d iv id e d  by th e  r a d i a t i o n l e s s  s t a n d - o f f  d i s ta n c e ,  A. The 
nond im ensional r a d i a t i o n l e s s  s ta n d - o f f  d i s ta n c e ,  A, s e le c te d  f o r  th e  
p r e s e n t  work i s  r e p re s e n te d  by th e  e q u a tio n
o b ta in e d  from R e f. 5 .2  T h is  e q u a tio n  was used s in c e  i t  a p p e a rs  to  
be co m p a tib le  w ith  th e  f lo w - f ie ld  p r e d ic t io n s  f o r  sm a ll r a d i a t i o n  
c o u p lin g  as  shown i n  F ig .  5 .1  and th e  u se  o f  Eq. 5 .1  makes th e  in f o r ­
m ation  to  be p re s e n te d  more a c c e s s ib le  to  o th e r  in v e s t ig a t o r s  th a n  
r a d i a t i o n l e s s  f lo w - f ie ld  r e s u l t s .  A cco rd ing ly  th e  d e v ia t io n  from th e  
r a d i a t i o n l e s s  shock  la y e r  d is ta n c e  i s  ex p re ssed  a s
(5 .1 )
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6/A = 6 ( 1  + V V 3 ) / p ( 5 . 2 )
F ig u re  5 .2  shows th e  e f f e c t s  o f  r a d i a t i o n  c o u p lin g  on th e  s ta n d - o f f  
d is ta n c e  as  a, fu n c t io n  o f  th e  r a d i a t i v e  c o o lin g  p a ra m e te r , T . The 
c o o lin g  p a ram e te r  was computed u s in g  th e  same l i n e  and continuum  
r a d i a t i o n  model u sed  in  th e  f lo w - f ie ld  s o lu t io n  and i s  b ased  on th e  
r a d i a t i o n l e s s  s ta n d - o f f  d i s ta n c e ,  A. The r e s u l t s  in d ic a te s  th a t  th e  
r a t i o  6/A v a r ie s  l i n e a r ly  w ith  T f o r  sm a ll v a lu e s  o f  T . I t  i s  no ted  
th a t  th e re  i s  an  ap p a re n t t r a n s l a t i o n  a t  6/A = 1 . 0  fo r  d i f f e r e n t  
p re s s u re  l e v e l s .  T h is  i s  a t t r i b u t e d  to  th e  r e p r e s e n ta t io n  o f  A w ith  
Eq. 5 .2  r a t h e r  th a n  u s in g  th e  a c tu a l  r a d i a t i o n l e s s  s ta n d - o f f  d is ta n c e .
A com parison  o f  th e  p r e s e n t  r e s u l t s  w ith  p re v io u s  e s t im a te s  o f  
G oulard (R e f. 5 .3 )  shown in  F ig . 5 .2  p ro v id e s  a d d i t io n a l  in s ig h t  
in to  th e  r a d i a t i o n  c o u p lin g  e f f e c t s .  G oulard fo rm u la ted  th e  s ta g ­
n a t io n  l i n e  problem  w ith  a  s im p le  in v i s c id  flow  f i e l d  model and a 
g ray  gas r a d i a t i o n  m odel. The e f f e c t s  o f  r a d i a t i o n  -  gas dynamic 
c o u p lin g  on th e  s ta n d - o f f  d is ta n c e  w ere s tu d ie d  u s in g  a  p e r tu r b a t io n  
scheme fo r  sm a ll v a lu e s  o f  T . R e s u l ts  w ere o b ta in e d  f o r  o p t i c a l l y  
th i n  and th i c k  l i m i t s .  The o p t i c a l l y  th ic k  r e s u l t ,  Eq. 63 o f  R ef.
o f  th e  p o s t  shock d e n s i ty  freq u en cy  averaged  mass a b s o rp t io n  
c o e f f i c i e n t  and A.  The o p t i c a l l y  t h i n  r e s u l t s  were i d e n t i c a l  to  
th e  p re c e d in g  e x p re s s io n  w ith  th e  e x c e p tio n  t h a t  th e  e x p o n e n tia l
( 5 . 3 )
i s  in  te rm s o f  a  p a ra m e te r , = PgK^A . T h is  p a ram ete r i s  th e  p ro d u c t
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i n t e g r a l ,  E^, was e q u a l to  one. For th e  o p t i c a l l y  th ic k  • l im i t ,
G oulard found a  minimum v a lu e  o f  6/A f o r  h o r iz o n ta l  f l i g h t  and t h i s  
minimum co rresp o n d ed  to  a  v a lu e  o f  T] = 4 / 3  and th e  o p t i c a l l y  th in  
r e s u l t s  a r e  shown in  F ig .  5 .2  The o p t i c a l l y  t h i n  l i n e  p r e d ic ts  a  
la rg e r  r e d u c t io n  o f  th e  s ta n d - o f f  d is ta n c e  th a n  t h a t  observed  fo r  
= .0 1  atm ; and t h i s  r e s u l t  i s  in  agreem ent w ith  G o u la rd 's  a s s e s s ­
ment t h a t  h is  o p t i c a l l y  th in  r e l a t i o n s h ip  would o v e re s tim a te  th e  
c o o lin g  e f f e c t .  I t  shou ld  be em phasized a l s o  t h a t  G o u la rd 's  a n a ly s i s  
i s  v a l id  o n ly  f o r  r  «  1» The o p t i c a l l y  th i c k  l i n e  te n d s  to  u n d er- 
p r e d ic t  th e  r a d i a t i v e  c o o lin g  e f f e c t s  f o r  sm a ll v a lu e s  o f  T . I t  i s  
i n t e r e s t i n g  to  n o te ,  how ever, t h a t  th e  t r e n d s  shown by th e  s im p l i f ie d  
model a r e  in  ag reem en t w ith  th e  p r e s e n t  r e s u l t s .  T h a t i s  th e  
in c re a s e  in  o p t i c a l  th ic k n e s s  co rre sp o n d in g  to  in c re a s in g  p o s t  shock 
p re s s u re  te n d s  to  d e c re a se  th e  r a d i a t i v e  c o o lin g  e f f e c t  o f  re d u c in g  
th e  shock  s ta n d - o f f  d is ta n c e .
The f u n c t io n a l  r e l a t i o n s h ip  o f  th e  r a d i a t i v e  h e a t  t r a n s f e r  
c o e f f i c i e n t  and 6/A i s  shown in  F ig . 5 .3  f o r  th e  same c o n d itio n s  a s  
th o se  in  F ig .  5 .2 .  T hese r e s u l t s  in d i c a te  th e  n o n lin e a r  r e l a t io n s h ip  
betw een th e  s t a n d - o f f  d is ta n c e  and th e  r a d i a t i v e  h e a t in g .  T h is i s  in  
c o n t r a s t  to  a d i a b a t i c  in v i s c id  a n a ly se s  w hich  show a  d i r e c t  
p r o p o r t i o n a l i t y  r e l a t i o n .
The r e s u l t s  p re s e n te d  in  F ig . 5 .2  and 5 .3  a r e  fo r  c o n s ta n t p o s t 
shock p r e s s u re s  w hich i s  ap p ro x im a te ly  h o r iz o n ta l  f l i g h t  ( s e e  F ig . 2 .7 ) .  
The r e s u l t s  p re s e n te d  in  F ig s .  5 .4  and 5 .5  a r e  f o r  v e r t i c a l  f l i g h t  fo r  
a  f ix e d  s e t  o f  v e l o c i t i e s .  The o p t i c a l l y  t h in  and th ic k  e s t im a te s
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V e r t ic a l  E n try
U = 36000 f t / s e c  001.0
O p tic a l ly  T hick 
(Eq. 63, R e f. 5 .3 )40000
46000
m 50000
54000
58000
u
<
O p t ic a l ly  T hin 
(Eq. 4 1 , R ef. 5 .3 )
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1.21.06 8.4.20
T (R a d ia t iv e  C ooling  P a ram e te r)
F ig . 5 .4  R a d ia tiv e  C o o lin g  E f f e c ts  on
S ta n d -o f f  D is ta n c e  fo r  V e r t ic a l  
E n try  F l ig h t
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o f  G oulard ap p ea r to  be  in  agreem ent w here a p p l ic a b le  w ith  th e
p re s e n t r e s u l t s  f o r  th e  U = 36000 f t . / s e c .  c u rv e . The s e t  o f  cu rv es
appea rs  to  form  a  s u r f a c e  w hich has an  a sy m to tic  l im i t  on th e  o p t i c a l l y
th ic k  s id e .  F u r th e r ,  th e  asym to te  ( i . e .  th e  shaded l in e  i n  F ig .  5 .4 )
appea rs  n e a r ly  l i n e a r  f o r  v a lu e s  o f r  l e s s  th a n  .5  and co rre sp o n d s
to  th e  P = 1 .0  and 0 .5  a tm . l in e  in  F ig .  5 .2 .  For la rg e r  v a lu e s  o f  
o
T a minimum v a lu e  in  th e  asym to te  fo r  5/A a p p ea rs  to  be ap p ro ach ed .
I t  i s  a n t ic ip a te d  t h a t  f o r  f l i g h t  v e l o c i t i e s  h ig h e r  th an  58000 f t . /  
s e c .  p re c u rs o r  r a d i a t i o n  w i l l  become s i g n i f i c a n t  r e s u l t i n g  in  an  
in c re a se  in  6/ a ,  s in c e  a  p o r t io n  o f th e  en erg y  l o s t  by r a d i a t i o n  
th rough  th e  shock wave w hich red u ces  th e  s ta n d - o f f  d is ta n c e  w i l l  be 
absorbed  by th e  on com ing gas and r e tu r n e d  to  th e  shock la y e r .  I t  
m ight be p o in te d  o u t t h a t  t h i s  minimum was u n d e rs ta n d a b ly  n o t 
p re d ic te d  by th e  a n a ly s i s  o f  G ou lard . T h is  minimum ap p ears  to  occu r 
fo r  la rg e  v a lu e s  o f  T w h ile  G o u la rd 's  a n a ly s i s  was l im ite d  by th e  
assum ption  t h a t  T «  1 .
F ig u re  5 .5  p o in t s  o u t f e a tu r e s  n o t a p p a re n t in  F ig . 5 .4 .  The 
a c tu a l  non d im en sio n a l s ta n d - o f f  d is ta n c e  and 6/A a re  p lo t te d  a g a in s t  
p o s t  shock p re s s u re  f o r  an  in te rm e d ia te  v e l o c i ty  o f  50000 f t . / s e c .  
in  F ig . 5 .5 .  The s ta n d - o f f  d is ta n c e  f o r  t h i s  v e r t i c a l  f l i g h t  c a se  
e x h ib i t s  a  maximum w hereas 5/A m ono tom ica lly  d e c re a se s  w ith  
in c re a s in g  p o s t  shock  p r e s s u r e .
To t h i s  p o in t  in  t h i s  s e c t io n  o f  th e  r e s u l t s  p re se n te d  a r e  fo r  
a  s in g le  body r a d i u s ,  R = 9 f t .  F ig u re  5 .6  p r e s e n ts  th e  f u n c t io n a l  
dependence o f  th e  s ta n d - o f f  d is ta n c e  on T f o r  v a r io u s  v a lu e s  o f  body
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r a d iu s .  Even though 6 v e r s e s  r  i s  l i n e a r ,  p lo t s  o f  6 v e r s e s  th e
c o rre sp o n d in g  R o r C would n o t show a  l i n e a r  dependence. A lso ,
%
s in c e  F ig .  5 .6  i s  fo r  one f l i g h t  c o n d i t io n ,  6 o r 6/A e x h i b i t  th e  
same d e p e n d e n c ie s . I t  i s  i n t e r e s t i n g  to  o b se rv e  th a t  th e  sm a lle r  
nose r a d iu s  body w i l l  p roduce th e  l a r g e s t  n o n d im ensional s ta n d - o f f  
d is ta n c e .  T h is ,  o f c o u rs e ,  i s  a  r e s u l t  o f  th e  sm a lle r  r a d i a t i v e  
lo s s  e x p e rie n c e d  by th e  s m a lle r  shock  la y e r .  I t  shou ld  be p o in te d  
o u t t h a t  a l th o u g h  th e  r e s u l t s  g iv e n  in  F ig . 5 .6  show a  l i n e a r  
r e l a t i o n s h i p ,  th e  f l i g h t  c o n d i t io n s  l i e  a lo n g  th e  asym to te  shown in  
F ig . 5 .4 .  C o n seq u en tly , f o r  f l i g h t  c o n d i t io n s  o th e r  th a n  th o se  
a lo n g  th e  asy m to te  one m igh t w e ll  e x p e c t a  n o n lin e a r  r e l a t i o n  betw een  
6 and T .
D uring  th e  developm ent o f  th e  s ta g n a t io n  e q u a tio n s  in  C hap ter 2 , 
th e  shock b lu n tn e s s  a t  th e  s ta g n a t io n  l in e  was d em o n stra ted  to  b e  
unknown. The b lu n tn e s s  p a ra m e te r , (d e /d § )^ _ g , has been  assumed 
zero  c o rre sp o n d in g  to  a  c o n c e n tr ic  shock in  m ost o f  th e  p re s e n t  
w ork. To e v a lu a te  th e  e f f e c t  o f  t h i s  assu m p tio n  on th e  s ta n d - o f f  
d is ta n c e  and r a d i a t i v e  h e a t in g  r a t e ,  (de/dg)^_Q  was l e f t  a s  a  p a ra ­
m eter in  th e  momentum e q u a t io n  (E q. 2 .153 ) w here dcp/d§ = 1 . -  d e /d g . 
P a ra m e tr ic  v a r i a t i o n  o f  (d e /d § )^ _ g  r e s u l t e d  in  th e  e f f e c t s  shown in  
F ig . 5 .7 .  The r e s u l t s  in d ic a te  t h a t  th e  shock s ta n d - o f f  d is ta n c e  
and r a d i a t i v e  h e a t  t r a n s f e r  c o e f f i c i e n t  b o th  in c re a s e  in  a  n ear 
p r o p o r t io n a te  manner w ith  (d e /d ? )|_ Q «  F u r th e r ,  th e  e f f e c t  o f  
(de/d(-)^_Q  i s  ap p ro x im a te ly  th e  same fo r  th e  two r a d i a t i o n  models 
u se d . The work o f  Burns and O liv e r  (R ef. 5 .4 )  in d ic a te d  t h a t
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
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(d e /d § )_  q = .0705 f o r  a  h e m isp h e r ic a l shaped body a t  th e  same f l i g h t  
c o n d i t io n s  used  to  o b ta in  F ig . 5 .7 .  C onsequen tly  one would e x p e c t a 
5 to  10% in c re a s e  in  s ta n d - o f f  d is ta n c e  and h e a t in g  r a t e  c o e f f i c i e n t  
b ecau se  o f  n o n -c o n c e n tr ic  e f f e c t s .  T h is  p e rc e n ta g e  may, o f  c o u rs e , 
change somewhat w ith  f l i g h t  c o n d it io n s  and body s i z e .  A d d it io n a l  
o b s e rv a tio n s  r e l a t e d  to  th e  s ta g n a t io n  l in e  shock b lu n tn e s s  a re  
g iv e n  in  C hap ter 6 .
The shock s ta n d - o f f  d is ta n c e  i s ,  in  a d d i t io n  to  th e  p re v io u s ly  
s t a t e d  v a r i a b l e s ,  d e te rm in ed  by th e  amount o f  a b l a t io n  p ro d u c ts  
b e in g  in je c te d  in to  th e  shock la y e r .  Mass i n j e c t i o n  e s s e n t i a l l y  
t r a n s l a t e s  th e  shock wave away from  th e  body w ith  a b l a t io n  p ro d u c ts  
e x i s t i n g  on th e  w a ll  s id e  o f  th e  s ta g n a t io n  p o in t  and a i r  s p e c ie s  
on th e  shock  s id e .  F ig u re s  5 .8  and 5 .9  show th e  s ta g n a t io n  p o in t  
lo c a t io n  a s .a  f u n c t io n  o f  mass i n j e c t i o n  r a t e  and f r e e  s tream  
v e l o c i t y  r e s p e c t iv e ly .  The nondim ensional s ta g n a t io n  p o in t  lo c a t io n ,  
i s  shown a s  a  fu n c tio n  o f  (pv )w fo r  th r e e  p o s t  shock 
p r e s s u re  le v e ls  in  F ig . 5 .8 .  The r e s u l t s  in d ic a te  t h a t  th e  s ta g n a t io n  
p o in t  lo c a t io n  i s  e s s e n t i a l l y  independen t o f  shock la y e r  p re s s u re  
l e v e l .  A lso shown in  F ig .  5 .8  i s  r e s u l t e d  from R ef. 5 .5  a t  (p v )w =
.20  f o r  a s l i g h t l y  d i f f e r e n t  body r a d iu s  and ca rb o n  p h e n o lic  a b la t io n  
p ro d u c ts .
The s ta g n a t io n  p o in t  lo c a t io n ,  fo r  a  g iv e n  p o s t  shock p re s s u re  
l e v e l ,  a s  a  f u n c t io n  o f  f r e e  s tream  v e lo c i ty  i s  g iv e n  in  F ig . 5 .9 .  
P re s e n t  r e s u l t s  a r e  compared to  th o se  o f R ef. 5 .5  w hich a re  fo r  
d i f f e r e n t  p r e s s u r e  le v e ls  shown. The p re s e n t  r e s u l t s  and th o se  o f
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
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R ef. 5 .5  in d i c a te  t h a t  f o r  th e  g iv e n  mass i n j e c t i o n  r a t e  th e  a b la t io n  
p ro d u c t la y e r  th ic k n e s s  in c re a s e s  on a  p e rc e n ta g e  b a s is  a s  th e  f r e e -  
s tream  v e l o c i t y  i s  in c re a s e d .  M oreover, th e  a b l a t i o n  la y e r  th ic k n e s s  
re p o r te d  by R e f .  5 .5  i s  a p p ro x im a te ly  6 .0  to  7.0% o f  th e  shock 
la y e r  s m a lle r  th a n  th e  p re s e n t  r e s u l t s .  T h is  ag reem en t a p p e a rs  q u i t e  
re a s o n a b le  in  th e  l i g h t  t h a t  R e f. 5 .5  r e s u l t s  a r e  f o r  a  d i f f e r e n t  
a b la to r  and s l i g h t l y  la rg e r  body r a d iu s .  The r e s u l t s  p re s e n te d  in  
F ig s . 5 .8  and 5 .9  may be  o f  b e n e f i t  fo r  i n v e s t i g a t o r s  u s in g  in v is c id  
a n a ly s is  ap p ro x im a tin g  th e  in n e r  and o u te r  r e g io n s  o f  th e  shock la y e r .  
HEATING RATES AND ABLATOR COUPLING
The m ain c o n c e rn  in  d e s ig n in g  an  a b l a t i v e  h e a t  p r o te c t io n  system  
i s  th e  p r e d ic t io n  o f  th e  r a t e  and t o t a l  am ount o f  en e rg y  w hich 
would be t r a n s f e r r e d  to  th e  a b l a to r  d u r in g  a tm o sp h e ric  e n t r y .  For 
h y p e rb o lic  e n t r y  c o n d i t io n s  th e  m ain mode o f  en e rg y  t r a n s f e r  to  th e  
a b la to r  s u r f a c e  i s  by r a d i a t i o n  a s  i l l u s t r a t e d  in  F ig . 1 .7  f o r  no 
a b l a t io n .  The e f f e c t  o f  mass i n j e c t i o n  due to  a b l a t io n  i s  to  red u ce  
th e  c o n v e c tiv e  h e a t in g  to  a n e g l ig ib le  l e v e l  com pared to  r a d i a t i v e  
h e a t in g .  A c c o rd in g ly , th e  r e s u l t s  p re s e n te d  in  t h i s  s e c t io n  concern  
th e  q u a n t i t a t i v e  d e f i n i t i o n  o f  r a d i a t i v e  h e a t in g  le v e ls  fo r  ty p ic a l  
h y p e rb o lic  e n t r y  f l i g h t  c o n d i t io n s .  A s y s te m a tic  v a r i a t i o n  o f  problem  
d e f in in g  v a r i a b le s  was made to  e s t a b l i s h  cau se  and e f f e c t  r e l a t i o n ­
s h ip s .  C oupled a b l a to r  and shock la y e r  s o lu t io n s  w ere o b ta in e d  fo r  
f l i g h t  c o n d i t io n s  t y p i c a l  o f  v e r t i c a l  e n t r y .
Many o f  th e  r a d i a t i v e  h e a t in g  r a t e s  r e s u l t s  p re s e n te d  in  th is  
s e c t io n  and o th e r s  a r e  in  term s o f  th e  n o n d im en sio n a l r a d i a t i v e  h e a t  
t r a n s f e r  c o e f f i c i e n t  w hich has been  d e f in e d  a s
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
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T h is  c o e f f i c i e n t  r e p r e s e n t s  th e  f r a c t i o n  o f  th e  f lu x  o f  flo w  en erg y
e n te r in g  th e  shock  la y e r  p e r  u n i t  a re a  w hich i s  t r a n s f e r r e d  to  th e
s u r fa c e  by r a d i a t i o n .  The energy  n o t t r a n s f e r r e d  to  th e  s u r f a c e  by
r a d i a t i o n  o r  c o n v e c tio n  i s  r a d i a t i v e l y  l o s t  th ro u g h  th e  shock  o r
*
r e ta in e d  by th e  g a se s  su rro u n d in g  th e  v e h ic le  . T hese g ase s  flow  
over th e  v e h ic le  and e q u i l i b r a t e  in  i t s  wake w ith  th e  a tm o sp h ere .
R a d ia t iv e  h e a t in g  r a t e  r e s u l t s ,  fo r  no mass i n j e c t i o n ,  a r e  
p re s e n te d  in  F ig . 5 .1 0  f o r  c o n d i t io n s  w hich th ro u g h  t r a d i t i o n a l  u se  
have become a  s ta n d a rd  f o r  com paring r a d i a t i o n  c a l c u l a t i o n  m ethods. 
The r e s u l t s  p re s e n te d  a l l  c o n ta in  l i n e  and continuum  r a d i a t i o n  and 
a g re e  to  w ith in  +  10% o f  th e  a v e ra g e . The com parison  made i s  
e s s e n t i a l l y  betw een  c o m p u ta tio n a l methods s in c e  a s  p o in te d  o u t  by 
W ilson (R ef. 5 .6 )  th e  b a s ic  d a ta  f o r  the  r a d i a t i o n  c a l c u l a t i o n  i s  
common in  th e  work com pared. I t  i s  no ted  t h a t  C te n d s  to  an  
a sy m to tic  l i m i t  a t  th e  h ig h e r  f r e e  s tream  v e l o c i t i e s .
T h is  a s y m to tic  b e h a v io r  i s  e x h ib i te d  to  a l e s s e r  e x te n t  a s  th e  
p o s t  shock p r e s s u r e  i s  low ered f o r  the same f l i g h t  v e l o c i t i e s  as  
shown i n  F ig . 5 .1 1 .  F ig u re  5 .1 1  p r e s e n ts  r e s u l t s  from  th e  r a d i a t i v e  
c o o lin g  p a ra m e te r  c a l c u la t io n s  and shock la y e r  c a l c u l a t i o n s .  The 
shock la y e r  c a l c u l a t i o n  r e s u l t s  a re  in  g e n e ra l  s l i g h t l y  l a r g e r  than , 
th e  c o r r e l a t i o n  r e s u l t s  e x c e p t a t  th e  lo w es t p r e s s u r e .  The r e s u l t s
*
N e g le c tin g  p r e c u r s o r  h e a t in g  e f f e c t s .
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d em o n stra te  th e  n o n n e g l ig ib le  e f f e c t  o f  th e  shock la y e r  p r e s s u re  
le v e l  on r a d i a t i v e  h e a t in g .
The e f f e c t  o f  body s iz e  on r a d i a t i v e  h e a t in g  w ith o u t a b l a t io n  
i s  d em o n stra ted  in  F ig .  5 .12  fo r  one s e t  o f  f l i g h t  c o n d i t io n s .  A ll  
o f  th e  r e s u l t s  p re s e n te d  c o n ta in  l i n e  and continuum  r a d i a t i o n  
c o u p lin g . The r e s u l t s  a re  m arkedly  d i f f e r e n t  th a n  th e  l i n e a r  body 
ra d iu s  dependency p re d ic te d  by a d ia b a t i c  shock la y e r  c a l c u l a t i o n s .
In  f a c t  th e  p r e s e n t  r e s u l t s  show a  n e a r  l i n e a r  dependence on (An R ). 
The r e s u l t s  o f  R e f. 5 .7  a l s o  ap p ea r l i n e a r l y  d ependen t on (An R) 
fo r  v a lu e s  o f  R g r e a t e r  th a n  1 .5 .  C a lc u la t io n s  a t  a d d i t io n a l  f l i g h t  
c o n d it io n s  a re  n e c e s s a ry  to  d e te rm in e  i f  th e  An(R) r e l a t i o n  i s  
c h a r a c t e r i s t i c  o f  co u p led  shock la y e r  s o lu t io n s  w hich in c lu d e  b o th  
l in e  and con tinuum  r a d i a t i o n .
The r o l e  o f  l i n e  and continuum  r a d i a t i o n  c o u p lin g  i s  im p o rta n t 
th ro u g h o u t th e  peak  h e a t in g  p e r io d  o f  h y p e rb o lic  e n t r y .  To i l l u s t r a t e  
t h i s  p o in t ,  s ta g n a t io n  l in e  h e a t in g  r a t e s  w ere com puted f o r  a  10-g  
u n d e rsh o o t boundary  t r a j e c t o r y  w ith  an  i n i t i a l  e n t r y  v e l o c i ty  o f  
55,000 f p s .  The u n d e rsh o o t t r a j e c t o r y ,  p re s e n te d  in  F ig .  11 o f  R e f. 
5 .8 ,  was used  by E ngel and S p ra d le y  (R ef. 5 .9 )  to  a s s e s s  th e  r o le  o f  
r a d i a t i v e  a b s o rp t io n  e f f e c t s  on h e a t in g  lo a d s .  T h is  e a r l i e r  work d id  
n o t in c lu d e  th e  e f f e c t s  o f  l i n e  r a d i a t i o n .  F ig . 5 .1 3  p r e s e n ts  a  
com parison  betw een  th e  p re s e n t  r e s u l t s  and th o se  o f  R e f . 5 .9 .  A ll  
o f  th e  r e s u l t s  p re s e n te d  acco u n t f o r  r a d i a t i v e  lo s s e s  and th u s  p o in t  
o u t th e  im p o rtan ce  o f  u s in g  a r a d i a t i o n  model w hich in c lu d e s  l i n e  
and continuum  r a d i a t i o n  w ith o u t o p t i c a l  d e p th  r e s t r i c t i o n s .  From
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F ig . 5 .1 3  i t  i s  observed  th a t  b o th  th e  e m iss io n  model and th e  o p t i c a l l y  
th i n  con tinuum  model o f  R ef. 5 .9  o v e rp re d ic t  th e  r a d i a t i v e  h e a t in g  
r a t e s  computed w ith  th e  RADCOR and VISRAD 3 p rogram s. F u r th e r ,  i t  
i s  no ted  th a t  th e  r e s u l t s  o f  R e f. 5 .9 ,  u s in g  continuum  r a d i a t i o n  
o n ly , s i g n i f i c a n t l y  u n d e rp re d ic ts  th e  l i n e  and continuum  h e a t in g  r a t e s .  
The p r e s e n t  r e s u l t s  o b ta in e d  u s in g  th e  r a d i a t i v e  c o o lin g  p a ra m e te r  a g re e  
q u i t e  w e ll  w ith  th e  r e s u l t s  from  th e  shock la y e r  s o lu t io n .  I t  i s  
i n t e r e s t i n g  to  n o te  t h a t  th e  p r e s e n t  r e s u l t s  and th o se  o f  R e f. 5 .9  
show a n e t  a b s o rp tio n  in  ap p ro x im a te ly  9% o f  th e  shock la y e r  n ear 
th e  w a l l .  Thus th e  l i n e  and continuum  and continuum  o n ly  r e s u l t s  
in d ic a te  t h a t  in c lu d in g  l i n e  r a d i a t i o n  does n o t s i g n i f i c a n t l y  change 
t h i s  o b s e rv a tio n .
One o f  th e  p r in c i p le  o b je c t iv e s  o f th e  c u r r e n t  r e s e a r c h  i s  to  
e v a lu a te  th e  th e  e f f e c t s  o f  a b l a t i o n  p ro d u c t mass i n j e c t i o n  and to  
o b ta in  a b la to r  shock la y e r  co u p led  s o lu t io n s .  I t  was found th a t  
p re v io u s  w ork, R e f . 5 .5 ,  5 .6 ,  5 .1 0  and o th e r s ,  o b ta in e d  h e a t in g  
r a t e s  f o r  s p e c if ie d  a b l a t io n  r a t e s  from shock la y e r  s o lu t io n s  w hich 
e x h ib i te d  no a p p a re n t c o r r e l a t i o n  a s  d em o n stra ted  in  R e f. 5 .5 .  Most 
o f  th e  r e s u l t s  o f  th e  p re v io u s  work was fo r  v a r io u s  f l i g h t  v e l o c i t i e s ,  
a l t i t u d e s ,  body r a d i i  and a b l a t io n  r a t e s  o f  ca rb o n  p h e n o l ic .  
U n fo r tu n a te ly  e i t h e r  to o  few r e s u l t s  w ere o b ta in e d  in  one a n a ly s i s  
a n d /o r  more th a n  one s p e c ify in g  p a ram e te r was changed from  c a se  to  
c a s e .  T h is  has le ad  to  an in c o m p le te  u n d e rs ta n d in g  o f  th e  e f f e c t i v e ­
n ess  o f  a b l a t io n  p ro d u c ts  in  re d u c in g  th e  r a d i a t i v e  h e a t in g  to  th e  
body. S p e c i f i c a t io n  o f  th e  a l t i t u d e  as  an  indep en d en t p a ram e te r
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e x e m p lif ie s  th e  d i f f i c u l t i e s  e n c o u n te re d . I f ,  fo r  exam ple, we were 
to  h o ld  th e  a l t i t u d e  c o n s ta n t  as  w e ll  as  th e  body s i z e ,  w a ll  tem pera­
tu r e  and mass i n j e c t i o n  r a t e  and v a ry  th e  f l i g h t  v e l o c i ty  th e  fo llo w ­
in g  would be o b se rv e d . As shown in  F ig . 2 .7  th e  p o s t  shock te m p e ra tu re  
and p re s s u re  le v e ls  would b o th  change . T h is  i s  in  a d d i t io n  to  a  
change in  p o s t shock  v e lo c i ty  a s  computed u s in g  th e  R ankine-H ugonio t 
e q u a t io n s .  Thus by h o ld in g  a l t i t u d e  (o r  f r e e  s tream  d e n s i ty )  
c o n s ta n t  and chang ing  f l i g h t  v e l o c i ty ,  a  change in  th r e e  shock la y e r  
p a ra m e te rs  o ccu rs  r a t h e r  th a n  one as  d e s i r e d .  S in ce  th e  shock 
la y e r  p re s s u re  l e v e l  has a  c o n s id e ra b le  e f f e c t  on r a d i a t i v e  h e a t in g  
as  shown in  F ig . 5 .1 1 ,  i t  i s  d e s i r a b l e  to  s p e c ify  t h i s  p a ram ete r
r a th e r  th a n  a l t i t u d e .  A c c o rd in g ly , fo r  a c o n s ta n t  P a  change ino
f r e e  s tream  v e l o c i ty  changes o n ly  one thermodynamic p a ra m e te r , Tg,
and th e  p o s t  shock v e lo c i ty .  In  g e n e ra l  i t  i s  n o t p o s s ib le  to  change
f l i g h t  c o n d i t io n s  w ith o u t a l t e r i n g  a t  l e a s t  two shock la y e r  p a ra m e te rs .
C o n seq u en tly  th e  p r e s e n t  p a ra m e tr ic  s tu d ie s  w ere conducted  a t
s p e c i f ie d  p r e s s u re  le v e ls  fo r  v a r io u s  f r e e  s tream  v e l o c i t i e s .
R a d ia t iv e  h e a t in g  r a t e  r e s u l t s  fo r  U = 50000 f t / s e c ,  R = 9 f t .
00
and T = 3450°K a r e  shown in  F ig s .  5 .14  and 5 .1 5  f o r  d i f f e r e n t  le v e ls  w
o f  p o s t  shock p re s s u re  and a b la t io n  r a t e .  The r e s u l t s  in  F ig .  5 .1 4  
i l l u s t r a t e  th e  p o s t  shock p r e s s u re  e f f e c t s  on h e a t in g  a t  c o n s ta n t  
(p v )w a r e  somewhat s im i la r  in  shape b u t a re  n o t s im i la r  to  th e  no 
mass i n j e c t i o n  l i n e .  The r e s u l t s  show th a t  an  a b l a t io n  r a t e  (p v )w 
= .05  re d u c e s  th e  r a d i a t i v e  h e a t in g  r a t e  s u b s t a n t i a l l y  and a d d i t io n a l  
a b l a t io n  has a  much sm a lle r  p e rc e n ta g e  e f f e c t .  T h is  e f f e c t  i s  a l s o
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shown in  F ig .  5 .1 5  w hich p r e s e n ts  an o th e r p r o je c t io n  o f  th e  C ,
P „ , (pv) s u r f a c e .  The c o n s ta n t  P„ cu rv es  e x h i b i t  a  c h a r a c t e r i s t i c  6 K w 6
d e c re a se  w ith  (p v )w b u t  do n o t o v e rla p  when n o n d im en s io n a lized  by
th e  h e a t in g  r a t e  c o e f f i c i e n t  fo r  no mass i n j e c t i o n ,  (C„ ) rt.
\  0
Most in v e s t ig a t o r s  p r e s e n t  h e a t in g  r a t e  r e s u l t s  fo r  mass 
i n j e c t i o n  in  a  p lo t  o f  C„ /  (C„ )g  v e rs e s  (p v )w i r r e s p e c t i v e  o f  th e  
f r e e  s tream  v e l o c i t y ,  p o s t  shock p re s s u re  o r  body r a d iu s .  As p o in te d  
o u t above t h i s  had le d  to  a p p a re n t d isa g re e m e n t betw een  r e s u l t s .
The obv ious c o n c lu s io n  i s  t h a t  th e  (pv )w p a ra m e te r  i s  n o t s u f f i c i e n t  
to  c o r r e l a t e  th e  r e s u l t s .  F ig . 5 .16  was p re p a re d  t o ,  in  p a r t ,  p o in t  
o u t why (p v )w i s  i n s u f f i c i e n t .  The r e s u l t s  show a  q u i t e  obv ious 
dependence on p o s t  shock  p r e s s u r e  and e x h ib i t  a  minimum in  th e  
c o n s ta n t  (p v )w c u rv e s  n e a r  Pg = .3  atm . Two v a lu e s  o f  nond im ensional 
h e a t in g  fo r  ca rb o n  p h e n o lic  a r e  a ls o  shown in  F ig .  5 .1 6 . These 
v a lu e s ,  a lth o u g h  n o t a t  th e  p r e c i s e  f l i g h t  c o n d i t io n s  and body s iz e  
o f  th e  p r e s e n t  r e s u l t s ,  w ere tho u g h t to  be n e a r  enough f o r  c o m p a ritiv e  
p u rp o s e s .  The (p v )w = .10  c a s e  o f  W ilson (R ef. 5 .6 )  shows a  s l i g h t l y  
h ig h e r  r a t e  o f  h e a t in g  th a n  e x t r a p o la t io n  o f  th e  p r e s e n t  r e s u l t s  
w ould y ie ld  and th e  (p v )w = .20  ca se  o f  R igdon e t .  a l .  (R ef. 5 .7 )  
i s  s l i g h t l y  low er th a n  p r e s e n t  r e s u l t s .  The ag reem en t i s  q u i t e  
r e a s o n a b le  s in c e  th e  r e s u l t s  a re  fo r  d i f f e r e n t  a b l a t o r s .  More 
im p o r ta n t ly ,  th e  two p o in t s  in d ic a te  t h a t  th e  same k in d  o f  p o s t  shock 
p r e s s u re  dependence i s  shown. From th e se  o b s e rv a t io n s  i t  i s  r e a l i z e d  
t h a t  p l o t t i n g  C ) q v e rs u s  (pv)w i r r e s p e c t iv e  o f  p re s s u re  le v e l
iv R
may le a d  to  e rro n e o u s  c o n c lu s io n s  re g a rd in g  th e  e f f e c t iv e n e s s  o f  
a b l a t io n  in  re d u c in g  r a d i a t i v e  h e a t in g .
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To exam ine th e  e f f e c t  o f  f r e e  s tream  v e lo c i ty  on th e  r a d i a t i v e
h e a t in g  a t  a  c o n s ta n t  a b la t io n  r a t e  P ig .  5 .1 7  was p re p a re d . As shown
in  th e  low er h a l f  o f  th e  f ig u r e  th e  e f f e c t iv e n e s s  o f  th e  a b l a t io n
p ro d u c ts  f o r  th e  c o n d itio n s  exam ined e x h ib i t s  a  minimum ( i . e . ,
C / (C„ ) n e x h ib i t s  a maximum) n e a r  50000 f t / s e c .  The re a s o n  fo r  th e  
%  ^  0
maximum in  C„ /(C__ )~ i s  c l e a r  from  th e  p lo t  in  th e  upper h a l f  o f  
\  %  0
F ig .  5 .1 7 . Even though th e  a c t u a l  h e a t in g  r a t e  in c re a s e s  w ith  v e lo c i ty
f o r  (pv) = .20  i t s  r a t e  o f  in c re a s e  i s  sm a lle r  th an  fo r  no a b l a t io n ,  w
I n  th e  low er h a l f  o f  F ig . 5 .1 7  v a lu e s  o f  C„ /(C „  ) .  a re  g iv e n  fo r  
d i f f e r e n t  p o s t  shock p re s s u re  l e v e l s  a t  U = 50000 f t / s e c  to  
in d i c a te  how th e  p re s s u re  le v e l  would s h i f t  s im i la r  cu rv es  v e r s e s  U .
G O
In  a d d i t io n ,  th r e e  computed p o in t s  from  R igdon , e t .  a l .  (R ef. 5 .5 )  
f o r  ca rb o n  p h e n o lic  a re  shown. T hese r e s u l t s  f o r  a c o n s ta n t  a l t i t u d e  
a r e  in  re a s o n a b le  agreem ent i f  one c o n s id e rs  th e  p o s t  shock p re s s u re  
le v e l  s h i f t s .
Of p rim e im portance in  th e  d e s ig n  o f  an  a b l a t iv e  h e a t s h ie ld  i s
th e  a c c u ra te  d e te rm in a tio n  o f  th e  am ount o f  m a te r ia l  which w i l l  be
l o s t  d u r in g  e n t r y .  To compute th e  amount o f  m a te r ia l  l o s t  by a b l a t io n
p ro c e s s e s  r e q u i r e s  a  coupled  s o lu t io n  o f  th e  flow  f i e l d  and a b l a to r .
For q u a s i - s te a d y  a b la t io n  th e  c o u p lin g  i s  a d e q u a te ly  d e s c r ib e d  by th e
s u r fa c e  b a la n c e  e q u a tio n s  p re s e n te d  in  C h ap te r 3 . F ig . 5 .1 8  p r e s e n ts
a  g r a p h ic a l  s o lu t io n  m atch ing  th e  flo w  f i e l d  and a b la to r  re sp o n se  fo r
f iv e  d i f f e r e n t  p o s t  shock p r e s s u re  l e v e l s .  The p o in t  o f  c ro s s in g  o f  ^
th e  c o n s ta n t  P^ shock la y e r  l i n e s  and th e  l i n e a r  segm ents f o r  th e
g iv e n  P . o f  th e  a b la to r  re sp o n se  as  re a d  from F ig . 3 .4  y ie ld s  th e  
o
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co u p led  s o lu t io n .  S e v e ra l o b s e rv a tio n s  can  be  made from  F ig . 5 .1 8 .
A b la tio n -sh o c k  la y e r  c o u p lin g  becomes im p o rta n t a t  ap p ro x im a te ly
P = .10  a tm . fo r  th e  f l i g h t  v e l o c i t y  and body s i z e  s p e c i f i e d ,  o
F u r th e r  th e  q u a s i- s te a d y  a b l a to r  re sp o n se  a ssu m p tio n  would n o t be
v a l id  below  P^ = .10  a tm . s in c e  th e  h e a t in g  i s  i n s u f f i c i e n t  to  m a in ta in
th e  s u r f a c e  a t  th e  s u b lim a tio n  te m p e ra tu re  u n le s s  th e  ch a r s u r fa c e
i s  removed by o th e r  th a n  th e  s u b lim a tio n  m echanism such as  o x id a t io n .
A lso  f o r  co u p led  a b l a t io n  r a t e s  a t  P^ = .1 0  and lower th e  s p e c ie s
boundary  c o n d i t io n  o f  th e  t h i r d  k in d  a t  th e  s u r f a c e  may become
im p o rta n t as  in d ic a te d  by Esch (R e f. 5 .1 1 ) .  However to  o b ta in  co u p led
a b la to r - s h o c k  la y e r  s o lu t io n s  f o r  P = .10  and la rg e r  th e  s u r fa c eo
b a la n c e  e q u a tio n s  used  ap p ea r q u i t e  a d e q u a te . I n  a d d i t io n ,  i t  i s  
ob serv ed  t h a t  as  th e  p o s t  shock p r e s s u re  i s  in c re a s e d  th e  i n t e r s e c t i o n  
an g le  o f  th e  l in e s  from  th e  a b l a t i o n  a n a ly s i s  and th e  shock la y e r  
a n a ly s i s  becomes in c r e a s in g ly  a c u te .  Thus e r r o r s  w hich a re  in h e re n t  
in  th e  h e a t in g  a n a ly s is  a re  r e f l e c t e d  in  a  g r e a t e r  u n c e r ta in ty  i n  
th e  a b l a t i o n  r a t e  a t  th e  h ig h e r  p r e s s u r e s .
I n  summary, th e  r e s u l t s  p re s e n te d  p ro v id e s  th e  m ost com plete  
d e s c r ip t io n  o f  a b la to r - s h o c k  la y e r  c o u p lin g  w hich has been r e p o r te d .  
RADIATIVE COUPLED SHOCK LAYER CHARACTERISTICS
Exam ining c h a r a c t e r i s t i c  o f  r a d i a t i v e  co u p led  shock la y e r s  n o t 
o n ly  le a d s  to  a  b e t t e r  u n d e rs ta n d in g  o f th e  p ro c e s s e s  w hich o ccu r b u t 
a l s o  p e rm its  th e  a sse ssm en t o f  th e  r e l a t i v e  im p o rtan ce  o f  th e  v a r io u s  
p ro c e s s e s .  A cco rd in g ly , t h i s  s e c t io n  i s  d ev o ted  to  o b s e rv a tio n s  o f  
shock la y e r  c h a r a c t e r i s t i c s  such  a s  te m p e ra tu re  and  v e l o c i ty  p r o f i l e s  
under a  v a r i e t y  o f  d i f f e r e n t  f l i g h t  c o n d i t io n s .
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The e f f e c t s  o f  in c re a s e d  r a d i a t i v e  c o u p lin g  i s  shown in  F ig s .
5 .1 9  and 5 .2 0 .  N ondim ensional shock la y e r  te m p e ra tu re  p r o f i l e s  a r e  
shown in  F ig . 5 .1 9  fo r  a  c o n s ta n t  p o s t shock p r e s s u r e  and s ix  f r e e  
s tre a m  v e l o c i t i e s .  I t  i s  n o te d  th a t  a s  th e  f r e e  s tre a m  v e l o c i ty  i s  
in c re a s e d , th e  n o n d im ensional te m p era tu re  p r o f i l e  i s  low ered as a  
r e s u l t  o f  in c re a s e d  r a d i a t i v e  lo s s  ( i . e .  c o o l in g ) .  I n  g e n e ra l  th e  
te m p e ra tu re  p r o f i l e s  a re  ap p ro x im a te ly  l i n e a r  betw een  ( y / 6) = . 2  
and ( y / 6) = . 8 . T h is  i s  in  c o n t r a s t  w ith  th e  c o n s ta n t  te m p e ra tu re  
p r o f i l e s  h y p o th e s iz e d  by G oulard  (R ef. 5 .3 )  f o r  o p t i c a l l y  th i c k  
shock la y e r s .  The re g io n s  o f  r a p id  te m p e ra tu re  change n ea r th e  w a ll  
and th e  shock a n t ic ip a te d  by (R ef. 5 .3 )  a re  e x h ib i te d  by th e  
c u r r e n t  shock la y e r  s o lu t io n s .  The e f f e c t s  o f  r a d i a t i o n  c o u p lin g  has 
a  much s m a lle r  e f f e c t  on th e  momentum t r a n s f e r  i n  th e  shock la y e r  as 
shown in  F ig . 5 .2 0 .  Two o b s e rv a tio n s  may be made how ever. F i r s t ,  
th e  s lo p e  o f  th e  i '  p r o f i l e  a t  th e  w a ll  i s  d e c re a se d  a s  th e  f r e e  
s tre a m  v e lo c i ty  and c o rre sp o n d in g  r a d i a t i v e  c o o l in g  i s  in c re a s e d .
S in ce  th e  sh ea r a t  th e  w a l l  i s  p ro p o r t io n a l  to  £* one co n c lu d es  t h a t  
e f f e c t  o f  r a d i a t i v e  c o u p lin g  i s  to  red u ce  th e  w a l l  sh e a r  s t r e s s .  T h is  
i s  in  agreem ent w ith  p re v io u s  o b s e rv a tio n s  d is c u s s e d  by A nderson 
(R e f. 5 .1 2 ) .  S eco n d ly , r a d i a t i v e  c o o lin g  e f f e c t s  p roduce  co rre sp o n d in g  
te m p e ra tu re  and th u s  d e n s i ty  changes in  th e  shock  la y e r .  The d e n s i ty  
changes r e s u l t  i n  a  n o n lin e a r  v a r i a t io n  i n  £* away from  th e  w a l l .
S ta te d  a n o th e r  way th e  r a d i a t i v e  c o o lin g  e f f e c t  makes th e  whole 
shock la y e r  e x h ib i t  v is c o u s  b e h a v io r . A gain  t h i s  co n cu rs  w ith  
p u b lish e d  work o f  H o sh iz a k ii  and W ilson (R e f . 5 .1 3 )  a s  w e ll  as o th e r s .
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T em perature p r o f i l e s  from  shock  la y e r  s o lu t io n s  u s in g  th e  
e m is s io n  r a d i a t i o n  model a r e  g iv e n  in  F ig s .  5 .2 1 ,  5 .2 2  and 5 .2 3 .
A com parison  o f  te m p e ra tu re  p r o f i l e s  o b ta in e d  u s in g  th e  e m is s io n  
m odel and LRAD 3 model i s  g iv e n  in  F ig .  5 .2 1 . The r e s u l t s  show th a t  
th e  e m iss io n  model y ie ld s  th e  p ro p e r  te m p e ra tu re  s o lu t io n  b e h a v io r  
even  though i t  te n d s  to  o v e r p r e d ic t  th e  r a d i a t i v e  c o o lin g  e f f e c t .
The u se  o f  th e  e m iss io n  model to  i s o l a t e  cau se  and e f f e c t s  i s  
d e s i r a b l e  s in c e  th e  model i s  o n ly  dependen t on shock la y e r  te m p e ra tu re  
and p re s s u re  . W ith th e  u se  o f  th e  em iss io n  r a d i a t i o n  m odel, th e  
e f f e c t s  o f  in c lu d in g  th e  d e n s i ty  v a r i a t i o n s  due to  a b l a t io n  p ro d u c ts  
was exam ined. The r e s u l t s  shown in  F ig . 5 .22  a r e  fo r  a i r  C^, k  and 
(i p r o p e r t i e s .  The e f f e c t  o f  in c lu d in g  a b l a t io n  p ro d u c ts  i n  th e  
d e n s i ty  c a l c u l a t i o n ,  r a t h e r  th a n  u s in g  an  a i r  v a lu e ,  i s '  to  s h i f t  th e  
te m p e ra tu re  p ro f iL e  and s ta g n a t io n  p o in t .  F u r th e r ,  th e  s ta n d - o f f  
d is ta n c e  i s  s u b s t a n t i a l l y  in c re a s e d .  The e f f e c t  was c o n s id e re d  
s i g n i f i c a n t  enough th a t  i t  has been  in c lu d ed  in  a l l  o f  th e  a b l a t io n  
co u p led  r e s u l t s  o f  t h i s  w ork. R igdon , e t .  a l .  (R ef. 5 .5 )  d id  n o t 
i s o l a t e  t h i s  e f f e c t  and used  a i r  v a lu e s  in  m ost o f  t h e i r  c a l c u l a t i o n s .
A com parison  o f  th e  te m p e ra tu re  p r o f i l e s  computed u s in g  a  b in a ry  
s o lu t io n  o f  th e  s p e c ie s  e q u a t io n  (R e f. 5 .1 1 ) and u s in g  th e  c o n s ta n t  
e le m e n ta l two zone m odel o f  th e  p r e s e n t  work i s  g iv en  in  F ig . 5 .2 3 .
The e f f e c t s  on th e  te m p e ra tu re  p r o f i l e  by in c lu d in g  a  b in a ry  s p e c ie s  
s o lu t io n  appear n e g l ig ib l e .  I t  sh o u ld  be no ted  th a t  th e  r a d i a t i o n
I t  i s  no ted  t h a t  th e  m odel was developed  a s  a  c o r r e l a t i o n  o f  a i r
r a d i a t i o n  c h a r a c t e r i s t i c s  o n ly .
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c o u p lin g  due to  s p e c ie s  v a r i a t i o n s  i s  n o t accoun ted  s in c e  th e  
e m is s io n  r a d i a t i o n  model was used  fo r  t h i s  com parison . The r e s u l t s  
i n d i c a t e ,  how ever, th a t  th e  d e n s i ty  v a r i a t i o n  r e s u l t i n g  from d i f f u s io n  
i s  a d e q u a te ly  approx im ated .
The e f f e c t s  o f  r a c l ia t io n  c o u p lin g  changes on th e  te m p e ra tu re  
p r o f i l e  w hich a r i s e s  from th e  two zone s p e c ie s  model a p p ro x im a tio n  
i s  i l l u s t r a t e d  in  F ig . 5 .2 4 . I t  i s  n o ted  th a t  on ly  a s l i g h t  change 
in  th e  te m p era tu re  p r o f i l e  i s  o b se rv e d . F u r th e r ,  th e  p e rc e n ta g e  
change in  th e  r a d i a t i v e  h e a t in g  r a t e  fo r  th e  two s o lu t io n s  was 
o b serv ed  to  be 4.07.. In  a d d i t io n  Esch (R e f. 5 .1 1 )  showed t h a t  m u l t i ­
component d i f f u s io n  e f f e c t s  tended  to  red u ce  t h i s  d i f f e r e n c e .  A 
com parison  i s  made in  F ig . 5 .2 5  o f  e le m e n ta l co m positions  fo r  t y p i c a l  
shock  la y e r  c o n d it io n s  showing th e  a p p ro x im a tio n  made in  u s in g  th e  
two zone c o n s ta n t  e le m e n ta l m odel. The m ulticom ponent s o lu t io n ,  
w hich was an  uncoupled a n a l y s i s ,  o f  R e f. 5 .1 1  a g re e s  more c lo s e ly  
w ith  th e  p r e s e n t  model th a n  th e  b in a ry  s o lu t io n  . From th e  r e s u l t s  
p r e s e n te d ,  i t  i s  concluded  t h a t  th e  two zone c o n s ta n t  e le m e n ta l 
m odel a p p e a rs  q u i te  ad eq u a te  f o r  u se  in  an  e q u il ib r iu m  s o lu t io n  o f  
th e  shock la y e r  e q u a t io n s .  I t  i s  r e a l i z e d ,  how ever, t h a t  i f  f i n i t e  
c h e m is try  e f f e c t s  o f  th e  a b l a t i o n  s p e c ie s  a r e  found to  be p ro nounced , 
t h i s  s p e c ie s  ap p ro x im atio n  would need r e v i s i o n .
An a d d i t io n a l  d is c u s s io n  r e g a rd in g  p r o p e r t i e s  i s  in  o rd e r  a t  
t h i s  p o in t .  The p re s e n t  r e s u l t s  a r e  fo r  a i r  m ix tu re  v a lu e s  o f  C ^, k
I t  i s  ex p ec ted  th a t  a  s e l e c t i o n  o f  a  heavy-heavy  b in a ry  d i f f u s io n  
c o e f f i c i e n t  r a th e r  th a n  a l ig h t-h e a v y  c o e f f i c i e n t  as  em ployed by 
R e f. 5 .1 1  would red u ce  th e  d i f f e r e n c e  i n  th e  b in a ry  and m u l t i -  
component c o n c e n tr a t io n s .
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and p, w hich w ere u sed  th ro u g h o u t th e  shock la y e r .  The r e s u l t s  and 
c o n c lu s io n s  p re s e n te d  by R igdon, e t .  a l .  (R ef. 5 .5 )  f o r  carbon  
p h e n o lic  a b l a t i o n  p ro d u c ts  and th o se  p re s e n te d  by E sch (R ef. 5 .1 1 ) 
fo r  p h e n o lic  n y lo n  a b la t io n  p ro d u c ts  in d ic a te  th e  u se  o f  a i r  m ix tu re  
v a lu e s  fo r  k  and p, th ro u g h o u t th e  shock la y e r  i s  s u f f i c i e n t l y  adequa te  
fo r  c a l c u l a t i o n  p u rp o se s . For th e  c a s e s  examined by R e f . 5 .5  and 
R e f. 5 .1 1  th e  in c lu s io n  o f  a b la t io n  p ro d u c t changes in  th e  m ix tu re  
th e rm a l c o n d u c t iv i ty  and v i s c o s i t y  changed th e  h e a t in g  no more th a n  
1 .0  to  2 .0  p e r c e n t .  These p r o p e r t i e s  a f f e c t  th e  shock la y e r  p r o f i l e s  
o n ly  in  a sm a ll r e g io n  n e a r  th e  s ta g n a t io n  p o in t  e x p la in in g  th e i r  
sm a ll in f lu e n c e  on th e  o v e r a l l  s o lu t io n .  R e s u lts  p re s e n te d  by Esch 
(R ef. 5 .1 1 )  w hich in c lu d e  a b la t io n  s p e c ie s  in  th e  h e a t  c a p a c ity  show 
a  s i g n i f i c a n t  d e c re a se  in  th e  te m p e ra tu re  p r o f i l e  n e a r  th e  w a ll ,  from 
th o se  shown in  F ig .  2 .2 3 . The r e a c t in g  h e a t  c a p a c i ty  fo r  p h en o lic  
n y lon  a b l a t i o n  p ro d u c ts  was r e p o r te d  to  be as la rg e  a s  17 tim es 
g r e a te r  th a n  t h a t  o f  a i r  (R ef. 5 .1 1 ) .  The r a d i a t i v e  energy  absorbed  
by th e  a b l a t i o n  p ro d u c ts  i s  th u s  t r a n s f e r r e d  in to  i n t e r n a l  modes 
r a th e r  th a n  t r a n s l a t i o n a l  energy  modes as  p r e d ic te d  u s in g  a i r  C^.
Even though  th e  te m p e ra tu re  was d e c re a se d  s ig n i f i c a n t l y  n ea r the  
w a l l  u s in g  th e  a b l a t i o n  p ro d u c t th e  r a d i a t i v e  h e a t  t r a n s f e r  was 
changed by o n ly  4.8% from th e  p r e s e n t  r e s u l t s  fo r  th e  c a se  g iv en  in  
F ig . 5 .2 4 . O ther c a s e s  r e p o r te d  showed even sm a lle r  p e rc e n ta g e  
changes in  h e a t in g .  C o nsequen tly  th e  u se  o f  a i r  h e a t  c a p a c i t i e s  in  
th e  p r e s e n t  work does n o t ap p ea r to  have in tro d u c e d  s ig n i f i c a n t  
changes in  th e  s u r f a c e  h e a t in g  r a t e  from  th o se  w hich acc o u n t fo r  
a b l a t io n  p ro d u c t e f f e c t s  on th e  h e a t  c a p a c i ty .
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I t  i s  i n t e r e s t i n g  to  exam ine th e  e f f e c t s  o f th e  a b l a t i o n  r a t e  
and p o s t shock  p re s s u re  on th e  shock  la y e r  te m p e ra tu re , norm al 
v e l o c i ty  and t a n g e n t i a l  v e l o c i ty .  F ig s .  5 .2 6 ,  5 .2 7 ,  5 .2 8  p r e s e n t  
te m p e ra tu re  p r o f i l e s  fo r  d i f f e r e n t  a b l a t io n  r a t e s  a t  th r e e  p o s t  
shock  p r e s s u r e s .  In c r e a s in g  th e  a b l a t i o n  r a t e  d e c re a s e s  th e  tem pera­
tu r e  n ear th e  w a ll  a s  e x p e c te d . Thus th e  c o n v e c tiv e  h e a t in g  i s  
reduced  to  a  n e g l ig ib l e  l e v e l .  The te m p e ra tu re  p r o f i l e s  e x h ib i t  
p la te a u s  n e a r  th e  s ta g n a t io n  p o in t  and in  th e  a b l a t io n  l a y e r .  The 
p la te a u s  ap p ea r c h a r a c t e r i s t i c  o f  th e  a b l a t i o n  i n j e c t i o n  c a se s  and 
w ere a s lo  o b se rv ed  by R igdon e t .  a l .  (R ef. 5 .5 )  and Esch (5 .1 1 ) .
The p la te a u  n e a r  th e  s ta g n a t io n  p o in t  o c c u rs  n ea r th e  peak  ca rb o n  
atom c o n c e n tra t io n  which h as  a  p rim ary  r o l e  in  a b s o rp t io n  o f  r a d i a t i o n .  
The p la te a u  c lo s e r  to  th e  w a l l  i s  a  r e s u l t  o f  m o lecu la r  a b s o rp t io n  
o f  r a d ia n t  en erg y  which g iv e s  r i s e  to  th e  in c re a s e  in  te m p e ra tu re  
o v er n o n ab so rb in g  r e s u l t s  such  a s  th o se  e x h ib i te d  by th e  em iss io n  
m odel in  F ig . 5 .2 3 . These p la te a u s  ap p e a r more a c c e n tu a te d  by 
in c re a s in g  shock la y e r  p r e s s u r e  l e v e l s .  I n c re a s in g  p r e s s u r e  
n a t u r a l l y  in c re a s e s  th e  r a d i a t i v e  c o u p lin g  e f f e c t s  and th u s  g iv e s  
r i s e  to  th e  a c c e n tu a t io n .
Shock la y e r  p r e s s u re  l e v e l s  have a  much sm a lle r  e f f e c t  on th e  
v e l o c i ty  f i e l d  and th u s  o n ly  one p r e s s u re  le v e l  i s  p re s e n te d  h e r e in .
The norm al v e l o c i ty ,  v /  U and th e  ta n g e n t i a l  v e l o c i ty  fu n c t io n ,  f 1 ,
G O
a re  g iv en  i n  F ig .  5 .2 9  fo r  fo u r  a b l a t i o n  r a t e s  a s  a  fu n c t io n  o f  y /S .
The e f f e c t  o f  mass i n j e c t i o n  i s  to  change th e  c h a r a c te r  o f  th e  f # 
p r o f i l e  w h ile  th e  same c h a r a c te r  i s  m a in ta in e d  by th e  norm al v e l o c i t y .
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The c h a r a c te r  o f  th e  f 7 p r o f i l e  i s  changed from  one l ik e  a boundary  
la y e r  p r o f i l e  f o r  (p v )w = 0 .0  to  th o se  w ith  mass i n j e c t i o n  e x h ib i t in g  
l i n e a r  f 7 v a r i a t i o n s  in  re g io n s  on each  s id e  o f  th e  s ta g n a t io n  p o in t .  
The r e g io n  o f  s i g n i f i c a n t  v isc o u s  e f f e c t s  i s  n o te d  near and on b o th  
s id e s  o f  th e  s ta g n a t io n  p o in t ;  t h i s  p o in t  i s  in d ic a te d  b y .v e r t i c a l  
a rrow s on th e  f 7 p r o f i l e s .  The r e s u l t s  i n  F ig . 5 .29  a l s o  show a  
maximum in  v /  U p r o f i l e s  betw een th e  w a ll  and th e  s ta g n a t io n  p o in t .  
T h is  b e h a v io r  i s  a  r e s u l t  o f th e  d e n s i ty  d e c re a s e  in  t h i s  r e g io n .  
RADIATIVE TRANSPORT CHARACTERISTICS
One o f  th e  m ain p ro c e s s e s  s tu d ie d  in  t h i s  work i s  th a t  o f  
r a d i a t i v e  en e rg y  t r a n s f e r  w ith in  th e  shock  l a y e r .  The r e s u l t s  in  
t h i s  s e c t io n  i l l u s t r a t e s  th e  im p o rta n t r a d i a t i v e  c h a r a c t e r i s t i c s  
observ ed  w hich d e te rm in e  th e  r a d i a t i v e  h e a t in g  r a t e s  to  th e  b o d y 's  
s tir  f a c e .
The e f f e c t s  o f  p h e n o lic  ny lo n  a b l a t i o n  p ro d u c ts  on th e  l i n e  and 
continuum  r a d i a t i v e  f lu x  to  th e  s u r fa c e  a r e  shown in  T abs. 5 .1  and 
5 .2 .  The con tinuum  s u r fa c e  f lu x  fo r  th e  tw e lv e  s p e c t r a l  i n t e r v a l s  
c o n s id e re d  i s  shown in  Tab. 5 .1 .  In  each  s p e c t r a l  i n t e r v a l  th e  
m agnitude o f  th e  f lu x  i s  g iv en  fo r  th r e e  d i f f e r e n t  a b la t io n  r a t e  
c a s e s .  By com paring  the m agnitude o f  th e  f lu x  f o r  th e  th r e e  a b l a t io n  
r a t e s  in  each  s p e c t r a l  i n t e r v a l ,  one o b se rv e s  t h a t  th e  a b l a t io n  
p ro d u c ts  b lo c k  m ost o f  continuum  f lu x  above hv -  8 . ev . F u r th e r ,  th e  
continuum  f lu x  below  5 ev  i s  n o t ab so rb ed  b u t  s l i g h t l y  enhanced by 
in c re a s e d  a b l a t i o n  r a t e s .  T ab . 5 .2  p r e s e n ts  th e  l i n e  f lu x  c o u n te r p a r t  
o f  Tab. 5 .1  w here th e  l i n e  f lu x  i s  lo c a te d  in  th e  spectrum  a t  n in e
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TABLE 5.1 
ABLATION PRODUCT EFFECTS ON 
CONTINUUM WALL FLUX AT DIFFERENT 
SPECTRAL INTERVALS
Frequency 
i n t e r v a l  
hv (ev )
*
Continuum F lux  
2
(w a tts /cm  )
ooit?
/■sS- k' <PV>W = *05 (pv^ = .10
0 - 5 . 863 .9 916 .1 935.6
5 . -  6 . 42 .7 4 3 .5 38 .8
6 . -  7 . 26 .1 27 .8 29 .6
7. -  8 . 15.9 22 .9 11.9
8 . -  9 . 9 .8 7 .5 .4
9 . -  10. 5 .7 10.6 3 .2
10. -  10 .3 .4 2 4 .2 1 .5
10.3 -  11 .1 181.4 6 4 .3 58 .8
11.1  -  12.0 255.0 .3 .0
12.0 -  13 .4 198.8 .1 .0
13.4  -  14 .3 17.5 .0 .0
14.3 -  2 0 .0 3 .2 .0 .0
* For U = 50000 f t / s e c  R = 9 f t03
P = .5  atm  T = 3450°K6 w
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TABLE 5 .2  
ABLATION PRODUCT EFFECTS ON 
LINE WALL FLUX IN DIFFERENT 
LINE CENTERS
F requency  
c e n te r  
hv (ev )
•k
L in e  F lu x  
2
(w a tts /c m  )
oo
•II ( p v )w = .05 (pv )w = .10
1 .3 461 .7 523 .9 487 .6
2 .7 163.9 185 .4 178.2
5 .7 5 .0 15.9 1.0  •
7 .5 7 282.1 226 .5 95 .9
9 .1 0 203 .8 165.2 79 .2
1 0 .4 568 .3 95 .7 114.0
1 1 .4 85 .3 .1 .0
12 .7 -  4 9 .4 .0 .0
13 .9 -  9 .0 .0 .0
* For U = 50000 f t / s e c  R = 9 f t  00
P . = .5  atm  T = 3450°Ko w
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l i n e  c e n te r  f re q u e n c ie s  . At th e  two lo w est f re q u e n c y  l i n e  c e n te r s  
th e  f lu x  i s  changed o n ly  s l i g h t l y  by a b l a t io n  p ro d u c t i n j e c t i o n  
w hereas a t  l a r g e r  f re q u e n c ie s  th e  e f f e c t s  a r e  more p ronounced . The 
g r e a t e s t  f lu x  r e d u c t io n  by a b l a t io n  p ro d u c ts  i s  ob serv ed  a t  th e  l i n e  
c e n te r  hv = 10 .4  e v . Thus th e  ny lon  p h e n o lic  a b l a t io n  p ro d u c ts  a r e  
th e  l e a s t  e f f e c t i v e  i n  a b so rb in g  en erg y  in  th e  freq u en cy  le v e ls  
below  5 e v . U n fo r tu n a te ly  a  s i g n i f i c a n t  p e rc e n ta g e  o f  th e  r a d ia n t  
en erg y  i s  shown to  be t r a n s f e r r e d  in  th e s e  low er freq u en cy  le v e ls  
( i . e .  797. f o r  (pv) = . 1 0 ) . ,r y
The s o lu t io n  o f  th e  en erg y  e q u a t io n  i s  d i r e c t l y  co u p led  to  th e  
r a d i a t i v e  t r a n s f e r  th ro u g h  th e  r a d i a t i v e  f lu x  d iv e rg e n c e  te rm  in  
t h i s  e q u a t io n .  The r a d i a t i v e  f lu x  d iv e rg e n c e  p r o f i l e s  fo r  zero  and 
207. a b l a t io n  r a t e s  a r e  shown in  F ig . 5 .3 0 .  I t  i s  n o ted  th a t  th e  
e f f e c t s  o f  a b l a t io n  p ro d u c ts  i s  to  re d u c e  b o th  th e  w a ll  and shock 
v a lu e s  o f  th e  f lu x  d iv e rg e n c e . However, th e  n e g a t iv e  a r e a ,  d e n o tin g  
n e t  a b s o r p t io n ,  shown in  F ig . 5 .3 0  i s  s u b s t a n t i a l l y  in c re a s e d  by 
i n j e c t i o n  o f  a b l a t io n  p ro d u c ts .  The sh a rp  d ip  i n  th e  p r o f i l e  i s  
e v id e n t f o r  b o th  ze ro  and 207. a b l a t io n .  T h is  s h a rp  change in  th e  
p r o f i l e  p r e s e n ts  n u m e ric a l d i f f i c u l t i e s ,  i f  a sm a ll s te p  s iz e  i s  n o t 
used  lo c a l l y ,  as  d is c u s s e d  in  C hap ter 4 . The s m a ll  peak n e a r ( y / 6) = 
.38  o ccu rs  n e a r  th e  maximum ca rb o n  atom c o n c e n tr a t io n  and r e p r e s e n ts  
sm a ll n e t  e m is s io n  p r im a r i ly  a t t r i b u t e d  to  t h i s  s p e c ie s .
The in f lu e n c e  o f  a b l a t i o n  r a t e  on th e  t o t a l  l in e  and t o t a l
The n e g a t iv e  v a lu e s  fo r  l i n e  f lu x  fo r  some l i n e  g ro u p s i s  a  r e s u l t  
o f  l i n e  a b s o rp t io n  o f  continuum  f lu x  a s  n o te d  by R e f . 5 .6 .
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continuum  f lu x  a t  two lo c a t io n s  in  th e  shock  la y e r  f o r  two p o s t 
shock p re s s u re  l e v e ls  a r e  shown in  F ig s .  5 .3 1  and 5 .3 2 .  T hese 
f ig u r e s  p r e s e n t  th e  l i n e  and continuum  f lu x  to  th e  s u r f a c e  a t  ( y / 6) = 
0 .0  and th e  f lu x e s  tow ard  and away from  th e  s u r f a c e  a t  s ta g n a t io n  
p o in t ,  ( y / 6) = ( y / 6) v_Q. In  g e n e ra l  b o th  th e  continuum  and l i n e  
f lu x  tow ard th e  s u r f a c e  a t  v = 0 a r e  in c re a s e d  by in c r e a s in g  a b la t io n  
r a t e s .  T h is  i s  i n  p a r t  due to  th e  f lu x  from  th e  a b l a t i o n  la y e r  to  
th e  a i r  la y e r  shown as th e  lower c u rv e s  i n  F ig s .  5 .3 1  and 5 .3 2 .
The upper and low er s e t  o f  cu rv es  g iv e s  an  in d i c a t io n  o f  th e  r a d i a t i v e  
c o u p lin g  betw een th e  a b l a t io n  and a i r  l a y e r .  In  a p re v io u s  s e c t io n  
(s e e  F ig . 5 .1 5 ) i t  was shown th a t  th e  t o t a l  r a d i a t i v e  h e a t in g  to  
th e  s u r fa c e  was d e c re a se d  by in c re a s in g  th e  a b l a t i o n  r a t e .  The m iddle 
cu rv es  o f  F ig s .  5 .3 1  and 5 .3 2  show th a t  b o th  l i n e  and continuum  
c o n t r ib u t io n s  to  th e  t o t a l  f lu x  d e c re a se  a s  a  f u n c t io n  o f  in c re a se d  
a b l a t io n .  However, f o r  th e  c a se s  shown, in c re a s e d  a b l a t io n  beyond 
(p v )w = .05  has v e ry  l i t t l e  e f f e c t  on th e  con tinuum  p a r t  o f  th e  t o t a l  
f lu x .  Thus r e g a r d le s s  o f  th e  a b l a t io n  r a t e  above (p v )w= .05 th e  e f f e c ­
t iv e n e s s  o f  th e  a b l a t i o n  p ro d u c ts  in  re d u c in g  th e  t o t a l  s u r fa c e  
h e a t in g  ap p ea rs  l im i te d  by th e  continuum  r a d i a t i v e  p r o c e s s e s .
I t  has b een  d em o n stra ted  i n  p re v io u s  s e c t io n s  t h a t  th e  p o s t  
shock p r e s s u re  i s  q u i t e  im p o rtan t i n  d e te rm in in g  r a d i a t i v e  h e a tin g  
r a t e s .  To i l l u s t r a t e  th e  p re s s u re  dependence o f  th e  l i n e  and 
continuum  p a r t s  o f  th e  r a d i a t i v e  f lu x ,  F ig .  5 .3 3  was p re p a re d . The 
l i n e  and continuum  f lu x  tow ard th e  body a t  v  = 0 and th e  r e s u l t i n g  
two p a r t s  w hich  a r r i v e  a t  th e  s u r fa c e  a r e  shown in  th e  low er h a l f  o f
Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
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F ig . 5 .3 3 .  T hese r e s u l t s  d em o n stra te  s e v e r a l  im p o r ta n t e f f e c t s .
In  th e  p r e s s u r e  ra n g e  c o n s id e re d , th e  l i n e  and continuum  f lu x  tow ard 
th e  body a t  v  = 0 v a ry  ap p ro x im a te ly  l i n e a r l y  w ith  p r e s s u r e .  A lso 
th e  l i n e  f lu x  a t  th e  w a ll  shows a  n e a r l i n e a r  dependency. The 
continuum  s u r f a c e  f lu x ,  how ever, i s  low er th a n  th e  s u r f a c e  l i n e  
f lu x  a t  low er p r e s s u re s  and in c re a s e s  n o n l in e a r ly  to  v a lu e s  la rg e r  
th an  th e  s u r fa c e  l i n e  f lu x  a t  h ig h e r  p r e s s u r e s .  T h is  c ro s s  over 
e f f e c t  w ith  p r e s s u re  i s  seen  q u i t e  c l e a r l y  from  th e  r e s u l t s  in  th e  
upper h a l f  o f  F ig . 5 .3 3 . The two cu rv es  shown a re  fo r  th e  l i n e  
and continuum  r a t i o s  o f  th e  r e s p e c t iv e  f lu x  a t  th e  w a l l ,  (<lg)w» 
d iv id e d  by th e  r e s p e c t iv e  f lu x  a t  th e  s ta g n a t io n  p o in t ,  (qD) n .
K V=U
T hese c u rv e s  show, t h a t  fo r  a  c o n s ta n t  a b l a t i o n  r a t e ,  l i n e  r a d ia t io n  
th ro u g h  th e  a b l a t i o n  la y e r  i s  a t te n u a te d  l e s s  a t  low p re s s u re s  th an  
a t  h ig h e r  p r e s s u re s  and th e  co n v e rse  i s  t r u e  fo r  continuum  r a d i a t i o n .  
T h is  e f f e c t  i s  th e  r e a s o n  f o r  th e  minimum in  non d im en sio n a l t o t a l  
r a d i a t i v e  h e a t in g  r a t e  c u rv e s  o f  F ig . 5 .1 6  a s  i l l u s t r a t e d  fo r  one 
a b l a t io n  r a t e  in  F ig .  5 .3 4 . F u rth e rm o re , s in c e  th e  continuum  f lu x  
i s  e s s e n t i a l l y  u n a f fe c te d  by a b la t io n  r a t e s  above (p v )w “  *05 a s  
in d ic a te d  in  F ig s .  5 .3 1  and 5 .3 2  th e  continuum  mode fo r  r a d ia n t  
energy  t r a n s f e r  i s  th e  p red o m in a te  mode o f  h e a t in g  f o r  a b l a to r  coupled  
shock la y e r s  a t  th e  h ig h e r  p r e s s u re  le v e ls  c o n s id e re d .
I n  C h ap te r 3 an  e f f o r t  was made to  s e l e c t  th e  m o lecu le s  w hich 
would have an  e f f e c t  on th e  r a d i a t i v e  t r a n s p o r t .  A shock la y e r  c a lc u -  j 
l a t i o n  was made to  a s s e s s  th e  im portance  o f  in c lu d in g  m o lecu le s  in  
th e  r a d i a t i o n  c a l c u l a t i o n .  The r e s u l t s  shown in  F ig . 5 .3 5  in d ic a te
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t h a t  th e  r o l e  o f  m o lecu la r  r a d i a t i o n  i s  q u i t e  im p o r ta n t w hich i s  in  
c o n t r a s t  w ith  th e  a sse ssm en t made in  R ef. 5 .6 .  E x c lu d in g  
m o lecu le s  in  th e  r a d i a t i o n  c a l c u l a t i o n  in c re a s e d  th e  h e a t in g  by 
ab^-',t 56 p e r c e n t ,  red u ced  th e  s ta n d - o f f  d is ta n c e  and s i g n i f i c a n t l y  
a l t e r e d  th e  shock  la y e r  te m p e ra tu re  p r o f i l e .  I t  i s  a l s o  n o ted  t h a t  
th e  s ta g n a t io n  p o in t  i s  moved tow ard th e  body and no r i s e  in  th e  
te m p e ra tu re  p r o f i l e  n e a r  th e  w a ll  i s  o b se rv ed . The asse ssm en t o f  
m o le c u la r  r a d i a t i o n  in  R e f. 5 .6  was made w ith  an uncoup led  a n a ly s i s  
( i . e .  u s in g  a  te m p e ra tu re  p r o f i l e  from a  s o lu t io n  n o t in c lu d in g  
m o le c u le s ) .  T h is  r e s u l t e d  in  a  sm a ll change in  t o t a l  r a d i a t i v e  
h e a t in g  and c o n se q u e n tly  th e  e f f e c t s  o f m o le c u la r  r a d i a t i o n  w ere 
c o n s id e re d  n e g l ig ib l e .  The p r e s e n t  r e s u l t s  show t h a t  a lth o u g h  th e  
r a d ia n t  h e a t in g  may be o n ly  s l i g h t l y  changed by m o lecu le s  fo r  a  g iv e n  
te m p e ra tu re  p r o f i l e ,  th e  m o le c u la r  r a d i a t i o n  c o u p lin g  to  th e  tem pera­
tu r e  p r o f i l e  i s  s i g n i f i c a n t .  The f i n a l  e f f e c t  o f  t h i s  c o u p lin g  i s  to  
a p p re c ia b ly  change th e  te m p e ra tu re  p r o f i l e  and c o rre sp o n d in g  shock 
la y e r  p r o p e r t i e s  and th u s  change th e  s u r fa c e  h e a t in g  s i g n i f i c a n t l y .
The r e s u l t s  p re s e n te d  in  F ig . 5 .35  a l s o  i l l u s t r a t e  th e  
im p o rtan ce  o f  n e u t r a l  ca rb o n  r a d i a t i o n .  A 52 p e rc e n t  in c re a s e  in  
s u r fa c e  h e a t in g  r e s u l t s  from  n o t in c lu d in g  th e  n e u t r a l  ca rb o n  atom s 
b u t in c lu d in g  a l l  o th e r  s p e c ie s  in  th e  r a d i a t i o n  c a l c u l a t i o n  f o r  th e  
c a se  s tu d ie d .  C arbon and hydrogen l in e  r a d i a t i o n  was n o t in c lu d e d  in  
th e  c a lc u la t io n s  o f  R ef. 5 .1 0 . Sm ith e t .  a l .  (R e f. 5 .1 0 )  compared 
t h e i r  h e a t in g  r a t e  r e s u l t s  f o r  p h e n o lic  n y lo n  a b l a t i o n  to  r e s u l t s  
f o r  ca rb o n  p h e n o lic  o f  R igdon e t .  a l .  (R e f. 5 .5 )  w hich in c lu d e s  l in e
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ca rb o n  and hydrogen  r a d i a t i o n  fo r  i d e n t i c a l  c o n d i t io n s  and found 
th e  h e a t in g  r a t e s  o f  (R e f. 5 .1 0 ) to  b e  s u b s t a n t i a l l y  l a r g e r .  The 
im portance  o f  th e  ca rb o n  r a d i a t i o n  a lo n e  shown in  th e  p re s e n t  
i n v e s t ig a t io n  su g g e s ts  th a t  th e  m ajor d i f f e r e n c e  in  th e s e  r e p o r te d  
r e s u l t s  may w e ll  be  a t t r i b u t e d  to  th e  d i f f e r e n c e s  in  s p e c ie s  in c lu d e d  
in  t h e i r  r e s p e c t iv e  r a d i a t i o n  m odels.
R a d ia t iv e  t r a n s p o r t  r e s u l t s  fo r  zero  a b l a t io n  a r e  p re se n te d  in
F ig . 5 .3 6  and 5 .3 7 .  A maximum in  th e  l i n e  c o n t r ib u t io n  to  th e  t o t a l
s u r fa c e  h e a t in g  a t  ap p ro x im a te ly  P = .35  atm . i s  shown in  th e  upper
o
p l o t  o f  F ig .  5 .3 6 .  T h is  b e h a v io r  i s  d i f f e r e n t  th a n  th e  a b la t io n  
a t te n u a te d  l i n e  c o n t r ib u t io n  to  th e  s u r f a c e  h e a t in g  seen  in  F ig . 5 .3 4  
The low er p l o t  in d i c a te s  t h a t  th e  l i n e  c o n t r ib u t io n  i s  la rg e r  a t  th e  
low er f r e e  s tream  v e l o c i t i e s  th a n  a t  h ig h e r  o n e s . I t  i s  a l s o  no ted  
th a t  o v e r th e  e n t i r e  p re s s u re  and v e lo c i ty  ra n g e s  c o n s id e re d  b o th  
l i n e  and  continuum  r a d i a t i o n  p ro c e s s e s  c o n t r ib u te  s i g n i f i c a n t l y  to  
th e  t o t a l  s u r f a c e  h e a t in g .
T o ta l  r a d i a t i v e  h e a t in g  r a t e s  fo r  ze ro  a b l a t i o n  o b ta in e d  from  
th e  p r e s e n t  a n a ly s i s  a r e  compared in  n o n d im en sio n a l form  w ith  r e s u l t s  
o f  o th e r  i n v e s t i g a t o r s  in  F ig . 5 .3 7 . The p r e s e n t  r e s u l t s  c o r r e l a t e s  
q u i te  w e l l  w ith  th e  r a d i a t i v e  c o o lin g  p a ra m e te r , r ,  and  l i e s  betw een 
th e  r e s u l t s  o f  two in v i s c id  shock la y e r  a n a ly s e s  (R e fs . 5 .7  and 5 .1 4 )  
A ll  o f  th e  shock la y e r  r e s u l t s  p re s e n te d  in  F ig .  5 .1 4  l i e  below  th e  
t r a n s p a r e n t  gas th e o ry  r e s u l t s  o f  R ef. 5 .7 .  As p o in te d  o u t by Page 
e t .  a l .  in  R e f. 5 .7  th e  t r a n s p a r e n t  th e o ry  i s  n o t a d e q u a te  fo r  
p r e d ic t in g  h e a t in g  s in c e  th e  t r u e  o p t i c a l  p r o p e r t i e s  o f  th e  shock
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la y e r  a r e  n o t u n ifo rm ly  o p t i c a l l y  t h i n .  The im p o rta n t p o in t  i l l u s ­
t r a t e d  in  F ig .  5 .3 7  i s  th a t  th e  r a d i a t i v e  h e a t in g  fo r  ze ro  a b l a t io n  
can  be c o r r e l a t e d  w ith  a  s in g le  p a ra m e te r , r ,  and th a t  b o th  v is c o u s  
and in v i s c id  a n a ly se s  y ie ld  s im i la r  r e s u l t s .  The su ccess  o f  t h i s  
c o r r e l a t i v e  p a ra m e te r , w hich i s  th e  b a s is  o f  th e  RADCOR program  
c a l c u l a t i o n s ,  le a d s  to  s p e c u la t io n  th a t  p e rh a p s  a  c o r r e l a t i o n  w hich 
in c lu d e s  a b l a t io n  p ro d u c t c o u p lin g  m igh t be  d ev e lo p ed .
An a tte m p t was made to  d e te rm in e  i f  th e  h e a t in g  r a t e  r e s u l t s  o f  
th e  p r e s e n t  work b o th  w ith  and w ith o u t a b l a t io n  cou ld  be c o r r e l a te d  
w ith  shock  la y e r  p a ra m e te rs . Some o f  th e  d i f f i c u l t i e s  en co u n te red  
a re  shown in  F ig . 5 .3 8 . F i r s t ,  th e  r e s u l t s  show th a t  th e  h e a t  
t r a n s f e r  c o e f f i c i e n t  fo r  th e  z e ro  a b l a t io n  c a s e s  a re  c o r r e l a te d  
r a t h e r  w e ll  by th e  c o o lin g  p a ram e te r  as e x p e c te d  from th e  r e s u l t s  in  
F ig . 5 .3 7 .  The c o n s ta n t  a b l a t io n  r a t e  l i n e s  fo r  U = 50000 f t / s e c
C O
e x h i b i t  an  analogous shape and r e l a t i o n s h ip  to  th e  ze ro  a b l a t io n  
l i n e  a s  th a t  shown in  F ig . 5 .1 4 . I t  was i l l u s t r a t e d  in  th e  second 
s e c t io n  o f  t h i s  c h a p te r  t h a t  C was n o t a  s im p le  fu n c tio n  o f  a b l a t io n  
r a t e  t h a t  co u ld  be r e p re s e n te d  by one c u rv e . Thus an a p p ro p r ia te  
means o f  re d u c in g  th e  ze ro  a b l a t io n  cu rv e  and th e  th r e e  c u rv e s  fo r  
d i f f e r e n t  a b l a t io n  r a t e s  a t  U = 50000 f t / s e c  has n o t been  found .
0 9
M oreover, r e s u l t s  fo r  a  c o n s ta n t  p r e s s u r e ,  P . ,  and a b l a t io n  r a t e  f o ro
v a r io u s  f r e e  s tream  v e l o c i t i e s  shown in  F ig .  5 .3 8  q u i t e  o b v io u s ly
h e a t in g  th a n  v a ry in g  U a t  c o n s ta n t  P. when b o th  a re  done a t  th eCO Q
same a b l a t io n  r a t e .  T h is  i s  d i f f e r e n t  from  th e  ze ro  a b l a t io n  c a s e s .
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Beyond th e  e f f e c t s  shown in  F ig . 5 .3 8  th e  body r a d iu s  may a l s o  be 
im p o r ta n t in  a b l a t io n  coup led  p ro b lem s. Thus i t  i s  concluded  th a t  
a t  l e a s t  two p a ra m e te rs ,  e x c lu d in g  r a d iu s  e f f e c t s ,  in  a d d i t io n  to  
th e  r a d i a t i v e  c o o lin g  p a ram e te r would be  r e q u ir e d  to  c o r r e l a t e  th e  
r a d i a t i v e  h e a t in g  r e s u l t s  p r e s e n te d .
HEATING RATES FROM COOLING PARAMETER CORRELATIONS
The com plex n a tu re  o f  th e  shock  la y e r  a t  th e  s ta g n a t io n  l i n e  has 
been  amply d em o n stra ted  in  p re v io u s  s e c t io n s .  I t  i s  h ig h ly  d e s i r a b l e  
to  be a b le  to  r a p id ly  e s t im a te  shock la y e r  h e a t in g  r a t e s  in  a d d i t io n  
to  b e in g  a b le  to  p e rfo rm  d e t a i l e d  shock la y e r  c o m p u ta tio n s . A cco rd in g ly  
t h i s  s e c t io n  p r e s e n ts  r a d i a t i v e  h e a t in g  r a t e  r e s u l t s  b ased  on a  
r a d i a t i v e  c o o lin g  p a ra m e te r  c o r r e l a t i o n  which p e rm its  hand c a lc u ­
l a t i o n s  o f  h y p e rb o lic  e n t r y  h e a t in g .  The r e s u l t s  p re s e n te d  w ere 
com puted u s in g  th e  RADCGR com puter program  docum ented in  A ppendix E.
The RADCQR program  was a l s o  u sed  to  compute h e a t in g  r a t e s  fo r  a 
100% CO2 a tm osphere  to  d e m o n stra te  th e  e f f e c t s  w hich may be r e a l i z e d  
by e n t r y  in to  a tm ospheres t y p i c a l  o f  Mars o r  V enus.
I t  was shown in  th e  p re v io u s  s e c t io n  t h a t  th e  r a d i a t i v e  h e a t in g  
r a t e s  fo r  no a b l a t io n  w ere c o r r e l a te d  q u i t e  w e ll  by th e  r a d i a t i v e  
c o o l in g  p a ra m e te r . F ig .  5 .3 9  p r e s e n ts  a  com parison  o f  r e s u l t s  from 
th e  p r e s e n t  shock la y e r  c a l c u la t io n s  w ith  a  c o r r e l a t i o n  e q u a t io n  from 
L iv in g s to n  and W illa rd  (R ef. 5 .1 5 ) .  The shock la y e r  r e s u l t s  show 
o n ly  a  sm a ll p r e s s u re  dependence and a re  s l i g h t l y  above th e  
c o r r e l a t i o n .  H ea tin g  r a t e  r e s u l t s  from u s in g  th e  c o r r e l a t i o n  a re  
c e r t a i n l y  w ith in  th e  p r e s e n t  u n c e r t a in ty  l i m i t s ,  i . e .  +  10%, o f
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c u r r e n t  shock la y e r  r e s u l t s  as  dem o n stra ted  in  F ig .  5 .1 0 .  T h e re fo re ,  
th e  u se  o f  th e  c o o l in g  p a ram e te r c o r r e l a t i o n  to  com pute r a d i a t i v e  
h e a t in g  r a t e s  fo r  p re l im in a ry  d e s ig n  work a p p ea rs  j u s t i f i e d .
A s e t  o f  f ig u r e s  w hich  can  be used  fo r  hand c a l c u la t io n s  o f  
r a d i a t i v e  h e a t in g  r a t e s  w ere developed  u s in g  th e  RADCOR program  and 
a r e  d e s ig n a te d  as  F ig s .  5 .4 0  to  5 .4 5 . These f ig u r e s  p r e s e n t  th e  
r a d i a t i v e  h e a t t r a n s f e r  c o e f f i c i e n t  a s  a  fu n c t io n  o f  f r e e  s tre a m  
v e lo c i ty  f o r  seven  p o s t  shock  p re s s u re s  from .05 to  2 .0  a tm o sp h eres . 
Each o f  th e  s ix  f ig u r e s  i s  fo r  a  s p e c i f i c  body r a d iu s  ra n g in g  from
1 .0  to  11.0  f e e t .
G iven a  s p e c i f i c  t r a j e c t o r y ,  d e f in e d  by p^, U and tim e , and a
body r a d iu s ,  a  h e a t in g  r a t e  h i s to r y  can  be developed  from  F ig s .  5 .40
to  5 .4 5 . The h e a t in g  r a t e  fo r  one p o in t  in  a t r a j e c t o r y  i s  de term ined
by u s in g  U and P and r e a d in g  C from th e  f ig u r e  f o r  th e  a p p ro p r ia te  
8
body r a d iu s .  The a c t u a l  h e a t in g  r a t e  can th e n  be computed from  th e  
d e f i n i t i o n  o f  C u s in g  p and U . The r e q u ire d  v a lu e s  f o r  th e
Iv
p o s t  shock p r e s s u r e ,  P ^ , a r e  u s u a l ly  computed from p^ and in  th e  
t r a j e c t o r y  a n a l y s i s .  However, i f  th e  norm al shock in fo rm a tio n  fo r  P^ 
i s  n o t r e a d i ly  a v a i l a b l e ,  F ig .  2 .7  can  be used  to  o b ta in  P^ from th e  
f r e e  s tream  c o n d i t io n s .  T h is  p ro c e s s  may be r e p e a te d  f o r  s e le c te d  
p o in ts  in  a  t r a j e c t o r y  r e s u l t i n g  in  a  r a d i a t i v e  h e a t in g  r a t e  h i s to r y  
s im i la r  to  t h a t  shown in  F ig .  5 .1 3 . G ra p h ic a l i n t e g r a t i o n  o f  th e  
h e a t in g  r a t e  cu rv e  y ie ld s  th e  t o t a l  h e a tin g  load  a t  th e  s ta g n a t io n  
p o in t  n e g le c t in g  a b l a t io n  e f f e c t s .
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An e s t im a te  o f  a b l a t io n  a d ju s te d  h e a t in g  r a t e s  may be made 
u s in g  F ig . 5 .1 6  and 5 .1 7 . I f  q u a s i- s te a d y  a b l a t io n  a p p e a rs  ap p ro ­
p r i a t e  f o r  th e  c o n d i t io n s  under c o n s id e ra t io n ,  s u f f i c i e n t  in fo rm a tio n  
i s  p re s e n te d  h e r e in  to  e s t im a te  a b la to r  coupled  h e a t in g  r a t e s  and 
a b la t io n  r a t e s .  From th e  r e s u l t s  p re s e n te d  in  F ig s .  5 .1 6 ,  5 .1 7 ,
and 5 .1 8 ,  s e t t i n g  C / ) q = .7  f o r  a l l  v a lu e s  o f  and would
H Tl
y ie ld  a c o n s e rv a t iv e  e s t im a te  o f  th e  a b la to r - s h o c k  la y e r  c o u p lin g .
A b la tio n  a d ju s te d  h e a t in g  r a t e s  co u ld  th e n  be com puted u s in g
C / ( C ) n = .7 .  An e s t im a te  o f  th e  a b la t io n  r a t e  can  th e n  be made 
\  \  0
u s in g  F ig .  3 .4 .  F in a l ly ,  th e  t o t a l  mass lo s s  can  th e n  be e s tim a te d  
by g r a p h ic a l  i n t e g r a t i o n  o f  an  a b l a t io n  r a t e  v e r s e s  tim e p l o t .  T h is  
p ro ced u re  may be  u s e f u l  in  d e f in in g  a  body s iz e  ra n g e  and ra n g e s  
f l i g h t  c o n d i t io n  f o r  more d e t a i l e d  a n a ly s i s .  The r a d i a t i v e  c o o lin g  
c o r r e l a t i o n  has been  used  by L iv in g s to n  and M il l ia r d  (R e f. 5 .1 5 )  
and S tic k fo rd  (R e f . 5 .1 6 )  to  c a l c u la t e  s ta g n a t io n  p o in t  h e a t in g  
r a t e s  f o r  a tm o sp h eres  c o n ta in in g  d i f f e r e n t  p e rc e n ta g e s  o f  and N^. 
The r a d i a t i v e  c o o l in g  p a ram e te r c o r r e l a t i o n  was shown to  p r e d i c t  
e x p e r im e n ta lly  m easured r a d i a t i v e  h e a t in g  r a t e s  w i th in  th e  s c a t t e r  
o f  th e  d a ta  f o r  b o th  a i r  and a  90% CO2 -  10% ^  a tm o sp h e re s . The 
e x p e r im e n ta l h e a t in g  r a t e  d a ta  was o b ta in e d  fo r  a  5 in c h  d ia m e te r  
hem isphere and a  1 .25  in .  d ia m e te r  t ru n c a te d  c y l in d e r  in  a  shock tu b e . 
D ata was ta k e n  o v er a  f r e e  s tream  v e l o c i ty  ran g e  o f  18,000 to  30,000 
f t / s e c  and a  p o s t  shock te m p e ra tu re  o f  7 ,500 to  15,000°K  and 
p re s s u re  ra n g e  1 .0  to  7 .0  a tm o sp h eres . T hus, a l th o u g h  th e  f r e e  
s tream  v e l o c i t i e s  a r e  low er th a n  th o s e  c o n s id e re d  in  th e  p r e s e n t  w ork,
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th e  p o s t  shock  c o n d i t io n s  a r e  s im i la r .  The ag reem en t betw een  th e o ry  
and d a ta  shown by R e f. 5 .1 5  le n d s  v a l i d i t y  to  th e  u se  o f  th e  c o o lin g  
p a ram e te r  c o r r e l a t i o n  in  th e  p r e s e n t  w ork. F u rth e rm o re , e x te n s io n  
o f  th e  p r e s e n t  work u s in g  th e  RADCOR program  to  in c lu d e  CO^ -  N j 
a tm ospheres i s  j u s t i f i e d  by th e  agreem ent o f  th e s e  r e s u l t s .
To i l l u s t r a t e  th e  d i f f e r e n c e  in  r a d i a t i v e  h e a t in g  r a t e s  r e s u l t i n g  
from d i f f e r e n t  a tm o sp h eres  F ig . 5 .4 6  was p re p a re d . The r e s u l t s  
shown a re  f o r  a i r  and 100% CC^ a t  th e  same p o s t shock c o n d i t io n s  
w hich c o rre sp o n d  to  a  r e p r e s e n t a t iv e  f l i g h t  c o n d i t io n  fo r  Venus e n t ry .  
The r a d i a t i v e  h e a t  t r a n s f e r  c o e f f i c i e n t  i s  g iv e n  as a  f u n c t io n  o f  
s t a n d - o f f  d is ta n c e  w h ich , o f  c o u r s e ,  i s  a  fu n c t io n  o f  body r a d iu s .
The r e s u l t s  show a  much la r g e r  r a d i a t i v e  h e a t in g  f o r  th e  100%
atm osphere  th a n  f o r  a i r  a t  th e  s p e c i f ie d  c o n d i t io n s .  F u r th e r ,  th e
h e a t in g  r a t e  in c re a s e s  more r a p id ly  fo r  a i r  a s  a  f u n c t io n  o f  s ta n d ­
o f f  d is ta n c e  th a n  f o r  100% CO^.
CHAPTER CLOSURE
To r e c a p i t u l a t e ,  s ta g n a t io n  l in e  shock la y e r  s o lu t io n s  w ere 
p re s e n te d  fo r  v a r io u s  s p e c i f i e d  a b l a t io n  r a t e s  and f o r  co up led  a b la to r -  
shock  la y e r  c o n d i t io n s .  The c h a r a c t e r i s t i c s  o f  r a d i a t i o n  and a b la t io n  
c o u p lin g  in  th e  shock la y e r  w ere q u a n t i t a t i v e l y  shown and d is c u s s e d .  
These c h a r a c t e r i s t i c s  in c lu d e d  th e  r a d i a t i o n  and a b l a t i o n  e f f e c t s  
on th e  s ta n d - o f f  d i s t a n c e ,  te m p e ra tu re  p r o f i l e ,  v e l o c i t y  p r o f i l e  
and r a d i a n t  h e a t in g .  A s im p l i f ie d  h e a t in g  r a t e  c a l c u l a t i o n  m ethod, 
b ased  on th e  r a d i a t i v e  c o o l in g  p a ra m e te r , was u sed  to  d ev e lo p  a  s e t
o f  g rap h s  w hich can  be u sed  to  make hand c a l c u l a t i o n  e s t im a te s  o f
h y p e rb o lic  e n t r y  h e a t in g  r a t e s .
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CHAPTER 6
AROUND THE BODY RESULTS
The p u rp o se  o f  t h i s  c h a p te r  i s  tw o - fo ld . F i r s t ,  p ro c e d u re s  used 
to  compute th e  shock shape around  th e  body a r e  d is c u s s e d  and r e s u l t s  
com paring d i f f e r e n t  methods are p re s e n te d .  The e f f e c t s  o f  p o s t  shock 
p re s s u re  d i s t r i b u t i o n s  on th e  shock shape a re  s tu d ie d  p a r a m e tr ic a l ly  
d e m o n s tra tin g  shock lo c a t io n  s e n s i t i v i t y  to  such v a r i a t i o n s .
S econd ly , r a d i a t i v e  h e a t in g  r a t e  d i s t r i b u t i o n  r e s u l t s  from r a d i a t i v e  
c o o l in g  p a ra m e te r  c a lc u la t io n s  a r e  p r e s e n te d .  T hese r e s u l t s  a re  
compared w ith  more d e t a i l e d  a n a ly se s  w hich r e q u i r e  f lo w - f ie ld  
s o lu t io n s  and a t  m ost a re  found to  d i f f e r  by ab o u t +  6%.
SHOCK SHAPE CALCULATIONS
Any d is c u s s io n  o f  c a lc u la t io n s  o f  th e  lo c a t io n  o f th e  bow shock 
wave produced  by a  b lu n t  body n a t u r a l ly  in v o lv e s  a  d is c u s s io n  o f  th e  
p o s t  shock p r e s s u r e  and s u r fa c e  p r e s s u re  d i s t r i b u t i o n s .  T h is  i s  
t r u e  s in c e  th e  lo c a t io n  o f  th e  bow shock i s  de term ined  by th e  p o s t  
shock p r e s s u r e  w hich in  tu r n  i s  to  a  f i r s t  ap p ro x im atio n  d i r e c t l y  
d e te rm in ed  by th e  s u r fa c e  p r e s s u re .
T here  a r e  th r e e  m ethods w hich may be used  to  d e te rm in e  th e  
shock shape and p re s s u re  d i s t r i b u t i o n  around  th e  body. F i r s t ,  we 
w i l l  c o n s id e r  th e  te c h n iq u e  u sed  in  R e fs .  6 .1  and 6 .2  and o th e r s .
The shock shape i s  s p e c i f ie d  a  p r i o r i  from  w hich th e  w a l l  p r e s s u re  
d i s t r i b u t i o n  i s  c a lc u la te d  a s  th e  s o lu t io n  p ro cee d s  around th e  body. 
An o u tp u t shock  shape i s  c a lc u la te d  from th e  g e o m e tr ic a l ly  r e l a t i o n  
(R e f. 6 .3 )
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e = ta n -1 [ ( d 6 / d § ) / ( l  + x 6) ] (6 . 1)
w here 6 i s  c a lc u la te d  as  a r e s u l t  o f  th e  x -  momentum s o lu t io n .  T h is  
o u tp u t a n g le  i s  compared w ith  th e  in p u t a n g le .  I f  th e  in p u t and 
o u tp u t a r e  n e a r ly  th e  same th e  s o lu t io n  i s  s a id  to  be conv erg ed .
A second te c h n iq u e  in v o lv e s  s p e c ify in g  a  w a ll  p re s s u re  d i s t r i b u t i o n  
a  p r i o r i . P r e f e r a b ly  t h i s  d i s t r i b u t i o n  i s  known from e x p e rim e n ta l 
d a ta  f o r  h y p e rso n ic  Mach num bers. The change in  p re s s u re  due to  
r a d i a t i o n  c o u p lin g  i s  j u s t i f i a b l y  n e g le c te d  (R ef. 6 .1 ) .  A shock 
shape i s  a l s o  assum ed. The shock la y e r  e q u a tio n s  a re  so lv ed  around 
th e  body and th e  c a lc u la te d  and in p u t p r e s s u re  d i s t r i b u t i o n s  a r e  
com pared. The shock shape i s  n u m e ric a lly  a d ju s te d  acc o rd in g  to  th e  
p r e s s u r e  d i f f e r e n c e .  The s o lu t io n  i s  r e p e a te d  u n t i l  s a t i s f a c t o r y  
p r e s s u re  co nvergence  i s  o b ta in e d . The th i r d  te ch n iq u e  in v o lv ed  i s  
a  s im u ltan e o u s  s o lu t io n  o f  th e  g e o m e tr ic a l r e l a t i o n
w ith  th e  shock la y e r  e q u a t io n s .  The p o s t  shock and s u r fa c e  p re s s u re  
d i s t r i b u t i o n s  a r e  a u to m a tic a l ly  c a lc u la te d  as  p a r t  o f  th e  shock 
la y e r  e q u a t io n s  s o lu t i o n .  Only one around th e  body i t e r a t i o n  i s  
needed fo r  t h i s  te c h n iq u e .
v e r s io n  o f  th e  com puter program  d e s c r ib e d  in  R e f . 6 .1  and 6 .2 .  
U n fo r tu n a te ly  b o th  o f  th e s e  te c h n iq u e s  have l i m i t a t i o n s .  The f i r s t  
te c h n iq u e  consumes com puter tim e  b eca u se  o f  th e  many around th e
0
(6 . 2)
The f i r s t  two te c h n iq u e s  have been  im plem ented in  a  m o d ified
Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
2 7 2
body i t e r a t i o n s  w hich a r e  n e c e s s a ry .  I n  a d d i t io n ,  each  e s t im a te  o f  
th e  shock shape m ust be made by hand th u s  consum ing m an-hours . The 
second te c h n iq u e  a l s o  consum es a  g r e a t  d e a l o f  com puter tim e b eca u se  
o f  th e  many i t e r a t i o n s  aro u n d  th e  body th a t  a r e  n e c e s s a ry  f o r  
conv erg en ce . The second te c h n iq u e  does have an  ad v an tag e  o v e r th e  
f i r s t  s in c e  th e  in p u t and o u tp u t  p re s s u re s  a re  sm ooth; th u s  u p d a t in g  
o f  th e  shock shape can  be done a u to m a tic a l ly .  However, t h i s  
te ch n iq u e  does n o t n e c e s s a r i l y  s a t i s f y  th e  g e o m e tr ic a l d i f f e r e n t i a l  
e q u a tio n  s t a t e d  above. S in c e  th e  f i r s t  two te c h n iq u e s  a re  s u b je c t  
to  u n d e s ir a b le  l i m i t a t i o n s ,  i t  i s  th e  pu rpose  h e re  to  e x p lo re  th e  
f e a s i b i l i t y  o f  im plem en ting  th e  t h i r d  te c h n iq u e .
The p o s t  shock p r e s s u r e ,  P d i f f e r s ,  in  g e n e r a l ,  from th e
o
s u r fa c e  p r e s s u r e ,  P , fo r  th e  same body an g le  lo c a t io n .  The p r e s s u r e  
and te m p e ra tu re  v a r i a t i o n s  a c r o s s  th e  shock la y e r  a re  shown i n  F ig .  
6 .1 .  T hese r e s u l t s ,  o b ta in e d  from  u n p u b lish ed  work o f  S p ra d le y  and 
E ngel (R e f. 6 .4 ) ,  show t h a t  th e  p o s t  shock p r e s s u re  i s  s m a lle r  th a n  
th e  w a ll  p r e s s u re  f o r  p o s t  shock  Mach numbers l e s s  th a n  one and i s  
g r e a te r  th a n  th e  w a ll  p r e s s u r e  f o r  la rg e r  Mach num bers. The r e s u l t s  
p re s e n te d  in  F ig .  6 .1  w ere o b ta in e d  u s in g  a com puter s o lu t io n  o f  th e  
shock la y e r  e q u a t io n s  docum ented in  R e f . 6 .1  and 6 .2  The r e f e r e n c e d  
method u sed  a  m o d ified  K arm an-Pohlhausen i n t e g r a l  method to  s o lv e  
th e  x -  momentum e q u a t io n  and a  f i n i t e  d i f f e r e n c e  r e l a x a t i o n  
p ro ced u re  to  e v a lu a te  th e  e n e rg y  e q u a t io n . An in v i s c id  y -  momentum
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E m ission  R a d ia tio n  Coupled 
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R e f. 6 .4 )
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e q u a tio n  s o lu t io n  f o r  th e  g iv e n  x -  momentum s o lu t io n  i s  u sed  to  
o b ta in  th e  y p r e s s u r e  v a r i a t i o n .  R e s u lts  from t h i s  program  y ie ld  
th e  r e q u ire d  p o s t  shock  p re s s u re  v a r i a t i o n  fo r th e  p r e s e n t  in v e s t i ­
g a t io n  o f  shock shape c a l c u la t io n s .
The g e o m e tr ic a l  i n t e g r a l  e q u a tio n  (6 .2 )  was in te g r a te d  w ith  a  
s im u ltan e o u s  R ankine-H ugonio t s o lu t io n  to  o b ta in  th e  bow shock shape 
fo r  a g iv e n  p o s t  shock p re s s u re  d i s t r i b u t i o n .  S p e c ify in g  th e  f r e e -  
s tream  v e lo c i ty  and d e n s i ty  and th e  p o s t  shock p r e s s u r e  i s  s u f f i c i e n t  
to  s o lv e  fo r  th e  shock a n g le ,  e , (from  E qs. 2 .79 to  2 .8 2 ) u s in g  a 
th e rm al and c a l o r i c  e q u a tio n s  o f  s t a t e .  T h is shock a n g le  i s  th en  
used  in  Eq. 6 .2  to  so lv e  fo r  th e  lo c a l  s ta n d - o f f  d i s t a n c e ,  6 . The 
in t e g r a t i o n  o f  Eq. 6 .2  was c a r r i e d  o u t u s in g  a s im p le  p r e d ic to r  
c o r r e c to r  m ethod. N um erical ex p erim en ts  showed t h a t  a  s te p  s iz e  o f  
A0 = .5  d eg . was s u f f i c i e n t l y  sm a ll to  in s u re  co nvergence  to  a  
u n ique  s o lu t io n .
F ig u re  6 .2  p r e s e n ts  r e s u l t s  o f  th e  in t e g r a t i o n  an d  R ankine- 
H ugoniot s o lu t io n .  Two a s p e c ts  o f  shock shape c a l c u la t io n s  a re  
d em o n stra ted  i n  t h i s  f ig u r e .  F i r s t ,  a  com parison o f  th e  p r e s e n t  
i n t e g r a t i o n  m ethod and th e  shock shape computed u s in g  th e  flow - 
f i e l d  n u m e ric a l s o lu t io n  o f  R e f . 6 .2  i s  p re s e n te d  ( i . e .  FR = 0 .0 ) .
The r e s u l t s  a r e  in  q u i t e  good agreem ent as ex p ec ted  fo r  th e  fo llo w in g  
r e a s o n . The p o s t  shock  p r e s s u re  d i s t r i b u t i o n  u sed  in  th e  shock 
shape in t e g r a t i o n  was o b ta in e d  from th e  f lo w - f ie ld  s o lu t io n .  The 
f lo w - f ie ld  s o lu t io n  was o b ta in e d  by s p e c ify in g  th e  w a ll  p r e s s u re
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d i s t r i b u t i o n  and i t e r a t i n g  on th e  shock shape u n t i l  th e  w a l l  p re s s u re  
co n v erg ed . The w a ll  p re s s u re  was s p e c i f i e d  u s in g
w hich i s  an  in v e rs e  s o lu t io n  c o r r e l a t i o n  o f  Inouye (R e f. 6 .5 ) .  Thus 
one a s p e c t  d em o n stra ted  in  F ig . 6 .2  i s  t h a t  th e  n u m e rica l in te g r a t i o n  
o f  Eq. 6 ,2  does y ie ld  a s o lu t io n  com parable  to  th e  f lo w - f ie ld  s o lu t io n .
The second a s p e c t  o f  shock shape c a l c u la t io n s  shown in  F ig . 6 .2  
i s  th e  s e n s i t i v i t y  o f  th e  s ta n d - o f f  d is ta n c e  to  th e  p o s t  shock p re s s u re  
d i s t r i b u t i o n  w hich was s tu d ie d  by p a r a m e tr ic a l ly  v a ry in g  t h i s  
d i s t r i b u t i o n  w ith  th e  e q u a tio n :
In  th e  above e x p re s s io n  PR r e p r e s e n t s  an  e r r o r  t h a t  m igh t be 
e x p e rie n c e d  by th e  fo rw ard  i n t e g r a t i o n  p ro ced u re  in  any f lo w - f ie ld  
s o lu t io n .  The r e s u l t i n g  s ta n d - o f f  d is ta n c e s  fo r  PR = +  .05  and +  .01  
a re  shown in  F ig .  6 .2  These r e s u l t s  in d i c a te  t h a t  th e  norm al 
d i r e c t i o n  v a r i a t i o n s  in  p r e s s u re  a s  th o se  shown in  F ig . 6 .1  a re  
q u i t e  im p o r ta n t in  d e te rm in in g  th e  shock sh ap e . M oreover, a  h igh  
d eg ree  o f  a c c u ra c y  m ust be  m a in ta in e d  in  a  f lo w - f ie ld  c a l c u la t io n  to  
p re v e n t c o m p u ta tio n a l in a c c u ra c ie s  from  b e in g  a m p lif ie d  in  th e  
r e s u l t i n g  shock  lo c a t io n .
Assuming t h a t  n u m erica l a c c u ra c y  can  be m a in ta in e d , r e s u l t s  
p re s e n te d  in  F ig .  6 .3  in d ic a te  t h a t  th e  p r e s e n t  i n t e g r a t i o n  method 
i s  to  be p r e f e r r e d  ov er th e  two o th e r  m ethods p re v io u s ly  u sed  w ith
P = P (1 .0  -  1 .25  s in 2 0 + 0 .2 8 4  s in 4 0) w w (6 .3 )o
6 COMPUTED (1 + PR (9 ° /3 4 0 ) ) (6 .4 )
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f lo w - f ie ld  s o lu t io n s .  T h is  f ig u r e  p re s e n ts  th e  shock 
a n g le  com puted by th e  p r e s e n t  m ethod and th e  o u tp u t  shock angle from 
th e  f lo w - f i e ld  s o lu t io n .  The shock a n g le , e ,  i s  computed from 
d i f f e r e n c in g  th e  o u tp u t s ta n d - o f f  d is ta n c e  o f  th e  f lo w - f ie ld  
s o lu t io n  and u s in g  a  two p o in t  d i f f e r e n c e  d e r iv a t iv e  in  Eq. 6 .1 .
Sm all f lu x u a t io n s  in  th e  o u tp u t s ta n d - o f f  d is ta n c e  r e s u l t  in  th e  
i r r e g u l a r  changes in  e and accu lu m u tiv e  e r r o r .  U sing th e  p re s e n t  
method a  smooth shock a n g le  i s  com puted; t h i s  i s  n e c e s s a ry  i f  th e  
shock shape i s  to  be u p d a ted  by an i t e r a t i o n  p ro c e d u re  in  a  com puter 
program .
The s e t  o f  th in  shock la y e r  e q u a tio n s  f o r  around th e  body flow  
a re  p a r a b o l ic .  T hus, one e x p e c ts  th e  i n i t i a l  c o n d i t io n s ,  i . e . ,  
s ta g n a t io n  l i n e  c o n d i t io n s ,  to  in f lu e n c e  th e  down s tream  s o lu t io n .
The i n i t i a l  c o n d i t io n s  a r e  d e te rm in e d , in  p a r t ,  by th e  shock 
c u rv a tu re  a t  th e  s ta g n a t io n  l i n e .  As p o in te d  o u t in  C h ap te r 2 t h i s  
s ta g n a t io n  boundary  c o n d i t io n  i s  unknown, and i t  i s  u s u a l ly  assum ed. 
The t r u e  e l l i p t i c  n a tu re  o f  th e  problem  in d ic a te s  t h a t  t h i s  boundary 
c o n d i t io n  i s  d e te rm in ed  by dow nstream  e f f e c t s .  As p o in te d  o u t in  
some e a r ly  work o f  H o sh izak i (R ef. 6 . 6 ) a  dow nstream  boundary 
c o n d i t io n  co u ld  t h e o r e t i c a l l y  be  s u b s t i tu t e d  f o r  th e  i n i t i a l  shock 
c u rv a tu r e .  T h is  dow nstream  c o n d i t io n  i s  th e  in v i s c id  shock ang le  
f a r  from  th e  body w here a l l  d is tu rb a n c e s  from th e  body a r e  n e g l ig ib l e .  
S in ce  i t  i s  n o t p r a c t i c a l  to  a t te m p t to  s a t i s f y  t h i s  downstream 
boundary c o n d i t io n ,  th e  i n i t i a l  shock c u r v a tu r e ,  (d e /d § )g _ ^ , m ust 
be s p e c i f i e d .
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In  o rd e r  to  exam ine u n c e r ta in ty  in  th e  p o s t  shock p re s s u re  
d i s t r i b u t i o n  r e s u l t i n g  from u n c e r ta in ty  i n  th e  shock c u rv a tu re  a t  
th e  s ta g n a t io n  l i n e ,  F ig . 6 .4  was p re p a re d . The f lo w - f ie ld  s o lu t io n  
o f  R e f. 6 .2  was u sed  to  compute th e  p o s t  shock  p r e s s u r e  d i s t r i b u t i o n  
fo r  a  g iv e n  i n i t i a l  shock c u rv a tu r e ,  (de /d§ )g_Q . The th r e e  d i s t r i ­
b u tio n s  shown w ere o b ta in e d  u s in g  Eq. 6 .3  and th e  s u r fa c e  p r e s s u re  
convergence m ethod. The maximum p e rc e n t d i f f e r e n c e  in  p re s s u re  
n o ted  a t  0 = 34° i s  ap p ro x im ate ly  -5%. As was d em o n stra ted  in  F ig .
6 . 2  a change o f  p r e s s u re  o f  t h i s  m agnitude c a u se s  a  v e ry  m ajor 
change in  th e  shock shape. A c c o rd in g ly , we may conclude  th a t  
u n c e r t a in t i e s  in  th e  i n i t i a l  shock c u r v a tu r e ,  w hich r e s u l t  from th e  
e l l i p t i c  n a tu re  o f  th e  p rob lem , may p re c lu d e  an  a c c u ra te  e s t im a te  o f  
th e  shock  sh ap e .
As a  p r a c t i c a l  m a tte r  th e  shock shape m ust be approx im ated  to  
compute th e  s u r f a c e  h e a t in g  r a t e s .  T h e re fo re ,  i t  i s  su g g es ted  th a t  
th e  i n i t i a l  c u rv a tu r e  be assumed such  th a t  c a l c u l a t i o n s  may be made. 
The a c c u ra c y  o f  th e  r e s u l t s  shou ld  be  re g a rd e d  w ith  an  aw areness 
o f  th e  e r r o r  w hich may be in tro d u c e d  by th e  assum ed c u rv a tu re .
To c o n c lu d e , i t  i s  observed  th a t  th e  i n t e g r a t i o n  o f  th e  
g e o m e tr ic a l e q u a t io n  (Eq. 6 .2 )  r e s u l t s  in  a  smooth shock sh ape . T h is  
i s  im p o rta n t i f  th e  shock lo c a t io n  i s  to  be  i t e r a t e d  upon n u m e ric a l ly .  
F u r th e r  th e  shock shape lo c a t io n  i s  s t r o n g ly  co u p led  to  b o th  th e  
i n i t i a l  shock c u rv a tu re  and p re s s u re  changes a c ro s s  th e  shock la y e r .
Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
E
4JtS
OM300
C Oa)uP4
XooSI
CO
■U
09ocu
80
U = 41000 f t / s e c
“  - 6= 1.03 x 10 s l u g / f t
^ R =  1 f t76
-.72
§=0
.68
|= 0
64
60
56
30200 10
Q, Body A ngle (D eg .)
F ig . 6 .4  P o s t Shock P re s su re  D is t r ib u t io n s
fo r  D if f e r e n t  I n i t i a l  Shock C u rv a tu re s
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
2 8 1
RADIATIVE HEATING RATE DISTRIBUTIONS
The su c c e ss  o f  u s in g  a  r a d i a t i v e  c o o lin g  p a ra m e te r  c o r r e l a t i o n  
to  com pute s ta g n a t io n  l i n e  r a d i a t i v e  h e a t in g  r a t e s  prom pted an 
i n v e s t i g a t io n  in to  i t s  a p p l i c a b i l i t y  to  n o n - s ta g n a t io n  l i n e  c a lc u ­
l a t i o n s .  The g o a l h e re  i s  to  o b ta in  a  c o m p u ta tio n a lly  r a p id  means 
o f  e s t im a t in g  d i s t r i b u t e d  h e a t in g  r a t e s  f o r  no mass i n j e c t i o n .  The 
e f f e c t s  o f  mass i n j e c t i o n  may be acc o u n ted  f o r  by u s in g  s ta g n a t io n  
l i n e  r e s u l t s  p re s e n te d  in  C hap ter 5 o r  c o r r e l a t i o n s  when a v a i la b le  
to  d e te rm in e  th e  a b l a t i o n  -  shock la y e r  co u p led  h e a t in g  r a t e s .
One o f  th e  b a s ic  assu m p tio n s  u s u a l ly  made in  c a l c u la t io n s  o f  
shock  la y e r  r a d i a t i v e  t r a n s f e r  i s  t h a t  th e  shock  la y e r  can  be  
t r e a t e d  lo c a l ly  as a  p la n a r  i n f i n i t e  s la b  fo r  c a l c u la t io n s  a lo n g  
th e  s ta g n a t io n  l i n e  o r  around the  body. T h is  assu m p tio n  i s  in h e re n t  
i n  th e  r a d i a t i v e  c o o l in g  p a ram ete r c o r r e l a t i o n  p re s e n te d  in  C h ap te r
3 . Thus t h i s  assu m p tio n  i s  c o n s i s te n t  w ith  r a d i a t i v e  t r a n s f e r  
c a l c u l a t i o n s  made in  f lo w - f ie ld  a n a l y s i s .  I n  o rd e r  to  u se  th e  
r a d i a t i v e  c o o lin g  p a ra m e te r  c o r r e l a t i o n ,  dev elo p ed  from  s ta g n a t io n  
l i n e  c a l c u l a t i o n s ,  f o r  n o n s ta g n a t io n  l i n e  c a l c u l a t i o n s  i t  i s  n e c e s sa ry  
to  assume t h a t  th e  r a d i a t i v e  t r a n s f e r  p ro c e s s  and th e  lo c a l  tem pera­
t u r e  p r o f i l e  a re  s im i la r  to  th o se  o f  th e  s ta g n a t io n  l i n e .  F ig . 6 .1 b  
p ro v id e s  a  q u a l i t a t i v e  b a s i s  f o r  ju d g in g  such  an  a ssu m p tio n . The 
c o n s ta n t  te m p e ra tu re  l i n e s  shown in  F ig .  6 .1 b  w ere computed u s in g  th e  
f lo w - f i e ld  a n a ly s is  o f  R e f. 6 .2  w ith  r a d i a t i v e  c o u p lin g  o f  th e  
e m is s io n  m odel. The r e s u l t s  in d i c a te  t h a t  a lth o u g h  th e re  i s  a  
change in  c h a ra c te r  o f  th e  te m p e ra tu re  a lo n g  c o n s ta n t  g - l i n e s ,  th e  
te m p e ra tu re  le v e l  changes r a th e r  s lo w ly  a s  a  f u n c t io n  o f  d is ta n c e
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a lo n g  th e  body. T h is  i s  in  c o n t r a s t  to  th e  more r a p id  change in  
p r e s s u re  a s  shown in  F ig .  6 .1 a .  C o n seq u en tly  one e x p e c ts  th e  
s i m i l a r i t y  assu m p tio n  to  be q u a l i t a t i v e l y  c o r r e c t .
G iven th e  e x p ec ted  l i m i t a t i o n s ,  th e  r a d i a t i v e  c o o lin g  p a ra m e te r  
was used  in  th e  com puter program  RADCGR (s e e  A ppendix E) to  com pute 
r a d i a t i v e  h e a t in g  d i s t r i b u t i o n s .  The is o th e rm a l f lu x  was computed 
lo c a l ly  u s in g  th e  p o s t  shock te m p e ra tu re  and p r e s s u r e  a c ro s s  a  s la b  
o f  th ic k n e s s  e q u a l to  th e  ch osen  s ta n d - o f f  d i s t a n c e .  I n  th e  e v e n t 
o f  th e  la c k  o f  a  b e t t e r  e s t im a te  a  c o n c e n tr ic  shock i s  assum ed. No 
p ro v is io n s  have been  made to  a c c o u n t f o r  r a d i a t i v e  t r a n s f e r  b lockage  
by a b l a t io n  p ro d u c ts .  R a d ia t iv e  h e a t in g  d i s t r i b u t i o n s  computed 
w ith  t h i s  method a r e  p re s e n te d  in  F ig s .  6 .5 ,  6 .6  and 6 .7 .
F ig u re  6 .5  p r e s e n ts  a  com parison  o f  h e a t in g  r a t e  d i s t r i b u t i o n s  
from  th e  p r e s e n t  method and an  in v i s c id  f lo w - f i e ld  s o lu t io n  o f  
B arn w ell (R ef. 6 .7 ) .  B arn w ell u sed  a  tim e -d e p e n d e n t f i n i t e -  
d i f f e r e n c e  te c h n iq u e  to  o b ta in  n u m e ric a l s o lu t io n s  f o r  th e  p rob lem  o f  
in v i s c id  flow  o f  r a d i a t i n g  e q u i l ib r iu m  a i r  p a s t  sp h e re s  a t  h y p e rb o lic  
sp e e d s . The r e s u l t s  o f  R e f . 6 .7  w ere com puted u s in g  a  two s te p  
a b s o rp tio n  c o e f f i c i e n t  model w hich  in c lu d e d  th e  e f f e c t s  l i n e  and 
con tinuum  a i r  r a d i a t i o n .  The r e s u l t s  o f  th e  p r e s e n t  m ethod w ere 
o b ta in e d  u s in g  th e  shock shape com puted by B arnw ell.*
F ig .  6 .6  p r e s e n ts  a  com parison  o f  th e  r a d i a t i v e  h e a t in g  
d i s t r i b u t i o n s  ab o u t a  sp h e re  from  th e  p r e s e n t  m ethod and th e  
v is c o u s  shock la y e r  s o lu t io n  r e p o r te d  by Chou and B lak e  (R e f . 6 . 8) .
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Chou and B lake so lv ed  th e  t h i n  shock la y e r  e q u a tio n s  u s in g  a  B la s iu s  
ty p e  s e r i e s  expan sio n  te c h n iq u e . S o lu tio n s  w ere o b ta in e d  u s in g  
th r e e  te rm s in  t h i s  s e r i e s .  R a d ia t iv e  t r a n s p o r t  was com puted u s in g  
a  th r e e  band continuum  model f o r  th e  a b s o rp tio n  c o e f f i c i e n t  o f  a i r .
The agreem ent shown in  F ig .  6 .6  i s  n o t  a s  good as  i n  F ig ..  6 .5 ;  
how ever, i t  i s  no ted  th a t  l i n e  r a d i a t i o n  e f f e c t s  w ere n o t a c c o u n ted  
fo r  in  th e  r e s u l t s  o f  R e f. 6 .7 .  As d em o n stra ted  by Chou and B la k e , 
v is c o u s  e f f e c t s  do n o t s i g n i f i c a n t l y  a l t e r  th e  r a d i a t i v e  h e a t in g  
d i s t r i b u t i o n  fo r  th e s e  no a b l a t io n  c a s e s .  T h is  p ro v id e s  a d d i t io n a l  
c re d e n c e  to  s im u la r i ty  a ssu m p tio n s  in h e re n t  in  th e  p r e s e n t  m ethod.
F ig .  6 .7  p re s e n ts  r e s u l t s  fo r  th r e e  f l i g h t  c o n d i t io n s  u s in g  th e  
p r e s e n t  m ethod. Each h e a t in g  r a t e  d i s t r i b u t i o n  c a s e  p re s e n te d  to o k  
le s s  th a n  2 .0  m inu tes o f  IBM 360-65 com puter tim e . The h e a t in g  r a t e  
d i s t r i b u t i o n s  w ere computed assum ing  a  c o n c e n tr ic  shock  f o r  a  
s p h e r ic a l  body. The r e s u l t s  show th e  same tre n d s  r e p o r te d  u s in g  more 
d e t a i l e d  m odels. The m ain t r e n d  d em o n stra ted  i s  t h a t  th e  h e a t in g  
r a t e  d e c re a s e s ,  as  a  fu n c t io n  o f  body a n g le ,  more r a p id l y  f o r  low er 
f l i g h t  v e l o c i t i e s  th a n  h ig h e r  o n e s . A d d itio n a l c a s e s  n o t p r e s e n te d  
in d ic a te d  a  weak dependence o f  th e  h e a t in g  r a t e  d i s t r i b u t i o n  on body 
r a d iu s  w hich a g re e s  w ith  th e  r e s u l t s  o f  R e f. 6 .7 ,  6 . 8  and o th e r s .
I n  o rd e r  to  e s t im a te  th e  e f f e c t s  o f  i n i t i a l  shock  c u rv a tu r e  on 
th e  h e a t in g  r a t e  d i s t r i b u t i o n ,  e q u i l ib r iu m  a ro u n d -th e -b o d y  s o lu t io n s  
w ere o b ta in e d  u s in g  th e  com puter program  documented in  R e f . 6 .2  
F ig u re  6 . 8  p r e s e n ts  th e  r e s u l t s  o f  t h i s  p a ra m e tr ic  s tu d y . The i n i t i a l  
shock c u r v a tu r e ,  (de/d§)g_Q  , was v a r ie d  from z e ro , th e  c o n c e n tr ic
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shock a s su m p tio n , to  a  v a lu e  o f  0 .1 .  The h e a t in g  r a t e s ,  f o r  th e  
1 fo o t  sp h e re  c o n s id e re d ,  was s i g n i f i c a n t l y  in c r e a s e d ,  ~  25% h ig h e r  
a t  4 0 ° , by assum ing  an i n i t i a l  c u rv a tu re  o f  0 .1  r a t h e r  th a n  z e ro .
The i n i t i a l  shock  c u rv a tu re  was r e p o r te d  by Burns and O liv e r  (R ef. 
6 .9 )  to  be a p p ro x im a te ly  0 .0705  f o r  a  h e m isp h e r ic a l body a t  s im i la r  
f l i g h t  c o n d i t io n s .  I t  shou ld  be  n o ted  t h a t  th e  e m is s io n  r a d i a t i o n  
model was u sed  in  th e s e  c a l c u la t io n s  and th e r e f o r e  o n ly  t r e n d s ,  n o t 
a  q u a n t i t a t i v e  m e a su re s , a re  e s ta b l i s h e d .  N e v e r th e le s s ,  th e  la rg e  
changes shown in  F ig . 6 . 8  i n d i c a te  t h a t  one may s a f e ly  co n c lu d e  th a t  
th e  shock c u rv a tu r e  a t  th e  s ta g n a t io n  l i n e  can  have a  s i g n i f i c a n t  
e f f e c t  on th e  h e a t in g  r a t e  d i s t r i b u t i o n .
From th e  r e s u l t s  p re s e n te d  in  t h i s  s e c t io n  one can  conclude  
t h a t  th e  u se  o f  a  r a d i a t i v e  c o o lin g  p aram ete r to  com pute h e a t in g  r a t e  
d i s t r i b u t i o n s  a p p e a rs  to  y ie ld  s a t i s f a c t o r y  r e s u l t s  f o r  p re l im in a ry  
d e s ig n  w ork. T h is  c o n c lu s io n  i s  in d ic a te d  by th e  ag reem en t w ith  
o th e r  m ethods shown, th e  sm a ll co m p u ta tio n  tim e r e q u ir e d  and th e  
rem a in in g  u n c e r t a in ty  i n  dow nstream  h e a t in g  r a t e s  r e s u l t i n g  from 
i n i t i a l  shock c u rv a tu r e  u n c e r t a i n t i e s .  A lthough i t  has n o t been  
s tu d ie d  in  t h i s  s e c t i o n ,  th e  p r e s e n t  method o f  u s in g  th e  c o o lin g  
p a ra m e te r  m igh t w e ll  b e  a p p l ic a b le  to  n o n -ze ro  a n g le  o f  a t t a c k  
p roblem s n e a r  th e  s ta g n a t io n  l i n e  i f  a  shock lo c a t io n  e s t im a te  i s  
a v a i l a b l e .
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CHAPTER 7
CONCLUSIONS AND RECOMMENDATIONS
The r e s u l t s  in  th e  p re v io u s  c h a p te r s  g iv e  a more e x te n s iv e  and 
d e t a i l e d  q u a n t i t a t iv e  d e s c r ip t io n  o f  h y p e rb o lic  e n t ry  h e a t in g  th a n  
any p re v io u s ly  r e p o r te d  s tu d ie s .  The shock la y e r  and a b l a to r  
a n a ly s i s  in c lu d e s  a l l  o f  th e  known s ig n i f i c a n t  p ro c e s s e s .  These 
p ro c e s s e s  in c lu d e  a b l a t io n  and r a d i a t i v e  co u p lin g  e f f e c t s  w i th in  th e  
v is c o u s  shock la y e r ,  r a d i a t i v e  l i n e  and continuum  p ro c e s s e s  o f  b o th  
a i r  and a b l a t io n  s p e c ie s ,  lo c a l  ch em ica l e q u i l ib r iu m  th ro u g h o u t th e  
shock la y e r  and q u a s i - s te a d y  a b la to r  b e h a v io r . The o v e r a l l  a n a ly s i s  
in c lu d e s  th e  b e s t  a v a i la b le  m odels o f  each  p ro cess  and no s in g le  
o th e r  a n a ly s i s  has in c lu d e d  a l l  o f  th e s e  p ro c e s s e s .  S p e c if ic  
p ro c e s s e s  w ere s tu d ie d  w ith  r e s p e c t  to  t h e i r  c o n t r ib u t io n  to  th e  
shock la y e r  h e a t in g .  Where s e v e ra l  models o f  th e  same p ro c e s s  w ere 
found to  y ie ld  com parable r e s u l t s  th e  m ost sim ple  one was in c o rp o ra te d  
in to  th e  o v e r a l l  a n a ly s i s .  The d e t a i le d  d is c u s s io n  o f  th e  m athe­
m a tic a l  model u sed  and th e  r e s u l t s  o b ta in e d  p ro v id e  a sound b a s is  fo r  
u n d e rs ta n d in g  many o f  th e  c h a r a c t e r i s t i c  p ro c e s se s  o f  h y p e rb o lic  e n t ry  
h e a t in g .  I n  a d d i t io n  to  th e  s ta g n a t io n  l i n e  w ork, th e  r a d i a t i v e  
c o o l in g  p a ra m e te r , p re v io u s ly  used  o n ly  fo r  th e  s ta g n a t io n  l i n e ,  was 
shown to  be a p p l ic a b le  in  com puting h e a t  r a t e  v a r i a t io n s  a round  th e  
body. The com puter program s developed  a re  e n g in e e r in g  to o ls  w hich 
can  be used  to  q u a n t i t a t i v e l y  d e f in e  a e ro th e rm a l env ironm en ts n o t 
a l re a d y  c o n s id e re d  in  t h i s  s tu d y .
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CONCLUSIONS
Based on th e  r e s u l t s  p re s e n te d  in  t h i s  work th e  fo llo w in g  
c o n c lu s io n s  a r e  draw n. The c o n c lu s io n s  a re  fo r  th e  s ta g n a t io n  l in e  
u n le s s  s t a t e d  o th e rw is e .
M ath em atica l Model
1. As dem o n stra ted  in  C h ap te r 4 ,  th e  th in  v is c o u s  shock  
la y e r  flow  p ro c e s s e s  w hich o ccu r on th e  f r o n t  fa c e  o f  a  
b l u f f  body d u rin g  h y p e rb o lic  p la n e ta ry  e n t r y  a r e  
a c c u r a te ly  d e s c r ib e d  by th e  b l u f f  body f i r s t  o rd e r  shock 
la y e r  e q u a tio n s  s t a t e d  in  T ab. 2 .6 .
2 . N um erical s o lu t io n  o f  th e  s ta g n a t io n  l i n e  momentum and 
en e rg y  e q u a tio n s  u s in g  q u a s i l in e a r i z a t i o n  and im p l i c i t  
f i n i t e  d i f f e r e n c e s  was found to  be bo th  s a t i s f a c t o r y  and 
r e l i a b l e .  In  c o n t r a s t  w ith  o th e r  r e p o r te d  m ethods, no 
n u m e ric a l d i f f i c u l t i e s  w ere en co u n te red  in  u s in g  t h i s  
m ethod f o r  th e  momentum e q u a t io n .  Thus q u a s i l i n e a r i z a t i o n  
u sed  w ith  im p l ic i t  f i n i t e  d i f f e r e n c e s  to  o b ta in  a  n u m erica l 
s o lu t io n  to  th e  momentum e q u a t io n  i s  h ig h ly  recommended.
Shock L o c a tio n
1 . The shock s ta n d - o f f  d is ta n c e  a s  a  fu n c tio n  o f  th e  r a d i a t i v e  
c o o l in g  p aram ete r ap p ro ach es  an  asym to te a t  h ig h  f r e e  
s tre a m  v e l o c i t i e s .  The asy m to te  ap p ea rs  to  ap p ro ac h  a  
minimum as  th e  c o o l in g  p a ram e te r  n ea rs  a  v a lu e  o f  one .
The r a d i a t i o n  p e r tu r b a t io n  r e s u l t s  o f  G oulard  show th e
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same tr e n d s  due to  o p t i c a l  d ep th  changes a s  th e  p r e s e n t  
r e s u l t s  b u t th ey  do n o t y ie ld  th e  same r a d i a t i o n  co u p led  
s t a n d - o f f  d i s ta n c e .
2 . The u n c e r t a in t i e s  p r e s e n t  in  th e  i n i t i a l  shock  c u rv a tu re  
r e s u l t  in  a  5 to  10% in c re a s e  in  th e  no m ass i n j e c t i o n  
s ta n d - o f f  d is ta n c e  and a  co rre sp o n d in g  5 to  10% in c re a s e  
in  r a d i a t i v e  h e a t in g  above v a lu e s  o b ta in e d  assum ing  a  
c o n c e n tr ic  shock .
3. To o b ta in  shock shapes around th e  body, i n t e g r a t i o n  o f  
th e  shock g e o m e tr ic a l r e l a t i o n  (Eq. 6 .2 )  a p p e a rs  
c o m p u ta tio n a lly  s u p e r io r  to  p re v io u s  m ethods u se d .
4 . Sm all changes in  th e  i n i t i a l  shock c u rv a tu re  ( i . e .  0 .0  :£ 
(de/d§)^_Q  s: . 1) r e s u l t  in  s i g n i f i c a n t  ch an g es in  th e  
p r e s s u r e  and h e a t in g  r a t e  d i s t r i b u t i o n s  around  th e  body.
A b la tio n  and R a d ia t iv e  H ea tin g
1. The c u r r e n t  s t a t e  o f  th e  a r t  a n a ly se s  y ie ld  s ta g n a t io n  
l i n e  r a d i a t i v e  h e a t in g  r a t e s  fo r  no mass i n j e c t i o n  w hich 
a g re e  w ith  +  10% o f th e  a v e ra g e .
2 . The r a d i a t i v e  c o o lin g  p a ram ete r c o r r e l a t e s  s ta g n a t io n  
l i n e  h e a t in g  r a t e s  fo r  no mass i n j e c t i o n  from  th e  p r e s e n t  
v is c o u s  a n a ly s i s  and from  o th e r  in v i s c id  a n a ly s e s  r a t h e r  
w e ll  o v e r th e  p r e s s u re  ran g e  o f  i n t e r e s t .
3 . C o r r e la t io n s  o f  th e  r a d i a t i v e  c o o lin g  p a ra m e te r  may be 
used  in  c o n ju n c tio n  w ith  a p la n a r  s la b  r a d i a t i o n  m odel
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w hich acco u n ts  fo r  l in e  and continuum  t r a n s p o r t  'to  o b ta in  
e s t im a te s  o f  th e  r a d i a t i v e  h e a t in g  r a t e  v a r i a t i o n s  away 
from  th e  s ta g n a t io n  l in e  by methods d e s c r ib e d  in  C h ap te r 6 .
4 . The s ta g n a t io n  p o in t  lo c a t io n  as  a  fu n c tio n  o f  mass 
i n j e c t i o n  r a t e  i s  e s s e n t i a l l y  independent o f  th e  shock 
la y e r  p re s s u re  l e v e l  a t  = 50000 f t / s e c .  The s ta g n a t io n  
p o in t  lo c a t io n  was o b served  to  move s l i g h t l y  away from
th e  body as th e  f l i g h t  v e l o c i ty  i s  in c re a se d  a t  a  s p e c i f i e d  
a b l a t io n  r a t e .
5 . The nond im en sio n a l a b l a t io n  r a t e  p aram eter (p v )w> i s
i n s u f f i c i e n t  to  c o r r e l a t e  th e  nondim ensional h e a t in g  r a t e ,
C„ / (C ) ,  » _ n . The nond im ensional h e a t in g  r a t e  changes
" r  Hr 0
w ith  p o s t  shock p r e s s u re  and f r e e  s tream  v e l o c i ty  in  a d d i t io n
to  (pv )w* The r e s u l t s  a v a i l a b l e  fo r  com parison  in d ic a te d
t h a t  com p u ta tio n s  f o r  ca rb o n  p h e n o lic  a b la to r s  e x h ib i te d
th e  same p re s s u re  and f r e e  s tream  v e lo c i ty  d ep en d en c ies
a s  th e  p r e s e n t  r e s u l t  fo r  p h e n o lic  nylon  a b l a to r s .
6 . The a b la to r - s h o c k  la y e r  co u p led  r e s u l t s  in d ic a te s  th a t
below  P„ = .10 atm a t  U = 50000 f t / s e c  th e  s u r f a c e  6 ®
h e a t in g  i s  i n s u f f i c i e n t  t o  m a in ta in  th e  s u r fa c e  a t  th e  
su b lim a tio n  te m p e ra tu re .  C onsequen tly  th e  q u a s i - s te a d y  
ap p ro x im atio n  w i l l  n o t be v a l id  u n le s s  o th e r  m echanism s, 
such as  o x id a t io n ,  remove th e  s u r fa c e  r a p id ly  enough to
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m a in ta in  a  c o n s ta n t  ch a r th ic k n e s s .  In  a d d i t io n ,  th e
a b l a to r  co u p led  r e s u l t s  showed t h a t  a t  la rg e r  p r e s s u r e s
( i . e .  P . >  .5  atm ) th e  a b l a t io n  r a t e  becomes in c r e a s in g ly  o
s e n s i t i v e  to  sm all changes in  s u r fa c e  h e a t in g  r a t e .
7. A b la t io n  p ro d u c ts  o f  p h e n o lic  n y lo n  a re  l e a s t  e f f e c t i v e
in  a b so rb in g  r a d ia n t  energy  in  freq u en cy  le v e ls  below
hv = 5 .0  e v . For a  ty p i c a l  c a se  co n s id e re d  (P = .5  atm ,
6
(p v )w = .1 0 ,  = 50000 f t / s e c )  ap p ro x im ate ly  79 p e rc e n t
o f  th e  r a d i a t i v e  f lu x  a r r iv i n g  a t  th e  s u r fa c e  was in  th e  
freq u en cy  ran g e  below  hv = 5 .0  ev .
8 . As th e  shock  la y e r  p re s s u re  i s  in c re a se d  th e  con tinuum  
c o n t r ib u t io n  to  th e  s u r fa c e  f lu x  i s  in c re a se d  and th e  l i n e  
c o n t r ib u t io n  i s  d e c re a se d  a t  a  c o n s ta n t  U and (ov ) .
03 ' r  ' w
T h is  change in  th e  r e l a t i v e  c o n t r ib u t io n s  from  th e  two
r a d i a t i v e  mechanisms i s  r e s p o n s ib le  fo r  th e  p r e s s s u r e
dependence o f  th e  n o n d im ensional h e a t in g ,  C /(C „  ) rt.
“ R \  °
9 . The con tinuum  c o n t r ib u t io n  to  th e  s u r fa c e  r a d i a t i v e  
h e a t in g  i s  e s s e n t i a l l y  unchanged by in c re a s in g  th e  
a b l a t io n  r a t e  above (p v )w = .0 5 . Thus any  r e d u c t io n  in  
r a d i a t i v e  h e a t in g  r a t e  below  t h a t  fo r  (pv)w = .0 5  i s  
p r im a r i ly  due to  b lo ck ag e  o f  l i n e  r a d i a t i o n .
10. S u f f i c i e n t  in fo rm a tio n  i s  g iv e n  g r a p h ic a l ly  to  p e rm it hand 
c o m p u ta tio n s  o f  h y p e rb o lic  e a r t h  e n t ry  h e a t in g  r a t e s  fo r  
no mass i n j e c t i o n .  A method o f  o b ta in in g  an  a d ju s te d  
e s t im a te  o f  th e  a b l a to r  co up led  r a d i a t i v e  h e a t in g  i s  
s u g g e s te d .
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Gas P r o p e r t i e s
1. C om parison w ith  m ulticom ponent and b in a ry  d i f f u s io n  
s p e c ie s  e q u a tio n  s o lu t io n s  in d i c a te s  t h a t  th e  two zone 
c o n s ta n t  e le m e n ta l ap p ro x im a tio n  o f  t h i s  work i s  s u f f i ­
c i e n t l y  a c c u ra te  to  p r e d ic t  a b l a t i v e  coup led  h e a t in g  
r a t e s  ( i . e .  w ith in  4.0% o f  c a l c u la t io n s  u s in g  b in a ry  
d i f f u s i o n ) .
2 . The u se  o f  a i r  v a lu e s  fo r  v i s c o s i t y  and th e rm al 
c o n d u c t iv i ty  r a th e r  th a n  in c lu d in g  a b la to r  s p e c ie s  e f f e c t s  
i s  j u s t i f i e d  fo r  e n g in e e r in g  a n a ly s i s  o f  th e  shock  la y e r  
when th e  m ain concern  i s  p r e d ic t io n  o f  su r fa c e  h e a t in g  
r a t e s .  The maximum h e a t in g  r a t e  p e rc e n ta g e  change 
o b se rv ed  was 2 .0  p e r c e n t .
3 . The in f lu e n c e  o f  a b l a t io n  p ro d u c t s p e c ie s  r e fe re n c e d  to  
t h a t  o f  a i r  on th e  r e a c t in g  h e a t  c a p a c ity  and th u s  th e  
te m p e ra tu re  p r o f i l e  and r a d i a t i v e  h e a tin g  i s  more 
s i g n i f i c a n t  th a n  th e  in f lu e n c e  p roduced  by th e  t r a n s p o r t  
p r o p e r t i e s .  For th e  c a s e  s tu d ie s  th e  maximum change in  
h e a t in g  r a t e  due to  d i f f e r e n c e  betw een a i r  and a b l a t io n  
p ro d u c t h e a t  c a p a c i t i e s  was 4 .8  p e r c e n t .
4 . M o lecu la r a b s o rp tio n  o f  r a d i a n t  en e rg y  in  th e  a b l a t i o n  
la y e r  re d u c e s  th e  r a d i a t i v e  h e a t in g  r a t e  s i g n i f i c a n t l y  
( i . e .  52% fo r  th e  c a se  s tu d ie d ) .
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RECOMMENDATIONS
Recom mendations f o r  im proving c u r r e n t  a b l a t i o n  coup led  h e a t in g  
r a t e  c a l c u l a t i o n  c a p a b i l i t y  a re  a s  fo llo w s :
1. An a n a ly s i s  to  d e te rm in e  th e  m agnitude o f  th e  i n i t i a l  
shock c u rv a tu r e  f o r  d i f f e r e n t  a b l a t io n  r a t e s  i s  
recommended. The s ta g n a t io n  l i n e  and d i s t r i b u t e d  h e a t in g  
r a t e s  a r e  in f lu e n c e d  s i g n i f i c a n t l y  enough by t h i s  p a ram eter 
to  w a rre n t a  b e t t e r  d e f i n i t i o n  th a n  p r e s e n t ly  a v a i l a b l e .
2 . A d d it io n a l  e x p e r im e n ta l v e r i f i c a t i o n  o f  freq u en cy  dependent 
r a d i a t i o n  d a ta  i s  needed to  im prove h e a t in g  r a t e  c a l c u la t io n  
r e l i a b i l i t y .  For some s p e c ie s ,  C^H and C^H, a  com plete  
la c k  o f  d a ta  was found . I n  a d d i t io n ,  c a rb o n  so o t has been  
e x p e r im e n ta l ly  observed  in  th e  shock la y e r s  o f  a b l a t iv e  
m odels . S in ce  ca rb o n  s o o t i s  a  s tro n g  a b s o rb e r  and r a d ia ­
t i v e  ly  a c t iv e  below 5 e v , m echanisms f o r  ca rb o n  so o t 
i n j e c t i o n  in to  th e  shock la y e r  from th e  a b l a to r  need 
m a th e m a tic a l d e f i n i t i o n .
3 . A d d it io n a l  c a s e s  co u ld  be ru n  w ith  th e  VISRAD 3 com puter 
program  f o r  f l i g h t  v e l o c i t i e s  and body r a d i i  no t c o n s id e re d  
h e r e in  to  p ro v id e  a  l a r g e r  ra n g e  o f  c a l c u la te d  r e s u l t s  fo r  
hand c a l c u l a t i o n s .  The e f f e c t s  o f  a b l a t io n  p ro d u c ts  on 
h e a t  c a p a c i ty  shou ld  be  in c lu d e d  in  th e s e  a d d i t io n a l  
c a l c u l a t i o n s .
Recom m endations f o r  f u tu r e  a n a ly s e s  o f  a b l a t i v e  h e a t p r o te c t io n  
system s a r e  a s  fo l lo w s :
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1 . E s ta b lish m e n t by NASA o f  a  s e t  o f  f l i g h t  c o n d i t io n s  and 
body s iz e s  fo r  a n a ly s i s  by in v e s t ig a to r s  would p e rm it 
more d i r e c t  com parisons o f  r e s u l t s  and n u m e rica l methods 
th a n  can  now be a c h ie v e d . T h is  ty p e  o f  c o o rd in a te d  work 
has been  ach iev ed  f o r  o r b i t a l  e n t ry  c o n d i t io n s  by AGARD.
2 . S tu d ie s  fo r  e n t ry  in to  th e  p la n e ta r y  a tm ospheres o f  Mars 
and Venus co u ld  b e  co n d u c ted  u s in g  th e  VISRAD 3 program . 
Only m inor changes to  th e  program  to  acco u n t fo r  a r b i t r a r y  
f r e e  s tream  g ases  w ould be n e c e s s a ry  to  o b ta in  t h i s  
a d d i t io n a l  a n a l y t i c a l  c a p a b i l i t y .
3 . The VISRAD 3 program  h as  th e  f l e x i b i l i t y  to  be used  fo r  
d i f f e r e n t  a b la to r  c o m p o s itio n . A co m p ara tiv e  a n a ly s i s  w ith  
t h i s  program  to  exam ine th e  e f f e c t iv e n e s s  o f  a b l a t io n  
p ro d u c ts  o f  d i f f e r e n t  a b l a to r s  in  re d u c in g  r a d i a t i v e  
h e a t in g  r a t e s  would y ie ld  in fo rm a tio n  com plem enting t e s t  
r e s u l t s .
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APPENDIX A
GENERAL CONSERVATION EQUATIONS
CONSERVATION EQUATIONS OF A MULTICOMPONENT, RADIATING, CHEMICALLY 
REACTING FLUID
The c o n s e rv a t io n  laws f o r  m ass, momentum, and energy  w i l l  be 
p re s e n te d  fo r  a  con tinuum , m ulticom ponent f lu id  whose i n t e r n a l  d eg ree s  
o f  freedom  a re  in  therm odynam ic e q u i l ib r iu m . The assu m p tio n  o f  therm o­
dynamic e q u il ib r iu m  im p lie s  t h a t  no m a tte r  how sm a ll a  volum e o f  
f l u i d  we a r e  i n t e r e s te d  in  th e r e  a re  enough m o lecu les  w i th in  th e  
volume to  g iv e  m ean in g fu l av e ra g e  p r o p e r t i e s  and th a t  r e g a r d le s s  o f  
th e  flow  v e l o c i t i e s  o f  i n t e r e s t  a te m p e ra tu re  may be a s c r ib e d  to  th e  
f l u i d .  T h is  i s  ro u g h ly  e q u iv a le n t  to  assum ing th e  f i r s t  p o s tu la te  o f  
n o n e q u ilib riu m  therm odynam ics, see  F i t t s  R ef. A . I .
A g e n e ra l p ro p e r ty  b a la n c e  can  be  made on an e lem en t o f  volume 
moving w ith  an a r b i t r a r y  v e l o c i ty  s im i la r  to  t h a t  g iv en  in  R e f. A .2.
The p ro p e r ty  (m ass, momentum, o r en e rg y ) per u n i t  volume i s  d e s ig n a te d  
by p . The f lu x  o f  a  p r o p e r ty  th ro u g h  a  c o n t ro l  s u r fa c e  i s  deno ted  
by B (p ro p e r ty  x le n g th ) /(v o lu m e  x t im e ) ,  and th e  g e n e ra tio n  o f  a  
p ro p e r ty  w ith in  th e  c o n t r o l  volume i s  deno ted  by IB ( p r o p e r ty ) /
(volume x t im e ) .  The d i f f e r e n t i a l  form o f th e  g e n e ra l  p ro p e r ty  
b a la n c e  can  be w r i t t e n  in  te rm s o f  th e  above d e f in i t i o n s  (p  31, R e f . A.
| |  +  V » p V  +  V . B -  IB =» 0 (A. 1)
i f  th e  c o n t r o l  volume i s  su b se q u e n tly  assumed f ix e d  in  sp a c e . Thus 
fo r  a  c o n t ro l  volume s t a t i o n a r y  in  space  th e re  i s  a c o n v e c tiv e  flow
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th ro u g h  th e  c o n t r o l  volume which i s  i d e n t i f i c a l  to  th e  m otion term  
a s s o c ia te d  w ith  th e  moving c o n t r o l  volum e. T h is  means th a t  i f  th e  
g e n e ra l b a la n c e  i s  d e r iv e d  fo r  a moving c o n t r o l  volume i t  may be 
used  fo r  a  f ix e d  c o n t r o l  volum e, w ith  B m a in ta in in g  e x a c t ly  i t s  
same d e f i n i t i o n .  T h is  a llo w s B to  be in t e r p r e te d  a s  a  d i f f u s iv e  
flo w . T h is  i s  obvious fo r  th e  moving c o n t r o l  volum e, b u t th e  common 
p r a c t i c e  o f  lum ping a l l  k in d s  o f  e f f e c t s  in to  t h i s  f lu x  term  fo r  a  
f ix e d  c o n t r o l  volume e f f e c t iv e l y  r e d e f in e s  B. T h e re fo re ,  th e  g e n e ra l  
b a la n c e  e q u a t io n  i s  d e r iv e d  in  th e  form fo r  a  moving c o n t ro l  volum e,
b u t i t  i s  f u l l y  in te n d e d  to  be used  to  d e s c r ib e  a s ta t io n a r y  volume
in  sp a c e .
The g e n e ra l  p ro p e r ty  b a la n c e  Eq. A .l  can  a ls o  be w r i t t e n :
| |  +  V*Vj3 +  3V-V +  7-B -  IB = 0 (A .2)
(1 ) (2 ) (3 ) (4 ) (5 )
The m eaning o f  th e s e  te rm s i s ,  fo r  a  c o n t ro l  volum e:
( 1) th e  a cc u m u la tio n  o f  p ,
( 2) th e  c o n v e c tiv e  flow  o f  p ,
(3 ) th e  d i l a t i o n  o f  th e  f lo w , i . e .  th e  change o f  g when th e  
f l u i d  i s  com pressed o r  expanded,
(4 ) th e  d i f f u s io n a l  f lu x ,
(5 ) th e  g e n e ra t io n  o f  p .
U sing Eq. A .2 and s p e c ify in g  p , B, and IB we now can  w r i te  th e  
c o n s e rv a t io n  e q u a t io n s .  C o nsider f i r s t  th e  c o n s e rv a t io n  o f mass by 
s p e c ify in g  p = p (m ass/vo lum e), B = IB = 0 .
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S u b s t i tu t io n  in t o  Eq. A .2 y ie ld s
C o n tin u ity :
§ §  + V-Vp +  pV.V = 0 (A. 3)
B efore p ro c e e d in g  to  th e  o th e r  c o n s e rv a tio n  e q u a tio n s  l e t  us r e w r i te  
th e  g e n e ra l  p ro p e r ty  b a la n c e  e q u a tio n  in  a n o th e r  form  by s u b s t i t u t i n g  
3 = bp in to  Eq. A .2 . By u s in g  th i s  s u b s t i t u t i o n  and n o tin g  th e  
c o n t in u i ty  e q u a t io n  ap p e a rs  a s  a p ro d u c t o f  b , th e  g e n e ra l  p ro p e r ty  
b a lan ce  r e l a t i o n  can  be e x p re sse d  a s :
T h is  e q u a t io n  w i l l  be u sed  to  e v a lu a te  th e  rem a in d er o f  th e  c o n s e rv a tio n  
e q u a t io n s .
C o n sid e r now s p e c ie s  c o n s e rv a t io n  by s p e c ify in g
p ~  + 7-B -  IB = 0 (A .4) +
IB = ti)i
where
<p
L3 i - °
S u b s t i tu t io n  o f  th e  above r e l a t i o n s  in to  Eq. A .4 y ie ld s
S p ec ies  C o n tin u i ty :
(A .5)
i s  th e  s u b s t a n t i a l  d e r iv a t iv e  o f  b w hich e q u a ls  ~  +  V*7b
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L e t us a c c e p t th e  second p o s tu la te  o f  therm odynam ics o f  i r r e v e r s i b l e  
p ro c e s s e s  w hich s t a t e s  t h a t  i f  th e  f l u i d  i s  n o t to o  f a r  from 
e q u i l ib r iu m , f lu x e s  and c u r r e n t s  a r e  l i n e a r  homogeneous fu n c tio n s  o f  
th e  d r iv in g  f o r c e .  Using t h i s  p o s tu la te  th e  mass f lu x  v e c to r  o f  
s p e c ie  i ,  Eq. A .5 , can be w r i t t e n  a s  th e  sum o f  c o n t r ib u t in g  v e c to r s .
(LD1 V i +(LD2 V l + ••• (A'6)
w here
= T ra n s p o r t C o e f f ic ie n t
X = D riv in g  Force tn
and w here s u b s c r ip t  "D" in d ic a te s  d i f f u s io n a l  t r a n s p o r t  c o e f f i c i e n t s .
The number o f  n e c e ssa ry  te rm s to  c o n s id e r  can  o n ly  be d is c u s s e d  
in  r e f e r e n c e  to  a  p a r t i c u l a r  a p p l i c a t io n .  Four term s a r e  s ta t e d  below  
from B ird  e t  a l . , R ef. A..3, f o r  c o n s id e r a t io n .
n 2 BG
<Lu5i>i=vD>=7^  i w jx  i mkv.v/j <A-7>
J S J
(L12X2) i  = J i (T) = " Di  7  An T (A ,8)
n 2 V
<Li3Vi - I  W j  [YjMj y  - p)vp] (A-9>
_ n  2  _  
a u x4 ) I  < *i -  L  f  V ]  (A - 10)
where
n == C o n c e n tra tio n  in  t o t a l  n o . o f  m oles/volum e (C in  R e f. A .3)W
Y. = Mole f r a c t io n  (X. i n  R e f. A .3)
J J
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Gj = G ib b s ' f r e e  energy
= M ulticom ponent d i f f u s io n  c o e f f i c i e n t
T = Therm al d i f f u s io n  c o e f f i c i e n t
Eq. A. 7 e x p re sse d  th e  mass d i f f u s io n  v e c to r .  S in ce  th e  d r iv in g  
fo rc e  i s  o f  th e  same m easure a s  th e  f l u x ,  th e y  a r e  c a l l e d  " c o n ju g a te " .  
The c o n ju g a te  t r a n s p o r t  c o e f f i c i e n t s ,  L , a r e  th e  l a r g e s t ,  i . e .  m ass
cicL
i s  d i f f u s e d  p r im a r i ly  by mass c o n c e n tr a t io n  g r a d ie n ts .  E q 's .  A .8 ,
A .9 , and A .10 r e p r e s e n t  th e  mass f lu x  v e c to r  c o n t r ib u t io n  from th e rm a l 
d i f f u s i o n ,  p re s s u re  d i f f u s io n ,  and fo rc e d  d i f f u s io n  r e s p e c t iv e l y .
T here  a re  a l s o  f lu x e s  due to  i n e r t i a  and v is c o u s  te rm s , b u t th e y  a r e  
v e ry  s m a ll ,  se e  append ix  in  F i t t s  R e f. A .I .  E l e c t r i c a l  and m ag n e tic  
e f f e c t s  can  a l s o  c r e a te  f lu x e s .
The d e f i n i t i o n  o f  f lu x  a s  a  l i n e a r  fu n c t io n  o f  c o e f f i c i e n t s  and 
p o t e n t i a l s  and th e  r e a l i z a t i o n  t h a t  f lu x e s  a re  te n s o r s  o f  v a r io u s  
ra n k s  le a d s  one to  s p e c u la te  on what ty p e  o f  c ro s s  e f f e c t s  can  e x i s t .  
C u r ie 's  theorem  s t a t e s  t h a t  " f lu x e s  whose t e n s o r i a l  c h a r a c te r s  d i f f e r  
by an  odd in te g e r  can n o t i n t e r a c t  in  i s o t r o p i c  s y s te m s ,"  R e f . A .I .
T h is  means t h a t  th e  mass f lu x  te n s o r  and th e  h e a t  f lu x  te n s o r  w hich a re  
b o th  v e c to r s  a r e  n o t co u p led  to  th e  r e a c t io n  r a t e  te n s o r  (a  s c a l a r ) ,  
o r  th e  momentum f lu x  te n s o r  (a  second o rd e r  te n s o r )  b u t may be co u p led  
to  each  o th e r .  A lso , i t  shou ld  be  ob serv ed  t h a t  momentum f lu x  te n s o r  
e i t h e r  a s  a  second o rd e r  te n s o r  o r  in  c o n t ra c te d  form a s  a  s c a l a r  may 
be co u p led  to  th e  r e a c t io n  r a t e  te n s o r .
W ith th e  fo re g o in g  in fo rm a tio n  in  mind c o n s id e r  th e  c o n s e rv a t io n  
o f  momentum. For s u b s t i t u t i o n  in to  th e  g e n e ra l  b a la n c e  e q u a t io n
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b = 0 /p  = V
i
U sing Eq. A .4 fo r  momentum c o n s e rv a t io n  y ie ld s
Momentum
p f  -  V ■ o r  -  IP  +  pR> - 1  Pl s l  = 0 (A. 11)
i
N ote t h a t  in  th e  above e q u a t io n  th e  r a d i a t i v e  p r e s s u r e  te n s o r ,  Pp , i s
in c lu d e d  f o r  c o m p le te n e ss . T h is  term  i s  n e g l ig ib l e  fo r  p r a c t i c a l l y  
a l l  n o n -n u c le a r  p rob lem s (R e f . A .5 ) ,
L e t us now a p p ly  th e  g e n e ra l  b a la n c e  e q u a t io n  to  c o n s e rv a t io n  o f  
e n e rg y  by s p e c ify in g
i
B = q^ (e n e rg y /v o lu m e )( le n g th / tim e )
-  B = v  • qR-  V • ( ?  -  IP  +  PR) • V + Y . J t
-  Sp (en erg y /v o lu m e -  tim e)
= g e n e ra t io n  by r a d i a t i o n  + p re s s u re  t e n s o r s  + e x t e r n a l  fo rc e s  
+  h e a t so u rc e s  i n t e r n a l  to  th e  C .V .; i . e .  in d u c t io n  h e a t in g ,  
r e s i s t a n c e  h e a t in g ,  e t c .
S u b s t i t u t io n  o f  th e  above in to  Eq. A .4 y ie ld s  th e  t o t a l  i n t e r n a l
en erg y  form  o f  th e  e n e rg y  e q u a t io n
(en erg y /m ass)
 ^ Dt + ^,(*D + + Pr)*V
+ (A. 12)
1
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where
q^ = d i f f u s io n a l  h e a t  f lu x  v e c to r
q„ = r a d i a t i v e  h e a t  f lu x  v e c to r
g » j .  = h e a t g e n e ra te d  in  th e  system  by a  g r a v i t a t i o n a l  f i e l d
L-> * X
i
L e t us in v e s t ig a t e  f u r th e r  th e  d i f f u s io n a l  and r a d i a t i v e  h e a t  
f lu x  v e c t o r s .  A gain  im posing r e s t r i c t i o n s  from  therm odynam ics o f  
i r r e v e r s i b l e  p ro c e s s e s ,  th e  d i f f u s io n a l  h e a t  f lu x  v e c to r  may be 
w r i t t e n  as  a  sum o f  v e c to r s
qD = + (Lt 2 V  + • • •  (A. 13)
where
V i  - 1 Vi - k < 7 1  .
i
LT2X2 = e n e rSy t r a n s p o r t  due to  th e  D ufour e f f e c t
The ^ Ti x ^ te rm  i s  th e  c o n ju g a te  te rm  fo r  t h i s  f lu x  v e c to r .  I t  shou ld  
be n o te d  however t h a t  th e  r i g h t  hand s id e  d e f i n i t i o n  i s  an  a r b i t r a r y  
one. The D ufour e f f e c t  a r i s e s  due a s  th e  c o n ju g a te  o f  th e  S o re t 
e f f e c t  in  mass d i f f u s io n .  A d d it io n a l  c ro s s  e f f e c t s  from o th e r  
c o e f f i c i e n t s  and p o te n t i a l s  w i l l  n o t be c o n s id e re d .
R a d ia t iv e  t r a n s f e r  o f  h e a t i s  p ro p o g a ted  in  an  e n t i r e l y  d i f f e r e n t
I
manner th a n  d i f f u s io n a l  h e a t t r a n s f e r .  D u ffu s io n a l h e a t t r a n s f e r  
mechanism depends on g r a d ie n ts  in  th e  g a s ,  such as  te m p e ra tu re , s p e c ie s ,  
p re s s u re  o r  e x te r n a l  fo rc e s  a s  p o in te d  o u t by P la n c k , R ef. A .4 .
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R a d ia tiv e  t r a n s f e r  o f  h e a t i s  in  i t s e l f  e n t i r e l y  in d ep en d en t o f  th e s e  
g r a d ie n ts  i n  th e  medium th ro u g h  w hich i t  p a s s e s .  In  g e n e ra l ,  r a d i a t i o n  
i s  a  f a r  more co m p lica ted  phenomenon th a n  d i f f u s io n a l  h e a t t r a n s f e r .
The r e a s o n  f o r  t h i s  i s  t h a t  th e  s t a t e  o f  th e  r a d i a t i o n  a t  a  g iv e n  
in s t a n t  and a t  a  g iv e n  p o in t  o f  th e  gas can  n o t be r e p re s e n te d  by a  
s in g le  v e c to r  as  th e  d i f f u s io n a l  mechanisms c a n . A ll  r a d i a t i v e  
en e rg y  r a y s  w hich a t  a g iv e n  tim e p ass  th ro u g h  th e  same p o in t  in  a  gas 
a re  in d e p en d en t o f  each o th e r .  T h e re fo re , to  s p e c ify  c o m p le te ly  th e  
s t a t e  o f  th e  r a d i a t i o n  a t  a  p o in t  th e  r a d i a t i o n  i n t e n s i t y  m ust be 
known in  a l l  d i r e c t io n s  w hich p a ss  th rough  th e  p o in t  under c o n s id e r a t io n .
S p e c ia l  a t t e n t i o n  w i l l  now be g iv en  to  th e  developm ent o f  th e  
r a d i a t i v e  f lu x  and f lu x  d iv e rg e n c e  term s w hich a re  needed in  th e  
e v a lu a t io n  o f  en e rg y  c o n s e rv a t io n .  S ta r t in g  w ith  th e  b a s ic  c o n c e p ts  
o f  r a d i a t i v e  t r a n s f e r  in  an  a b so rb in g  and e m it t in g  medium, R e f. A .4 
and A .5 , a  d e f i n i t i o n  o f  th e  s p e c t r a l  r a d ie n t  en e rg y  d e n s i ty  i s  
d e v e lo p ed .
L e t f ( v , r ,  Q ^ ,t)d v  dQ be th e  number o f  p ho tons  i n  th e  freq u en cy  
i n t e r v a l  v t o  v +  dv , c o n ta in e d  a t  tim e t  in  th e  volume e lem en t d¥ 
lo c a te d  a b o u t th e  p o in t  r ,  and hav ing  a  d i r e c t i o n  o f  m otion  w i th in  an 
e lem en t o f  s o l id  an g le  dfl ab o u t th e  u n i t  v e c to r  The f u n c t io n  f
i s  c a l l e d  th e  d i s t r i b u t i o n  fu n c t io n .  For t h i s  d e f i n i t i o n  to  be 
m e an in g fu l th e  l i n e a r  d im ensions o f  th e  volume e lem en t m ust be 
la rg e r  th a n  th e  l a r g e s t  w av e len g th  C /v .
Each p h o to n  p o s se sse s  an  en e rg y  hv . T h e re fo re ,  th e  s p e c t r a l  
r a d ia n t  e n e rg y  d e n s i ty  may be d e f in e d  a s  th e  r a d i a n t  en e rg y  o f  f re q u e n c y
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v in c lu d e d  in  a  u n i t  s p e c t r a l  i n t e r v a l  and c o n ta in e d  in  a  u n i t  volume 
a t  th e  p o in t  r  and a t  th e  tim e  t  b y :
In  a  l i k e  m anner, th e  s p e c t r a l  r a d i a t i o n  i n t e n s i t y  can  be d e f in e d .  
F i r s t  r e c a l l  each  pho ton  p o s se sse s  a  v e l o c i ty  e q u a l to  th a t  o f  l i g h t  
c .  T h e re fo re  th e  q u a n t i ty
r e p r e s e n ts  th e  r a d ia n t  energy  in  th e  s p e c t r a l  i n t e r v a l  dv p a s s in g  
th ro u g h  a  u n i t  a r e a  in  a  u n i t  tim e in  th e  d i r e c t i o n  w ith in  th e  s o l id  
a n g le  dQ ab o u t . The a re a  i s  lo c a te d  a t  r  and i s  norm al to  .
T h is  s ta te m e n t i s  n o t n e c e s s a r i ly  o b v io u s . I n  o rd e r  to  c l e a r l y  in d ic a te  
how and w hat a re a  i s  lo c a te d  a t  p o in t  r  l e t  us fo llo w  th e  d e r iv a t io n  
o f  th e  s p e c t r a l  r a d ia n t  en erg y  d e n s i ty  g iv e n  by P lanck  R ef. A.4 .
C o n sid e r an  i n f i n i t e l y  sm a ll e lem en t o f  volume dv , a t  th e  p o in t  
w hich has an  a r b i t r a r y  shape F ig . A .I .  I n  o rd e r  to  a llo w  f o r  a l l  
r a y s  to  p a s s  th ro u g h  th e  volume dV, we can  c o n s tr u c t  abo u t any p o in t  
r  o f  d? a sp h ere  o f  r a d iu s  a  . The r a d iu s  a  i s  s e le c te d  to  be la rg e  
compared w ith  th e  l i n e a r  d im ensions o f  d¥  b u t  s t i l l  so sm all t h a t  no 
a p p re c ia b le  a b s o rp t io n  o r  s c a t to r in g  o f  r a d i a t i o n  o ccu rs  in  th e  sp h e re . 
Each ra y  w hich re a c h e s  d¥ m ust th e n  o r ig i n a t e  from  some p o in t  on th e  
s u r fa c e  o f  th e  sp h e re . j
L e t us d e te rm in e  th e  amount o f  en e rg y  c o n ta in e d  in  d¥ w hich 
o r ig in a te d  from an e lem en t o f  s u r fa c e  a r e a  d a . The s u r fa c e  a re a  i s
4tt
(A. 14)
hvc f ( v , r ,  fiL, t )  dv dfl (A. 15)
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chosen  such t h a t  i t s  l i n e a r  d im ensions a re  sm a ll com pared to  th o se  o f
dv . C o n s id e r th e  cone o f  r a y s  w hich s t a r t  a t  a  p a r t i c u l a r  p o in t  on
da and m eet th e  volume d¥ . T h is  cone c o n s i s t s  o f  an  i n f i n i t e  number
o f c o n ic a l  e lem en ts  w ith  a  common v e r te x  a t  a  p o in t  on da each  c u t t in g
ou t o f  th e  volum e d¥ a c e r t a i n  e lem ent o f  le n g th  s .  The s o l id  a n g le
2
o f  such a  c o n ic a l  e lem en t i s  AA/ct where AA d e n o te s  th e  a r e a  o f  c ro s s  
s e c t io n  norm al to  th e  a x i s  o f  th e  cone a t  a  d is ta n c e  a  from  th e  
v e r te x  F ig . A .I .
In  o rd e r  to  f in d  th e  en ergy  r a d ia te d  th ro u g h  an e lem en t o f  a re a  
l e t  u s f i r s t  d e f in e  h v c f
I v  ( r j f i ^ t )  = h v c f (A. 16)
which i s  c a l l e d  th e  s p e c t r a l  r a d i a t i o n  i n t e n s i t y . U sing Eq. A .15 
and A .16 th e  m onochrom atic en e rg y  which has p assed  th ro u g h  da and i s  
in  d ¥  i s :
I  dQ ( s / c )  da = h v c f dQ ( s / c )  da (A. 17)
2  AA
where dQ = — j -  and s i s  th e  p a th  le n g th  in  d ¥ .  The en erg y  which 
a
e n te r s  th e  c o n ic a l  e lem en t in  d ¥  sp re a d s  o u t in to  a  volum e AAs.
Summing up o v er a l l  c o n ic a l  e lem en ts  w hich o r ig i n a t e  in  da and e n te r  
d ¥  y ie ld s
c ^ ^ i  7  AA.S = ~  ^  = ^ d Q d ¥  (A. 18) I
CT CT
The sym bol, dQ, used  in  E qs. A .17 and A .18 has two d i f f e r e n t  m eanings; t h i s  
d if f e r e n c e  i s  seldom  n o ted  in  th e  l i t e r a t u r e .  T h is  r e p r e s e n t s  th e  e n t i r e
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m onochrom atic r a d i a n t  energy  c o n ta in e d  in  volume d-V r e s u l t i n g  from
r a d i a t i o n  th ro u g h  th e  e lem en t o f  a r e a  d a . To d e te rm in e  th e  t o t a l
m onochrom atic r a d ia n t  en erg y  c o n ta in e d  in  <fV we m ust in t e g r a te  over
a l l  e le m e n ts  o f  a re a  da c o n ta in e d  in  th e  s u r f a c e  o f  th e  sp h e re . For
th e  p ro c e d u re  o f  t h i s  in te g r a t i o n  o b se rv e  F ig . A .2 . In  t h i s  c a se  th e
dain c rem en t in  s o l id  an g le  dQ = —^  w hich co rre sp o n d s  to  a  cone w ith  a  
_  a
v e r te x  a t  r  . I n te g r a t in g  th e  r i g h t  hand s id e  o f  E q . 's  A .18 y ie ld s
th e  t o t a l  e n e rg y :
I I  dQ
C J V
The m onochrom atic r a d ia n t  energy  d e n s i ty  i s  o b ta in e d  by d iv id in g  by 
d *  .
HI - -  f  I  dQ (A .19)V c J V
S in ce  th e  r a d iu s  a  does n o t appear in  Eq. A .19 we can  th in k  o f  I  as
th e  i n t e n s i t y  o f  r a d i a t i o n  a t  th e  p o in t  r  i t s e l f  o r th e  i n t e n s i t y  o f
r a d i a t i o n  p a s s in g  th ru  a  u n i t  a r e a  a t  r  in  th e  d i r e c t i o n  . T h is
c l a r i f i e s  a  d i f f i c u l t  co n cep t w hich i s  av o id ed  in  many d e r iv a t io n s .
From th e  d e f i n i t i o n  o f  I  i t  fo llo w s  t h a t  th e  r a d i a t i o n  h e a tv
f lu x  i s  a  v e c to r  o f  m agnitude
qR( r , t )  = J  c IUvdv = J  J  I y  dQ dv (A .20)
in  th e  d i r e c t i o n  o f  pho ton  p ro p a g a tio n . L e t th e  norm al to  any 
s u r fa c e  th r u  p o in t  r  be c a l le d  n . T h e re fo re  th e  m agnitude o f  th e  
h e a t f lu x  p a s s in g  th ru  a  u n i t  s u r fa c e  a r e a  norm al to  n from pho ton  
p ro p a g a t io n  in  th e  d i r e c t io n  i s :
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cone o f  ra y s  
c o n ic a l  e lem en t
N onabsorb ing
N o n s c a tte r in g
re g io n
F ig . A .l  R a d ia t io n  to  d¥ From I t s  S u rround ings
N onabsorbing
N o n s c a tte r in g
re g io n *
U n it
A rea
R a d ia t io n  in  minus d i r e c t io n  _to th e  u n i t  a r e a  e q u a ls  th e  r a d i a t i o n  
from  th e  u n i t  a r e a  in  th e  minus d i r e c t i o n .
F ig .  A .2 G eom etric R e la tio n s  fo r  C a lc u la t io n  o f  R a d ia tio n  to  d¥
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F in a l ly  th e  r a d i a t i v e  f lu x  v e c to r  can  be w r i t t e n
■>4tt  • _
j i  ( r , n . , t )  n .  dn dv ( a . 22)
v=0 0=0 V 1 1
T h e re fo re  qR i s  d e f in e d  a t  any p o in t  r ^  and tim e t  in  sp ace .
F or th e  u se  o f  th e  r a d ia t iv e  h e a t  f lu x  v e c to r  in  th e  en erg y  
e q u a t io n ,  i t  i s  d e s i r a b le  to  be a b le  to  c a l c u l a t e  a component o f  qR 
in  any c o o rd in a te  d i r e c t io n  o f  an o r th o g o n a l c o o rd in a te  system  and 
to  c a l c u l a t e  V-q . These c a l c u la t io n s  may be accom plished  in  a  more 
e x p e d i t io u s  fa s h io n  by f i r s t  w r i t in g  th e  e q u a t io n  o f  r a d i a t i v e  
t r a n s f e r .
The r a d i a t i v e  t r a n s f e r  e q u a t io n  s t a t e s  t h a t  th e  r a t e  o f  r a d i a t i v e  
e n e rg y  accum ula ted  in  a  volume e lem en t p lu s  th e  r a t e  th a t  i t  flow s 
th r u  th e  e lem en t e q u a ls  th e  r a t e  o f  g e n e ra t io n  w ith in  th e  e lem en t.
The g e n e ra t io n  o f  r a d i a t i v e  en e rg y  i s  acco m p lish ed  by em iss io n  and 
a b s o r p t io n .  The g e n e ra l p ro p e r ty  b a la n c e  can  be used  by d e f in in g
p = IK v
B = 0
r 2 -1
B -  c I J  (1  + - = - =  I  ) -  K I  
L v  2hv v  vJ
where
Jl = R a d ia t iv e  em iss io n  c o e f f i c i e n t  v
K = R a d ia t iv e  a b s o rp tio n  c o e f f i c i e n t
qR( r , t )  - J
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S u b s t i tu t in g  in to  Eq. A .2
d l
rr~  + (cQ ,) • VI +  I  V • (c f l .)  S t  1 v  v  1
2
»
2hv
and n o tin g  th a t
r  2 i
J1 (1 +  - £ - =  I  ) -  K I  (A .23)L v , . 3  v '  v J
V • = 0
we can  w r i te
-  S i  2
(1  + - r £ -  .  ,v 2hv v  v- |  + c o . . v ic L S t  1 v_ = J! „  -h - §—  I ) -  K I  <A.24)
w hich i s  i d e n t i c a l  to  th e  e x p re s s io n  g iv e n  by Z e l 'd o v ic h  and R a iz e r  
R e f. A .5 . I n  o rd e r  to  s im p lify  Eq. A .24 th e  fo llo w in g  o b s e rv a tio n s  a r e
made. The e m iss io n  te rm  J[ can  be e x p re sse d
J| = a  B (A. 25)v  v  v
by u s in g  K i r c h o f f 's  law and assum ing lo c a l  therm odynam ic e q u i l ib r iu m . 
Note t h a t  th e  e f f e c t i v e  v o lu m e tr ic  a b s o rp t io n  c o e f f i c i e n t
or  ^ = K [ l  -  e x p ( -h v /k cT )J  (A .26)
i s  th e  p ro d u c t o f  th e  a b s o rp t io n  c o e f f i c i e n t  and th e  induced  e m iss io n  
te rm . T h e re fo re  th e  em iss io n  te rm  J! v  has b o th  spon tan eo u s and 
induced  e m iss io n  ta k e n  in to  a c c o u n t. The spon tan eo u s e m is s io n  te rm  i s  
th e  P lan ck  fu n c t io n .
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_ 2hv3 _______ 1______________________________  0 .
Bv  "  2 exp (+ hv /k  T) -  1 lA .z / j
c c
U sing th e s e  d e f in i t i o n s  Eq. A .24 can  be r e w r i t t e n  a s :
l 91
-  — ^  +  Q • 71 = a (B -  I  ) (A. 28)c d t  1 v  v  v  v
I f  th e  r a d i a t i v e  t r a n s f e r  Eq. A .28 i s  m u l t ip l ie d  by dfi and in te g r a te d  
o v er a l l  d i r e c t i o n s  th e  c o n s e rv a t io n  o f  r a d i a t i o n  e q u a t io n s  i s  o b ta in e d
a w
— r 2 +  7*q„ = c a ( U -  |U ) (A .29)d t  nR ,v  v  vp v
w here
4ttB
U  ----- -
vp C
L e t us assum e
a  iu  ,  a i
a t  c  j  a t
s in c e  c i s  v e ry  la rg e .  Then we may so lv e  Eq. A .26 fo r  th e  r a d i a t i v e  
f lu x  d iv e rg e n c e .
V - q ^ r ^  =  J  orv  ^4ttBv  -  J  I v ( r )  dn)dv (A .30)
The c o n t r ib u t io n  o f  th e  r a d i a t i v e  f lu x  d iv e rg e n c e  te rm  in  th e  en e rg y  
e q u a t io n  has im p o rta n t m a th e m a tic a l r a m i f ic a t io n s .  I t  sh o u ld  be 
n o t ic e d  t h a t  th e  f lu x  d iv e rg e n c e  te rm  i s  e v a lu a te d  by i n t e g r a t i n g  
o v er a l l  sp a c e . The o th e r  te rm s in  th e  en erg y  e q u a tio n  a re  d i f f e r e n ­
t i a l s  c a lc u la te d  l o c a l ly .  The r a d i a t i v e  f lu x  d iv e rg e n c e  te rm  th e r e f o r e  
makes th e  en erg y  e q u a tio n  an  i n t e g r o - p a r t i a l - d i f f e r e n t i a l  e q u a t io n .
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CONSERVATION EQUATIONS IN GENERAL ORTHOGONAL COORDINATES
From th e  p re v io u s  s e c t io n  we have a  v e c to r  fo rm u la tio n  o f  th e  
b a s ic  c o n s e rv a t io n  e q u a tio n s  f o r  a  r e a c t in g ,  r a d i a t i n g ,  c o n d u c tin g  
f l u i d .  M ost flow  problem s a r e  r e p re s e n te d  by th e  c o n s e rv a t io n  
e q u a tio n s  in  o r th o g o n a l c o o rd in a te s .  I n  t h i s  s e c t io n  th e  b a s ic  
c o n s e rv a t io n  laws w i l l  be w r i t t e n  in  g e n e ra l  c u r v i l i n e a r  o r th o g o n a l 
c o o rd in a te s .  T h is  p e rm its  one to  s e l e c t  a  u s e f u l  c o o rd in a te  system  fo r  
a p a r t i c u l a r  problem  and th u s  d e te rm in e  th e  a p p r o p r ia te  c o o rd in a te  
s t r e t c h in g  f u n c t io n s .  S u b s t i t u t io n  o f  th e  s t r e t c h in g  fu n c tio n s  in to  
th e  c o n s e rv a t io n  e q u a tio n s  in  c u r v i l i n e a r  o r th o g o n a l c o o rd in a te s  
w i l l  y ie ld  th e  a p p r o p r ia te  g o v ern in g  e q u a tio n s  fo r  th e  problem  o f  
i n t e r e s t .
T ab le  A .1 p r e s e n ts  a  s e t  o f  p h y s ic a l  te n s o r  o p e ra t io n s  fo r  
o r th o g o n a l c o o rd in a te  sy stem s. By u s in g  th e  in fo rm a tio n  in  t h i s  
ta b le  we a r e  a b le  to  w r i te  th e  c o n s e rv a t io n  e q u a tio n s  in  c u r v i l i n e a r  
o r th o g o n a l c o o rd in a te s .  The s ta te m e n t o f  th e s e  e q u a tio n s  have been  
made in  p a r t  by B ack, T s ie n , B rodkey , R e f 's :  A .6 , A .7 , and A .2
r e s p e c t iv e l y ,  and o th e r s .
The s te a d y  s t a t e  c o n s e rv a t io n  e q u a tio n s  can  be s t a t e d  as  fo llo w s : 
G lobal C o n tin u i ty :
V-pV -  0 (A. 31)
S p ec ies  C o n tin u i ty :
V*(PjLV) + y j t  ■ 0)^ (A . 3 2 )
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TABLE A. 1
P h y s ic a l  T e n so r O p e ra tio n s  in  O rth o g o n a l C o o rd in a te s
V ec to r O p e ra tio n G eo m etrica l Components
1 . V e c to r , a  = M 
1 
> i 2A2 + E3A3
2 . S c a la r  o r  d o t 
p ro d u c t,  a  • b =
A1B1 + A2 B2 + A3B3
h 2 h 2
2 3
3. V ec to r  o r  c ro g s  
p ro d u c t,  a  x b = (A2B3 " A3B2} i l  +  (A3B1 " A1B3)B2 + (A1B2 '  A2 B1> B3
k. G ra d ie n t o f  s c a l a r ,
v u  =
Ei  du 
h l  * 1
+ 5 a  sy _  + 
h2 S52
f a  su
^3
5- G ra d ie n t o f  v e c to r ,
v a  =
W ^ ; e lem en ts  o f  a r e :
.  1 ^ i  1 ^ i  , 1
i i  "  h i  * i  h i  \
_  1 ^ i  _ 1 ^  ^
i j  h j  h ± dSt  h j
ah t  Ak 
h i
6 . D ivergence  o f  a , 1 "  S(h2h 3Ax)7^ • <i “
h l h2h 3 L * i  1 S53 J
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(T a b le  A . l  c o n tin u e d )
ll*. V 'w * b  =>
F or w b e in g  a  sym­
m e tr ic  t e n s o r  ■
^  [ V > 3 < H U B 1  +  W2 1 B 2  +  +  4  t l h 3 (  V * 1
y
-  W2 2 B 2  -  W 3 2 B 3 > ]  +  a t ;  L h l h 2 ( H 1 3 B l  +  W2 3 B 2  +  W3 3 B 3 >  J  }
s c a l a r U
u n i t  v e c to r s  E , . E E_ 1  2  3
v e c to r s
te n s o r w) com ponents [W
i j
\  f  1 *  2 *  3_ j  com ponents -j. * J
b  1* 2*
o r th o g o n a l c o o r d in a te s  g^,
. s t r e t c h i n g  fu n c t io n s  h ^  hg , h^
319
320
Momentum:
p(V.V)V -  V * ( t  -  IP  + PR) -  £  = 0 (A. 33)
i
E nergy:
p(V*V)E + V -(qD + qR) + £  g . ^  -  V- ( t  -  IP
i
+  O ' V  -  Sp = 0 (A .34)K
The en e rg y  e q u a t io n  may a ls o  be w r i t t e n  a s  fo llo w s :
p(V-V)H + V*(qD +  qR) + ^  S-l**1!  " V*Ct +  PR)*V -  Sp = 0 (A .35)
i
T h is  form  i s  p re s e n te d  by R ef. A .3 w ith o u t th e  r a d i a t i o n  o r  i n t e r n a l  
h e a t  so u rc e  te rm .
For th e  p u rp o se  o f  w r i t in g  th e  c o n s e rv a t io n  e q u a tio n s  in  c u rv i­
l i n e a r  o r th o g o n a l c o o rd in a te s ,  th e  c o o rd in a te s  a r e  chosen  to  be 
§2 > and §3 c o rre sp o n d in g  to  g2 , anc* 53 ° f  T ab. A. 1 r e s p e c t iv e l y .
The d i f f e r e n t i a l  e lem en ts  o f  le n g th  in  th e  r e s p e c t iv e  c o o rd in a te  
d i r e c t i o n s  a r e  h^dg^, h2dg2 , and h ^ d ^  such  t h a t  a  d i f f e r e n t i a l  a rc  
le n g th  c a n  be e x p re s se d  as
(dC) 2 = h j 2^ ) 2 + h22 (d§ 2) 2 +  h 32 (d | 3) 2 (A. 36)
w here h ^ , h2> and h^ a r e  c a l le d  th e  " s t r e t c h i n g  fu n c t io n s "  in  th e  
r e s p e c t iv e  c o o rd in a te  d i r e c t i o n s .  I n  th e  fo llo w in g  e q u a t io n s  u ,  v, 
and w a r e  th e  v e l o c i ty  components o f  V in  th e  d i r e c t i o n  o f  in c re a s in g
§ 1* §2 ’ and ®3*
A pply ing  th e  V o p e ra to r  from Tab. A .l  th e  g lo b a l  c o n t in u i ty  
e q u a t io n  becomes
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
321
L ~ S(h2h3pu) ^(hj^h^v) dCh^p w)-,
L  + ~ ~ W Z +  “ " ^  J =  0  ( A , 3 7 )
In  a  s im i la r  manner th e  s p e c ie s  c o n t in u i ty  e q u a t io n  can  be 
w r i t t e n
1 ^  8 (h 2h 3f’i u ) . a <h l h3pl v ) , s a>1l,2l>l ' ' h
h l h2h3 L * h -  * h  J
t  a<hl h 3J i , { 1) 3 <hl h3J i , | 2 > 8 <h l V i , S 3> ,
L 35x +  3?2 + 353
1^  = 0 (A. 38)
In  o rd e r to  e v a lu a te  th e  above e q u a tio n  th e  com ponents J .  -  , J .  _ 9
and J  -  o f  th e  mass f lu x  v e c to r  J .  m ust be s p e c if ie d ..  The mass 
i» s 3 i
f lu x  v e c to r  f o r  a  w ide ran g e  o f  f lu id  problem s i s  w e ll  r e p re s e n te d  
by two term s
J  = j / D  ^ +  j / T* (A. 39)
(D) 1 1
The e x p re s s io n s  f o r  th e r e  two mass f lu x  v e c to r s  a r e
v d> -  irk? i  b i  i  \  ]  <A-?>
j = l  k = l
k ^ j
J t (T) = -  7  i n  T (A .8 )
The tran sfo rm e d  com ponents o f  th e  above e q u a tio n s  a r e
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
3 2 2
(D) \  “  r V  9Gi 1 9Yk l
J i , |  '  p RT L  LYj I  ( SY V -V .Y j h 3§ J
1 j = l  k = l k jM j,k *  1 L
(D) n /  “  |- “  9C x 3Yk1
J i , § 2 pRT I  LYj I (9 Y h
2 j = l  k » l R 2 Z
k ^ j
n 2 “  “  9G, . 9Y
J i , § ,  = 7 1 t  Z, LYj L  ^ Y ^ T ^ .Y ,  h^ a f ;  J
k= l 
k* j
t(T)
J i , § 1
j = l  JM j,k
T-  D.l d U n  T)
h l
T-  D.l a « n  T)
h2 a c 2
T-  D. d U n  T)
h3
J » M
i »§2
t(T)
i , § 3
For s u b s t i t u t i o n  in to  th e  s p e c ie s  c o n t in u i ty  e q u a tio n
(D) (T)
J i , § 1 = +  J i , § 1
(D) (T)
J i , § 2 = J i ’§2 +  J i , ? 2
(D) (T)
J i ,§ 3 = J i ,? 3 +  J i ,§ 3
T h is  co m p le te s  th e  n e c e ssa ry  o p e ra t io n s  to  e x p l i c i t l y  w r i te  th e  
s p e c ie s  c o n t in u i ty  e q u a tio n  in  g e n e ra l  o r th o g o n a l c o o rd in a te s .
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(A. 40)
(A .41)
(A. 42)
3 2 3
B efo re  w r i t i n g  th e  momentum and en e rg y  e q u a tio n s  in  g e n e ra l
o r th o g o n a l c o o rd in a te s  th e  r a d i a t i o n  p r e s s u re  te n so r  and e x t e r n a l
*
fo rc e  f i e l d  term s a r e  d ro pped . The r e s u l t i n g  v e c to r  form o f  th e  two
e q u a tio n s  a re
Momentum:
p(V • V)V -  V . ( t -  IP ) = 0 (A .43)
Energy:
p(V - 7)H +  V • (qD +  qR) -  7 • (t ) . V = 0 (A .44)
I f  th e  need to  a c c o u n t f o r  th e  a d d i t i o n a l  e f f e c t s  shou ld  a r i s e ,  th e  
a p p ro p r ia te  term s c o u ld  be added to  th e  govern in g  e q u a tio n s  in  an  
analogous manner to  th e  te rm s w hich w i l l  be c o n s id e re d .
U sing th e  d e f i n i t i o n s  in  Tab. A . l ,  th e  momentum e q u a t io n  can  be 
w r i t t e n  in  th e  th r e e  o r th o g o n a l d i r e c t i o n s .
-  momentum:
u du + v_ du w_ du uv ^ 1  +  uw ^ 1
h l  S^1 h2 ^*2 h3 S^3 h l h2 S^2 h l h3 ^*3
2 dh0 2 dh_ . , v  2 w 3 + J L l o P
h l h2 S^1 h l h3 S^1 P h l  ^*1
1 P 1 /S (h 2h3T11) 5 (h 1h2T12) 5 <h i h3Ti 3>\
" p L h j h ^  V bgl  + a§2 + a§3 J
T.n 5h . ^ i *3 ^ h . t . a  S h . t d h * .
+ h ^  bf2 + h ^  bT3 ~ ^  Hi " Wx J " °
(A .45)
*
These te rm s a re  n o t u s u a l ly  s i g n i f i c a n t  f o r  gas dynamic p ro b lem s.
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3 2 4
E -  momentum: 
2
3h 3hu dv , v_  Bv w_ Bv , uv __ 2 vw  2
h l  h2 h3 S^3 h l h2 h2h3 9^3
2 3h , 2 Bh. , .u 1 w 3 , 1 1  BP+ —
h l h2 S§2 h 2h3 S52 p h2 S§2
5 (h 2h3T12) , 9 (h l h3T22^ , 9 ( h l h2T32^1 f  1 |    1   1   \
p Lh^h^h^  ^ 3 ? 1 + B§2 + 3§3 /
] - *
t 12 8h2 t 23 3h2 T11 Shl  t 33 3h3
h l h2 h 2h3 ^ 3  '  h l h2 852 '  h2h 3 ^ 2
momentum:
u 3w v_ dw w_ 3w wu ^ 3  , wv ^ 3
h l  h2 S^2 h3 3^3 h l h3 h2h3 S^2
u 2 5h l  w2 Sh2 1 1 BP
-  h l h3 3§2 " h2h3 Bg3 p h3 B§3
1 f  1 /a h^2h3T13  ^ 9 (hi h3T23) 5 (hi h2T33) \
“ p L h j h ^  V 3 ^  +  b ?2 + a §3 J
] - 0
T31 Sh3 T23 5h3 _ T11 9 h l  _ T22 5h2
h l h3 h2h3 S^2 h l h3 S^3 h2h3 ^ 3
(A .46)
(A .47)
In  th e  above e q u a t io n s ,  th e  s u b s c r ip ts  1 , 2 , and 3 in  th e  sym m etric 
s t r e s s  te n s o r  d en o te  th e  c o o rd in a te  d i r e c t io n s  S^, §2> and §3 
r e s p e c t iv e ly .  In  o rd e r  to  e v a lu a te  th e  th r e e  momentum e q u a tio n s  th e  
components o f  th e  v is c o u s  s t r e s s  te n s o r  must be d e f in e d . For a S to k e s ' I 
f l u i d  th e  s t r e s s  te n s o r  i s  d e f in e d  b y , R e f. A .2 , in  term s o f  th e  
r a t e  o f  s t r a i n  te n s o r  e  .
t -  f ( e )
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The s im p le s t  form  fo r  t h i s  e q u a t io n  in  th r e e  d im ensions i s  (R ef. A .2)
t = AI +  Be +  Ce • e (A .48)
For a  N ew tonian f l u i d
A = -  (-rH -  p)V • V, B = +  p,, C = 0 (A. 49)
The s t r e s s  te n s o r  may now be w r i t t e n  as
t = XIV • V +  ixe (A. 50)
The com ponents o f  th e  s t r e s s  te n s o r  a re
= XV • V +
22
T33 ’ V + ^ e 33
(A. 5 la )
T12 T21 ^ 1 2
T13 = t 31 = ^ 13
T23 T32 ^ 2 3
(A .51b)
Which may be w r i t t e n
11
x j-d(h2h 3u) B C h ^ v )  d ( h t h0« ) .
= h ,h„h_  L ~  +  ~  +*r*2“3 -  a5i
1 2  1 
J
v  8 h l  , w a h l  -1 
1 « 1  ' h l h2 3§2 h3h l  J
du (A. 52)
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W ith th e  p re c e d in g  d e f i n i t i o n  o f  th e  s t r e s s  te n s o r ,  th e  momentum 
e q u a tio n s  become th re e  e q u a tio n s  e x p re s se d  in  th e  th r e e  com ponents o f  
th e  v e l o c i ty  v e c to r .
The t o t a l  e n th a lp y  form o f  th e  en e rg y  e q u a t io n  Eq. A .44 may be 
w r i t t e n  in  g e n e ra l o r th o g o n a l c o o rd in a te s  by n o tin g  th e  form o f  th e  
th r e e  o p e ra to r s  ex p re ssed  in  Tab. A .I .
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3 2 7
l i .  ^ S -  +  Z _ JS L  + ;2_ M - l  = "1  j 5 (h 2h 3qD .P
PLhj^ h%x + h 2 a §2 h3 a§ 3J  h 1h 2h3 L a § 1
a C h ^ q j j  2) a (h i h2qD ,3^“l _ 1 _  r S^h 2h 3qRi l l
+ as2 a§3 . J " h 1h2h 3 L asL
a *h l h 3qR,2* . S (h l h2qR <3) ~| 1 j-d  { h ^ C ^ u + r ^ v + T ^ w ) }
+ * 2 b§3 J  h l h 2h 3 L a 5 l
a {h1h 3 (T12u-fr22v + r32w)} 3 { h ^ T ^ u ^ ^ w ) }  .............
+ - ------------ gg ------------------------+ --------------^ --------------------------J (A. 58)
The com ponents o f  th e  sh e a r  s t r e s s  have b een  d e f in e d  in  th e  d is c u s ­
s io n  o f  th e  momentum e q u a t io n .  T h e re fo re  o n ly  th e  com ponents o f  th e  
h e a t  f lu x  v e c to r s  a r e  l e f t  to  be d e f in e d  to  p ro v id e  a  com ple te  s t a t e ­
ment o f  th e  en e rg y  e q u a t io n .
The h e a t  f lu x  v e c to r  as hand led  p r e v io u s ly  w i l l  be d e s c r ib e d  
as  th e  sum o f  th e  d i f f u s i o n a l  and r a d i a t i v e  h e a t  f lu x  v e c to r s .  The 
d i f f u s io n a l  h e a t f lu x  v e c to r  can  be e x p re s s e d  a s  a  f u n c t io n  o f  th e
mass f lu x  v e c to r  by s im p le  m a n ip u la tio n  o f  th e  e q u a t io n  g iv e n  by
T N
«d -  - k V r + 1  V i  - " V  I i k 7 <ir> <A-59a>
i  i
where k* i s  n o t th e  o rd in a ry  th e rm a l c o n d u c t iv i ty  c o e f f i c i e n t .  The
u s u a l  form  o f  th e  d i f f u s io n a l  h e a t f lu x  v e c to r  i s  w r i t t e n  in  term s
o f  d i f f u s io n  v e l o c i t i e s  o r mass f lu x  v e c t o r s .  T h is  form e l im in a te s  
NiV(jj“ ) from  th e  p re c e d in g  e q u a t io n  and adds a  te rm  to  k* y ie ld in g  th e  
o rd in a ry  th e rm a l c o n d u c t iv i ty .  T h is  s te p  a l s o  in tro d u c e s  th e  b in a ry  
d i f f u s io n  c o e f f i c i e n t  in to  th e  D ufour e f f e c t  te rm . F o llo w in g  
H ir s c h f e ld e r  e t .  a l . ,  R e f . A .8 , and s u b s t i t u t i n g  f o r  th e  d i f f u s io n  
v e l o c i t i e s  y i e ld s :
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w here i s  th e  b in a ry  d i f f u s io n  c o e f f i c i e n t
3(M. + M.)P
^ i j  = 2 \ l  1) (A. 60)
1J 16N M.M .fZ.
i  J i J
The d i f f u s io n a l  h e a t f lu x  v e c to r  c o n ta in s  term s w hich r e s p e c t iv e ly  
r e p r e s e n t  c o n d u c tiv e  en e rg y  f lu x ,  d i f f u s io n a l  en erg y  f lu x ,  and 
d if fu s io n - th e rm o  (D ufour) energy  f lu x .  The D ufour e f f e c t  i s  k e p t in  
th e  above e q u a t io n  to  be c o n s i s te n t  w ith  k eep in g  th e  S o re t e f f e c t  
in  th e  s p e c ie s  c o n t in u i ty  e q u a t io n . At t h i s  p o in t  i t  i s  a p p ro p r ia te  
to  p o in t  o u t th a t  th e  th e rm a l c o n d u c t iv i ty  in  th e  co n d u c tiv e  f lu x  te rm  
i s  in  g e n e ra l  a  te n s o r .  For th e  ca se  o f  an  i s e n t r o p ic  f l u i d ,  th e  
c o n d u c t iv i ty  re d u c e s  to  a s c a l a r .  T h is  i s  th e  form  used  in  th e  
d i f f u s io n a l  en e rg y  f lu x  v e c to r  above.
Having s t a t e d  th e  v e c to r  form o f  th e  d i f f u s io n a l  h ea t f lu x  v e c to r ,  
th e  com ponents needed in  th e  energy  e q u a t io n  can  be e x p re s se d .
k_ ST_ , V  v T 
qD ,l  '  " h L dSj' Zj i  i»§^
XT T\ ^  J, .  J ,
L .  V  V  ^  f  1  ^  ( A 61\
'  N2 \  Pj "  P l
#  The p e r f e c t  gas e q u a t io n  o f  s t a t e  has been  u sed  to  r e p la c e  k  T inc
th e s e  e q u a tio n s  from  R e f . A. 8 w ith  P/N.
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w here th e  com ponents o f  th e  mass f lu x  v e c to r  used  in  th e  above e x p re s s io n
a re  d e f in e d  in  th e  d is c u s s io n  o f  th e  s p e c ie s  c o n t in u i ty  e q u a t io n .
To c a l c u la t e  th e  com ponents o f  th e  r a d i a t i v e  f lu x  v e c to r  q_ _
*
w here i s  an  o r th o g o n a l c o o rd in a te ,  l e t  u s  in t e g r a te  Eq. A .30. 
r ,
’  J  1 7 • «Rdr
r 0
-  1 7 • ->R<hl e l d5l  + h 2*2dS2 +  h3*3d«3> <A‘ 64>
r 0
Note t h a t  7 • qD i s  a  s c a la r  in d ep en d en t o f  c o o rd in a te  system . The K
f lu x  com ponents may be w r i t t e n :
' . L  ( 7  •  V h l d ? l  ( A ' 6 5 >
ro
o r by s u b s t i t u t i n g  from  Eq. A .30
PS ( r , )  p80 /  r 4TT _  \  i
«R,1 = J _  J  “v  ( 4 ttB v  -  J I v ( r ) d Q ) d v h 1d 5 1 (A .66)
§ ( r Q)  0  0
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<R,2  "  J  _  -  J 4"  y O « ) d v h 2<if2 ' (A .67)
C (r0 ) 0  0
r§ (* i ) r”  f  r4n -  N
*R, 3"J _  J av (4TTBv “ J V r)dfi) dvh3d§3 (A*68>
| ( r 0 )  0  0
In  a d d i t io n  to  th e  g e n e ra l  c o n s e rv a t io n  e q u a tio n s  an  e q u a t io n  o f  
s t a t e  i s  needed to  s p e c if y  th e  r e l a t i o n s h ip  between p r e s s u r e  and 
te m p e ra tu re . A r e a s o n a b le  ap p ro x im atio n  fo r  th e  th e rm a l b e h a v io r  o f  
a gaseous m ix tu re  i s  th e  id e a l  gas e q u a t io n  o f s t a t e .
P = p R T ^ C i /Mi  (A. 69)
A nother form o f  th e  i d e a l  gas e q u a tio n  o f  s t a t e  i s
P = NkcT where £  ^  = N (A. 70)
1
T h is  l a s t  e x p re s s io n  has been  used p re v io u s ly  to  s t a t e  E q . 's  A .59 and 
A. 60.
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CONSERVATION EQUATIONS IN BODY ORIENTED COORDINATES
In  o rd e r  to  d e s c r ib e  th e  flow  over b lu n t  b o d ie s  moving a t  hy p er­
so n ic  v e l o c i t i e s ,  i t  i s  found co n v en ien t to  so lv e  th e  c o n s e rv a t io n  
e q u a tio n s  in  o r th o g o n a l body o r ie n te d  c o o rd in a te  sy s te m s . The ty p e  
o f  body under c o n s id e r a t io n ,  i . e .  th re e -d im e n s io n a l ,  ax isym m etric  o r  
two d im e n s io n a l ,  th u s  d e te rm in e  th e  s t r e t c h in g  f u n c t io n s ,  h ^ , h2 » h ^ , 
d is c u s s e d  in  th e  p re v io u s  s e c t io n .  The c l a s s  o f  b o d ie s  c o n s id e re d  in  
t h i s  developm ent a r e  ax isy m m etric  o r  tw o -d im en sio n a l and have th e  
fo llo w in g  s t r e t c h in g  f u n c t io n s ,  see  Tab. A .2:
where k i s  th e  lo c a l  body c u rv a tu re  and r  i s  d e f in e d  in  F ig .  A .3. 
U sing F ig . A .3 th e  fo llo w in g  r e la t io n s h ip  may be  found
h x = 1 + ny
h  = y .  h2 AXISYMMETRIC (A. 71)
§3 = <p, h3
§1 = x ,  h1 = 1 +  ny
TWO-DIMENSIONAL (A. 72)
r  = r  + y s i n  0 w J (A. 73)
d r = s i n  0 dy +  x cos 0 dx (A. 74)
w here
k = 1 +  ny (A. 75)
Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
Reproduced 
with 
perm
ission 
of the 
copyright ow
ner. 
Further reproduction 
prohibited 
without perm
ission.
T ab le  A .2 C o o rd in a te  System s and S t r e tc h in g  F u n c tio n s
1 . O rth o g o n a l 
c o o rd in a te  
sy stem , and
2 . o r th o g o n a l 
c o o rd in a te s
§ 1 » §2 ’
R e c ta n g u la r  c o o rd in a te s  S t r e tc h in g  fu n c t io n s  h^ hg h^
X y z h l h2 h3
C y l in d r ic a l  
r ,  9 ,  z r  co s 0 r  s i n  0 z 1 r 1
S p h e r ic a l  
r » <p> 0 r  co s  6 s i n  cp r  s in  0 s i n  cp r  cos  0 1 r r  s i n  cp
P a ra b o l ic  
c y l i n d r i c a l  
§» Tl, z
%(S2 -  Tl2) 511 z V ? 2 +  'n2
C\|+CMU/> 1
L o ca l
c o o rd in a te s  
a lo n g  s u r fa c e  
x ,  y ,  z
- - - 1 + ny 1 1
L o ca l
c o o rd in a te s  
a lo n g  s u r fa c e  
Sym m etric 
ab o u t a x i s
x ,  y» «p
- - - l  +  *y 1 r
N o te : A d d it io n a l  c o o rd in a te  sy stem s a r e  c o n s id e re d  by B ack, R e f . A .6 .
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T ^ _  ^ 8  d 9  _  , (x)
~  (\ + k $)c/x d x
S  =  J * {\  +  * 8 )  Tan € d*  +  So 9 -  JQ
F ig . A .3 B ody-O riented  C o o rd in a te  System
K{X)d%,
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( d O 2 = H2 (d x ) 2 +  (dy ) 2 + ( r Ad z ) 2 (A. 76)
For th e  ax isym m etric  c a se  z has been  s u b s t i tu t e d  f o r  cp. Thus by 
n o tin g  th a t  th e  s u p e r s c r ip t  A can be e i t h e r  1 o r  0 b o th  th e  r e s p e c t iv e  
ax isym m etric  and two d im en sio n a l c a se s  can  be r e p re s e n te d  by one s e t  
o f  e q u a tio n s .
S u b s t i tu t in g  th e  s t r e t c h in g  fu n c tio n s  A .71 and A .72 and r e l a t i o n ­
sh ip s  A .73 and A .75 in to  th e  g e n e ra l c o n s e rv a t io n  e q u a tio n s  f o r  a  
m ulticom ponent continuum  gas in  g e n e ra l o r th o g o n a l c o o rd in a te s  g iv en  
in  th e  second s e c t io n  y ie ld s  th e  fo llo w in g  e q u a t io n s .
C o n tin u i ty :
+  .  0 (A -77)
S p ec ies  C o n t in u i ty :
A „ N A „ . . ,  A,3 ( r  pC u) r  pC.v) -  3 ( r  J  )
1 4 - ...........— , , -  ■ iX
3x Sy Bx
-  3 (x  r AJ .  )
 ^ ^  i»i  (A. 78)
where J .  and J  a r e  th e  mass f lu x  com ponents o f  s p e c ie s  i  in  th e  x 
i»x  i» y
and y d i r e c t io n  r e s p e c t iv e l y .  The mass f lu x  v e c to r  i s  th e  sum o f  two 
v e c to r s  n e g le c t in g  fo rc e  d i f f u s io n  and p r e s s u re  d i f f u s io n .
_  _ (D ) _ (T )
J i  = J i  +  J i  (A*79)
The components a r e
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c o n c e n tr a t io n  d i f f u s io n :
^  n t  v  r  -  / ^ Gi \  1 ^Yk”l
J i , x  “  p IRT L  Mi Mj DijL Yi  L  (dY /T,-V,Y. ~  Bx*J (A .80)
j = l  k = l k ,k  K
kjtj
(D) n  2 ® -  “  9G .n 3Y -
J i , y  = p RT L  Mi Mj DijL Yi  A  w J /T .-V .Y . a f ]  (A .81)
j = l -  k = l * j t f j , k *
th e rm a l d i f f u s io n :
(T) D T _
<A - 8 2 >
H
C
The two momentum eq u a tio n s  can  be e x p re sse d  in  th e  fo llo w in g  
m anner. 
x -  momentum
„ A Bu ~  A Bv A
p dx v  By " p t r  uv
A BP S<rA 'rxx ) a ^ rA'rxv)
+ *A i - T r a " " - V HL (A*84)
-  r A KT +  t  I s -  = 0 n xy zz Bx
y -  momentum
p rAu + P nrAv -  pn rAu 2 
~  A aP 3 (r \ v >  8 <*r\ y )
+ * 1 k  - - " a y  <A-85>
A ~  BrA _
+  d J  T +  HT rr—  *  0xx zz By
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where th e  com ponents o f  th e  s t r e s s  te n s o r  a r e
A N . / - A
Txx ~  A- i nr
= _ k _
yy ~ A 
33 HP
p ^ u i + l ^ v l ] + ^ g + > i v ]  (A -86)
H
CA.87)
<A- 88>zz ~  A L dx 3y J L~ A dx A dyhT 3 xjc r  3
-  *■ > 1 dv , du x H QQ.t = t = p — —  + —  u (A. 89)xy yx L~ dx dy ~  J 
• x x
The above s t r e s s  com ponents a re  a l s o  u sed  in  th e  energy  e q u a tio n , 
en erg y :
A dH ~  A dH qD,x^ qD,y^
P r u ^ + P # v F y  = -------- g - * ------------
S ( rAq x ) S (x rAq ) .  r  a A *1
-  ----- -— *—  -  ----- ------ 1—  +  t I  r  ut + r  vt J (A .90)dx dy dxL xx  xyJ
5 *“ ~  A A "I+ r -  I x r u t  +  h r  vt dy L xy  yyJ
The components o f  th e  d i f f u s io n a l  h e a t f lu x  v e c to r  a r e  
k  dT +
i
l  , \  . T 
qD ,x “  ” Z dx L  i  i , x
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(A .92)
From Eq. A.66 and Eq. A .67 th e  components o f  th e  r a d i a t i v e  f lu x
v e c to r  a r e :
-xOrJr® 4tt _
J _  J 0 av (%Bv " J n
x ( r fl)
pyOcJf00 r4TT __
J  Jo  <v(4nBv " J n V * > « > * * y
y ( r 0 ) 0
(A .93)
(A .94)
The s ta te m e n t o f  th e s e  v e c to r  com ponents com ple tes  th e  s e t  o f  
c o n s e rv a t io n  e q u a tio n s  e x p re s se d  in  body o r ie n te d  o r th o g o n a l 
c o o rd in a te s .  By th e  u se  o f  th e  s t r e t c h in g  fu n c tio n s  l i s t e d  i n  Tab.
A .2 , th e  c o n s e rv a t io n  e q u a t io n s  can  be w r i t t e n  i n  th e  c o o rd in a te  
system  d e s ir e d  by fo llo w in g  th e  method used  f o r  th e  c a se  u n d er c o n s id ­
e r a t i o n  in  t h i s  s e c t io n .  F u rth e rm o re , i t  i s  n o ted  t h a t  th e  c o n s e rv a t io n  
e q u a t io n s  w ere o b ta in e d  u s in g  o r th o g o n a l v e r s io n s  o f  th e  te n s o r  te rm s . 
C o n seq u en tly , i f  a  n o n o rth o g o n a l tr a n s fo rm a tio n  i s  d e s i r e d  th e  e q u a tio n s  
may be used  w ith o u t f e a r  o f  n e g le c t in g  te rm s .
Subsequent t r a n s fo rm a t io n  o f  indep en d en t v a r i a b le s  u s in g  D o ro d n itsy n , 
Von M ises , L ees o r  one o f  many o th e r  t r a n s fo rm a tio n s  may be  made in  
o rd e r  to  s im p lify  th e  form  o f  th e  c o n s e rv a tio n  e q u a t io n s .  The 
s e l e c t i o n  and u se  o f  th e s e  t ra n s fo rm a tio n s  w i l l  n o t be  d is c u s s e d  h e r e .
The r e a d e r  i s  r e f e r r e d  to  D o rran ce , R ef. A .9 , and H ansen , R e f . A. 10 , 
f o r  s u i t a b le  d is c u s s io n  and l i s t i n g  o f  s i m i l a r i t y  t r a n s fo rm a t io n s .
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APPENDIX B
RADIATIVE TRANSPORT EQUATIONS
The pu rp o se  o f  t h i s  appendix  i s  to  p ro v id e  d e t a i l s  o f  th e  
r a d i a t i v e  p r o p e r t i e s  and t r a n s p o r t  e q u a tio n s  used in  t h i s  work which 
w ere developed  by W ilson (R ef. B . l ) .  A c c o rd in g ly , th e  fo llo w in g  
developm ent p ro v id e s  a sy n o p sis  o f  th e  r a d i a t i v e  t r a n s p o r t  s e c t io n  
o f  R e f. B . l .  The sy n o p sis  i s  com plete  in  i t s e l f  and p ro v id e s  d e f in i t i o n  
o f  symbols and term s n o t found in  th e  m ain t e x t .
BASIC TRANSPORT EQUATIONS
In  C h ap te r 2 th e  r a d i a t i v e  t r a n s p o r t  e q u a t io n  was so lv ed  in  
p h y s ic a l  sp ace  fo r  a o n e -d im en s io n a l s la b  to  y ie ld  an  e q u a t io n  fo r  
i n t e n s i t y .  T h is  e q u a t io n ,  Eq. 2 .4 9 , and th e  e q u a tio n s  fo r  th e  f lu x  
Eq. 2 .5 0 , and f lu x  d iv e rg e n c e , Eq. 2 .5 1 , a r e  th e  s t a r t i n g  p la c e  fo r  
t h i s  developm ent.
I n  o rd e r  to  c a l c u l a t e  i n t e n s i t i e s  th e  a b s o rp t io n  c o e f f i c i e n t  i s  
s e p a ra te d  in to  a  l i n e  and continuum  c o n t r ib u t io n .
a = a C +  a  L (B .l)v v v
*
C o rre sp o n d in g ly , th e  f lu x  norm al to  th e  body i s  e x p re sse d  as  a  sum 
o f th e  continuum  o n ly  p ro c e s s  and th e  l i n e  p ro c e s s  c o r r e c te d  fo r  
continuum  a t te n u a t io n .
qR "  qR° +  (B .2) I
* .
The y s u b s c r ip t  on th e  f lu x  te rm  which was u sed  in  th e  m ain t e x t  
has b een  dropped  in  Appendix B f o r  co n v en ien ce .
3 3 9
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The con tinuum  f lu x  i s  th e n  ex p ressed  a s
r" r rV 0,y) rV y>6) 1
%  = " J „ U „  W  (b - 3)
where th e  e m is s iv e  fu n c t io n ,  E , i s* v
y
E v  =  1  -  e x p [ -  j  J  (  orv 0 d y ]  ( B . 4 )
*
The l i n e  f lu x  i s  e x p re sse d  as
v  rw . ( 0 , y )  pW.Cy.S)
= tt 2, J >y) ” J Bi d”±(7»7 ) (B.5)L qR
a l l  l i n e s  0 
i
where th e  freq u en cy  in t e g r a t i o n  has been  c a r r i e d  o u t a n a l y t i c a l l y  and 
in c o rp o ra te d  in to  an  e q u iv a le n t  w id th  v a r i a b l e ,  w .(y / , y ) ,  d e f in e d  as
•  7  f W *  r  •  t T a  d y n
W iC y^y) = w1C- ( y ,y ' ) j  = e y J ^1 -  e  y Jdv (B .6)
In  t h i s  d e f i n i t i o n  i t  has been assumed th a t  th e  continuum  a b s o rp tio n  
c o e f f i c i e n t  and P lan ck  fu n c tio n  a re  freq u en cy  in dependen t over th e  
i n t e r v a l  Av.
The f lu x  d iv e rg e n c e  i s  ex p ressed  a s  a  sum o f  fou r te rm s .
= Q = QC ’°  + QC,L + QL>C + QL>L (B .7 )
These fo u r  te rm s a r e  d e f in e d  a s ;
(1 ) th e  e n e rg y  e m itte d  and absorbed  by th e  continuum ;
*
T hroughout t h i s  appen d ix  th e  p a r e n th e s is  symbol ( ) i s  p r in c i p ly  
used  to  d en o te  f u n c t io n a l  d ep en d en c ies .
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r r r“  crpEv,(0 ’y) , / rEv,(y ’6) , • ,Q * = 2n I a  f j  V B (y )dE (y,y ) +  [ v B (y ')d E  (y ' ,y )
J q  V U g  V V J q  V V
-  2Bv (y )]d v  (B .8)
(2 ) th e  energy  e m itte d  by th e  continuum  and ab so rbed  by th e  l i n e s ;
C L  V  PE\ i ^ ,y  ^ / r  / ^ /Q ’ = 2 tt £  J Bi (y  )^S j,(y )  -  A ^ y  ,y )JdE v<y ,y )
a l l  l i n e s  0 
I
rE (y ,6 )  _
+ J V B .(y / )|_Si (y ) -  Ai ( y ,y / )JdEv ( y ,y / ) (B .9)
(3 ) th e  energy  e m itte d  by l i n e s  and abso rbed  by th e  continuum ; 
t  n p ,w .(0 ,y )
q ’ = 2tt 2, a v (y )  J Bi ^ y  >dwi ( y  »y)
a l l  l i n e s  0
i
( y , 6 )
+ J BjL(y )dv^(y,y ) (B .10)
0
(4 ) th e  energy  ab so rbed  and e m itte d  by  l in e s :
,-y c
QL,L = 2rr
v  r*Ai ( °>y) / ■ , a v .^ y )d y ,
l  J Bi (y )e  y 1 dAi ( y » y )
a l l  l i n e s  ®
i
i  ry / C A , ( y » 6 )  - 7  a  (y )dy
+ r  B ^ y ' j e  f J y  v i  dA1( y , y ' )
-  2B1 (y )S l (y ) ( B . l l )
I n  E qs. (B .9 ) and ( B . l l )  th e  freq u en cy  in t e g r a t i o n  i s  perfo rm ed  in  
te rm s o f  an  a b s o rp tio n  e q u iv a le n t  w id th  v a r ia b le  A ^(yy,y )  d e f in e d  a s
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A ^ y ' . y )  = A ^ - C y .y ') ]  = J  a r^ C y )^ !  -  e  1 y dv (B .12)
Av
The l i n e  s t r e n g th  v a r i a b l e ,  i s  d e f in e d  in  s e c t io n  on t r a n s p o r t  by 
a  s in g le  l i n e .
TRANSPORT BY THE CONTINUUM PROCESS
S in ce  th e  continuum  a b s o rp t io n  c o e f f i c i e n t  v a r ie s  slow ly  a s  a  
f u n c t io n  o f  fre q u e n c y , e x c e p t a t  p h o to io n iz a t io n  e d g e s , a  m onochrom atic 
e v a lu a t io n  o f  th e  f lu x  and f lu x  d iv e rg e n c e  a t  s e le c te d  fre q u e n c ie s  
fo llo w ed  by n u m erica l q u a d ra tu re  o v er f re q u e n c ie s  i s  r e a l i s t i c .
Four a tom ic s p e c ie s  a r e  c o n s id e re d , H, C, 0 , N. For th e se  s p e c ie s  
and shock la y e r  c o n d i t io n s  o f  i n t e r e s t ,  th e  shock la y e r  i s  o p t i c a l l y  
t h i n  below  th e  f i r s t  m ajor p h o to io n iz a t io n  ed g e . F u rth e rm o re , a t  
f r e q u e n c ie s  above th e  f i r s t  p h o to io n iz a t io n  edge th e  a b s o rp tio n  
c o e f f i c i e n t  i s  e s s e n t i a l l y  c o n s ta n t .  C o n seq u en tly  th e  freq u en cy  
dep en d en t a b s o rp t io n  c o e f f i c i e n t  can  be r e p re s e n te d  by a  s e r i e s  o f  
g rey  a b s o rp t io n  c o e f f i c i e n t s .  For th e  o p t i c a l l y  t h i n  groups th e  g rey  
a b s o rp t io n  c o e f f i c i e n t  i s  th e  P lan ck  mean c o e f f i c i e n t .
ot B dv 
. v v
Of.P (B. 13)B dv
. V
w here
(B .14 ) /
j j
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and
o \  = o \ ( v ,T )  fo r  j  = s p e c ie s  H, C, 0 ,  N
The a b s o rp tio n  c ro s s  s e c t io n  has th e  same form  fo r  th e  a tom ic  s p e c ie s
2
c o n s id e re d  ( a l l  c ro s s  s e c tio n s  a r e  g iv e n  i n  cm / p a r t i c l e ) .
0 j£ hv hvT^
hv >  hvT
[h v }“
j
a .  = 7 .26  x  10"16 T , kT e" hv "  A-*/kT (B .15)
J J r u . . i3
16 -  C«, -  hv J ]/k T  §
a .  = 7 .26  x  10 T , kT e  J — ■*-= (B .16)
J j  [h v ]3
where
= s p e c ie s  s t a t i s t i c a l  w e ig h t f a c t o r
e^ . = s p e c ie s  io n i z a t io n  en e rg y
A = p h o to io n iz a t io n  edge s h i f t
hv^ = s p e c ie s  merged energy  l e v e l  l i m i t
= s p e c ie s  nonhydrogen ic  c o r r e c t io n  f a c to r
R e fe re n ce  B . l  d id  n o t in c lu d e  m o le c u la r  a b s o rp t io n  o r e m is s io n . How­
e v e r ,  continuum  c ro s s  s e c t io n  f o r  th e  m o lecu le s  Ng, 0 ^ , C2 , C^, and CO 
w ere more r e c e n t ly  in c lu d e d  by W ilson  in  h i s  F o r tr a n  s u b ro u tin e  TRANS 
w hich was o b ta in e d  from W ilson  and form s th e  b a s i s  o f  th e  r a d i a t i v e  
c a l c u la t io n  method o f  th e  p r e s e n t  w ork (R e f. B .2 ) .  I n  th e  p r e s e n t  
work th e  c ro s s  s e c t io n s  f o r  and C^H w ere added . The a d d i t io n  o f
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m o lecu les  to  th e  r a d i a t i v e  c a l c u la to r s  d ic t a t e d  s e v e ra l  changes in  th e  
continuum  c a l c u l a t i o n  p ro ced u re  d e s c r ib e d  in  R e f . B . l .  The fo llo w in g  
developm ent in c lu d e s  th e se  ch an g es.
The con tinuum  tr a n s p o r t  i s  c a lc u la te d  u s in g  a  12-band model (7 - 
bands w ere u sed  in  R e f. B . l ) .  In  each  group th e  a b s o rp t io n  
c o e f f i c i e n t
Q? = £  Nf t  j  = N, 0 , C, H, CO, C3 , C2 , 02 , N2> H ^ H  (B .17)
j
i s  c a l c u la te d .  The e q u a tio n s  fo r  th e  band av erag ed  a b s o rp tio n  c ro s s  
s e c t io n s  f o r  each  band group i s  l i s t e d  below .
Group 1: 0 £ hv £  5 .0  ev
Atomic c ro s s  s e c t io n s
In  one band th e  p a r t i a l  P lanck  mean i s  u sed  in  w hich a^ fo r  each  
e lem en t has  th e  form
5 .0 4  x A r . K  - e . /kT p .  , 2-,
 j ; ------------------------  ^ e * ' V [ 9 i 4  [ ^ 2]
1 (hvB
f  r  21 - K  "  hV T j  | / k T f
+ kT {0^ +  2 3 j[k T ] J  -  kT e  *- B J  \ 0 j  +  3j<
2^  -{hv  -  hv j }{23 [hv -  hv„j ]kT + 23 [k T ]2)
-  hvTJ ) } -  kTe L B T 3 J (B .:
where
Kq = 7 .2 6  x 10 ^ c m 2ev 2
hvB = 5 .0  ev
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and
Bp = 5 .0 4  x  103[ M ] 4 { %  -  a '  h' ' B « [ ^ S ) 3 
^  + « £ )  ^  « ]}
For each  a tom ic  s p e c ie s  th e  r e q u ir e d  p a ram e te rs  a r e :
h v ^ ( e v ) e j  (ev )
e ;
H: 2.40 13.56 1 .00 0 .0
C: 3 .78 11.26 0 .3 0 0 .0488
N: 4 .2 2 14.54 0 .2 4 0 .0426
0: 4 .2 2 13.51 0 .2 4 0 .0426
M olecu lar c ro s s  s e c t io n s
Group 2 : 5 .0  £  hv ^  6 .0  ev
Atomic c r o s s  s e c t io n s
CTj = Eq. (B .16) j  ■ N, 0 ,  H, C
M o lecu la r c ro s s  s e c t io n s
* , n - l 8 ^  o 18 -  ,5 /kTOn -  3 . x 10 + 8 . x  10 e
2
or  = 4 .  x 10 
3
-1 8
" 0 2  =  ° M2 =  ° H2 ‘  ° C0 =  Gc2n  "  ° ' °
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
(B .19)
Group 3: 6 .0  s  hv ^  7 .0  ev
Atomic c ro s s  s e c t io n s
CTj » Eq. (B. 16) j  = N, 0 , C , H
M olecu lar c ro s s  s e c t io n s
CT- = 1. x  10"
2
_ 1n- 18 -  . 7/kT
°co '  3- x 10 e
c o2 -  ctn2 = \  "  ^ c 3 -  ’  ° - °
Group 4 : 7 .0  £  hv £ 8 .0  ev
Atomic c ro s s  s e c t io n s
CTj = Eq. (B .16) j  = N, 0 ,  H
ac  = Eq. (B. 16) + 5 . x  10_17e" 4 ,18 /lsT / ^ ,
M o lecu la r c ro s s  s e c tio n s
- t o  , A-17  -  .5  A t CTqq = 1 .9  x 10 e
CTn = 6 .0  x  10 ^
2
ctp  „  = 1 .3  x  10~*8 
2
ac = ctn  = ctH = a c  = °* °  2 2 2 3
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
Group 5 : 8 .0  £ hv £ 9 .0  ev
Atomic c ro s s  s e c t io n s
crj = Eq* (B .16) j  = N, 0 ,  H
a c  -  Eq. (B .16) + 5 . x  10” l7 e" 4 - I8 /k T /Zc
+  2 .2  x  1 0 -17e -  2 -68/kT /H ,
M olecu lar c ro s s  s e c t io n s
CTc o  *  2 ’ 5 x  l d ' 17
-1 9
ct-  = 2 .0  x  10 
2
<jc „  = 8 .5  x  l ( f 19
%  = °« 2  = " S  = %  = 0 -0
Group 6: 9 .0  £  hv £ 10.0  ev
Atomic c ro s s  s e c t io n s
Oj = Eq. (B .16) j  = N, O, H
a c = Eq. (B .16) + 5 . x 10"17e” 4 *18/W V %
+ 2 .2  x 10"17e" 2 *68/kT /%  
M olecu lar c ro s s  s e c tio n s
CTC0 = 5 .0  x  10"18
CTn = 1 .0  x  10“ 18 
2
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\  ctN2 CTH2 = ctC3 = a C2H = 0 , 0
Group 7: 10 .0  £  hv £  10.8  ev
Atomic c ro s s  s e c t io n s
a . = Eq. (B .16 ) j  = 0 , N 
■J
in -1 8  -  10 .2  A T .
CTN “
-  s * i n " 17 1-26/kT ,  1n-1 7  -  2 .75/kTOq -  i 0 .5  x 10 e  + 2 .2  x 10 e
+ 5 .0  x  1 0 '17 e" 4 *18/kT] /Z c
M olecu lar c ro s s  s e c t io n s
-1 9CTn = 6 .0  x  10 
2
CT(32 ~ ^ 2  ~ CTr2 " a°3  = CrG0 ~ CTc2H ° ' °
Group 8: 10 .8  £  hv ^  11 .1  ev
Atomic c ro s s  s e c t io n s
Cj = Eq. (B .16) j  = 0 ,  N 
-1 7  -  3 .5 /k Ta „  = 5 .1 6  x  10 eN
a c  = [ 8 .5  x  1 0 -17 e -  1- 26/kT + 2 .2  x  l < f 17 e ' 2 ' 757"1
+  5 .0  x  10"17 e '  4 - l8 / f c r ] /S c
M olecu lar c ro s s  s e c t io n s
a 02 ‘  \  -  \  -  \  ■ °C3 -  ° c o  -  CTc 2H -  ° - °
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Group 9 : 11 .1  £  hv £ 12.0  ev
Atomic c r o s s  s e c t io n s
<7j  = Eq. (B .1 6 ) j  = 0 , H
17 -  3 .5 /kTg „  = 5 .1 6  x 10 e
r Q c 17 -  1 .26/kT  . „ 0 in - 17 -  2 .7 5 A T
ctc = I 8 .5  x 10 e  +  2 .2  x 10 e
+  5 .0  x 10 e17 -  4 .1 8 /k T ] /sb
M o lecu la r c ro s s  s e c t io n s
a„ = 1 .0  x  1 0 "18
2
a °2  = CTr2 = °CZ = CT° 3  = a°°  = CT(32H = °* °
Group 10: 12 .0  £  hv £ 1 3 .4  ev
Atomic c ro s s  s e c t io n s
a  = Eq. (B .16 ) j  = 0 , H
!"* / i / T 1? -  2 .3 /kT  . _ 17 -  3 .5 /k T l ,_a N * I 6 .4  x  10 e  + 5 .1 6  x  10 e l/E^
ctc = [ 9 .9  x  lO-1 7  +  8 .5  x  10"17 e" l ' 26/kT
+  2 .2  x  I D '17 e~ 2 -75/kT +  5 .0  x  W 17 e‘  4 - 18/kT] / ^
M o lecu la r c ro s s  s e c t io n s
a N = 1 .0  x  10"17 
w2
CTlI -  2 .7  x 10"17 
2
a o 2  =  ctc 2 = a c 3 "  CTc o  = CTc 2H =  ° - °
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Group 11: 13 .4  £  hv £  14 .3  ev
Atomic c ro s s  s e c t io n s
a R = 1 .18  x  lO-1 7 / ^
a Q = 3 .6  x  1 0 '17/Z 0
a N = [ 6 .4  x  10-1 7  e" 2 *3/kT + 5 .15  x lO-1 7  e“ 3 ,5 /k T ] / ^
a c = [ 9 .9  x  10“ 17 + 8 .5  x  10"17 e“ 1*26/ kT
+ 2 .2  x  1 0 "17 e” 2 *75/kT + 5 . 0  x  10“ 17 e" 4 ,1 8 /k T ] / ^ ,
M olecu lar c ro s s  s e c t io n s
CT„ = 1. X 10" ^7
2
c r „  =  2 . 7  x  l O - 1 7  
2
° ° 2  = \  ‘ » C , ’  °C0 = a C2H = ° - °  
Group 12: 14 .3  £ hv £ 20 .0
Atomic c ro s s  s e c t io n s
ctH = CT0 = 0 ‘°
CT„  = [ l .O  x  10-1 8  + 6 .4  x 10“ 17 e“ 2 *3/kT +  5 .1 6  x  10" 17e " 3 *5/kT] /E N 
ac = [ 9 .9  x  10"17 +  8 .5  x  10“ 17 e" 1*26/ kT
+ 2 .2  x 10” 17e” 2 ‘5/kT + 5 . 0  x 10-1 7 e“ 4 ,1 8 /k T ] / ^ ,
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M olecu lar c r o s s  s e c t io n s
CTm  =  1 . 0  x  1 0 " 1 8  
2
°°2  = C°2  ^ 3  ^ 2  CTC0 CTC2H ~ °* °
In  th e  above e x p re s s io n s  S j i s  th e  p a r t i t i o n  fu n c t io n  o f  th e  j - t h  
s p e c ie s .
The f lu x  and f lu x  d iv e rg en ce  e q u a t io n s  in  te rm s o f  th e  g rey  
a b s o rp tio n  c o e f f i c i e n t s  fo r  each  group k  a r e :
c  f*Ek ( 0 , y ) _  rE, ( y , 6 ) _
qR ,k  = n  J )dEk (y  ^  " J >dV y ’y * (B .20)
0 0
c c c -  fE <°>y>_ ,
<T’ = 2 ttq^ L[_J  B ^ d E ^ y ' ,  y )
k  0
^E k (y ,6 )_  _  -i
J \ C y , )dEk ( y , y ' )  -  2 bJ  (B .21)+
0
where
= B (T )dv  (B .22 )
J » v AVfc
and E^ i s  d e te rm in e d  u s in g  Eq. B .4 and th e  g rey  a b s o rp tio n  c o e f f i c i e n t  
C
“ k *
TRANSPORT BY A SINGLE LINE
C o n s id e r th e  t r a n s p o r t  by system  o f  n o n o v e rla p p in g , e l e c t r o n -  
im pact b ro ad en  l i n e s .  An i s o la te d  l i n e  has a  L o re n tz ia n  shape 
c h a r a c te r iz e d  by a  s t r e n g th  S and ( h a l f )  h a l f -w id th  y ,  n e g le c t in g  
l i n e  s h i f t s ,
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(B .23)
where
(B .24)
0
and w here N i s  th e  low er s t a t e  number d e n s i ty  and f  / ,  th e  f-num ber, n J nn
The f-num ber r e p r e s e n t s  th e  t r a n s i t i o n  p r o b a b i l i t y  s t r e n g th  and i s  th e  
number a p p ro p r ia te  fo r  a  s in g le  l i n e ,  o r  m u l t i p l e t ,  o r  w h atev e r 
c o l l e c t i o n  o f  l i n e  t r a n s i t i o n s  i s  r e p re s e n te d  by th e  low er s t a t e  
number d e n s i ty ,  N .
The s p a t i a l  dependence o f  th e  h a lf -w id th  y  in  th e  d enom inato r o f  
Eq. (B .23) p re c lu d e s  a  c lo se d -fo rm  e v a lu a t io n  o f  th e  freq u en cy  
in t e g r a t i o n  r e q u ir e d  by th e  e q u iv a le n t  w id th  v a r i a b le s  W and A. For 
c o m p u ta tio n a l e x p e d ie n c y , th e  a c t u a l  h a l f -w id th  in  th e  denom inato r 
o f  Eq. B .23 i s  r e p la c e d  w ith  a  s p a t i a l  av e ra g e  y  . When th e  l in e  
c e n te r  i s  o p t i c a l l y  th i c k  in  n e a r  c o n s ta n t te m p e ra tu re  r e g io n s  th e  
e f f e c t  o f  th e  h a l f - w id th  y  in  th e  denom inator o f  Eq. B. 23 i s  n e g l ig ib l e .  
T hus, th e  s p a t i a l l y  av erag ed  v a lu e  f o r  y i s  d e f in e d  such  t h a t  in  th e  
o p t i c a l l y  t h i n  l i m i t  th e  c o r r e c t  f lu x  i s  o b ta in e d . To t h i s  en d , 
c o n s id e r  th e  s p a t i a l  i n t e g r a l  a p p e a rin g  in  W (y,y/ ) and A (y ,y * ) o f  
E qs. B .6 and B .12 .
n
(B .25 )
D efin e  a  t r a n s p o r t  v a r i a b l e
J  t S (y ) y (y )d y (B.26)
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th e n  u s in g  Eq. B .23 and ap p ro x im atin g  y (y )  in  th e  denom inator by y ( z ) , 
Eq. B .25 i s  r e w r i t t e n  as
Z = { ---------- “""2— Zo— I  <B- 27>
L[v  -  vo r  +  Y
—2 —  w here y (z )  i s  y e t  to  be d e te rm in e d . N ote y ( z )  i s  c o n s ta n t  o v er th e
in t e r v a l  y to  y '  b u t  n o t  over th e  e n t i r e  shock la y e r .  U sing t h i s  h a l f ­
w id th  ap p ro x im a tio n  th e  fo llo w in g  e x p re s s io n s  fo r  W(z) and A (z) a r e  
o b ta in e d .
W(z) = 2n y t  e ^ I ^ C t )  -  I ^ ( t ) ] [ c o n t in u u m  a t te n u a t io n ]  (B .28 )
A (z) = S ( y ) [ l  -  e - t I 0 ( t ) ]  .(B .2 9 )
—2where t  = z /2  y
and I q and 1^ a r e  m o d ified  B e sse l fu n c tio n s  o f  th e  f i r s t  k in d .  For 
th e  o p t i c a l l y  t h i n  l i m i t  t  «  1
i*yW = I S (y )d y  (B .30 )
y*
r e q u i r e s
y
J  / S (y )y (y )d y
y ( z )  =   (B .3 1 )
f S (y )d y
y'
For th e  f l t ix  d iv e rg e n c e  e q u iv a le n t  w id th  c a l c u l a t i o n  th e  a p p r o p r ia te  
v a lu e  fo r  y  i s  th e  v a lu e  a t  th e  l o c a l  p o in t  a t  w hich Q(y) i s  b e in g  
c a l c u la te d ,  i . e .  y = y (y )  .
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TRANSPORT BY A COLLECTION OF ISOLATED LINES
To c a l c u la te  th e  f lu x  and f lu x  d iv e rg e n ce , l in e  g roups a r e  used 
w here a  "group" o f  l i n e s  i s  d e f in e d  a s  a c o l l e c t i o n  o f  a d ja c e n t  l in e s  
w ith in  a  s p e c t r a l  i n t e r v a l  a c ro s s  w hich b o th  th e  P lan ck  fu n c t io n  and 
continuum  a b s o rp t io n  c o e f f i c i e n t  can  be approx im ated  a s  b e in g  
indep en d en t o f  f re q u e n c y . The c o n t r ib u t io n  from o n ly  n e u t r a l  atom ;
H, 0 ,  N and C; t r a n s i t i o n s  a r e  c o n s id e re d  s in c e  th e  c o n t r ib u t io n  o f  
io n ic  l in e s  a re  n e g l ig ib l e .  A l l  l i n e s  a re  c o n s id e re d  n o n -o v e rla p p in g . 
The o v e rla p p in g  c o r r e c t io n s  a r e  developed  in  th e  n e x t s e c t io n .
Eq. B .5 y ie ld s  th e  t o t a l  f lu x  from  a l l  l i n e s  in  a  group i f  
W(y, y*) i s  in t e r p e r te d  a s  th e  sum o f  th e  e q u iv a le n t  w id th  from each  
in d iv id u a l  l i n e ,
w here n i s  th e  t o t a l  number o f  l i n e s  in  th e  g roup . The r i g h t  hand s id e  
o f  Eq. B .32 i s  ap p ro x im ated  w ith  a  s in g le  e x p re s s io n  o f  th e  form
m=l
w here S* and y * a r e  l i n e  p a ra m e te rs  av erag ed  over a l l  l i n e s  i n  a  
g roup . Assuming t h a t  a l l  l i n e s  in  a  group a re  e i t h e r  o p t i c a l l y  th in  
o r  o p t i c a l l y  th i c k  e x p re s s io n s  f o r  S* and y*  a re  d e r iv e d .
For th e  o p t i c a l l y  t h i n  l i m i t  Eq. B .33 re d u c e s  to
n
w ( y , y ' )  = I  Wm( y , y ' ) (B .32)
m=l
n
^  WjjCy.y7) = nW(S ,y  ) (B .33)
I  . f  / “  n J y /
m
(B .34)
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w hich r e q u i r e s
S * = - i  I  Sm (B .35)
m
For th e  o p t i c a l l y  th ic k  l im i t  th e  two s id e s  o f jE q . B .33 re d u c e  to
 ^ ^  y
L  2L J / Sm(^ Y^ dy j = \  j  , S * (y )y * (y )d y j (B .36)
m y y
Due to  th e  sq u a re  r o o t  o p e ra to r  a  f u r th e r  ap p ro x im atio n  i s  made.
{  X  L j  y , s raty )v < y > d y j  }  « < / ,  {  £  [ y ^ t y ) ] * }  (b .3 7 )
m y y m
T h is  ap p ro x im a tio n  i s  e x a c t i f  th e  s p a t i a l  v a r i a t i o n  o f  S^y^ i s  th e  
same fo r  a l l  l i n e s  o r d i f f e r s  by a  c o n s ta n t  f a c to r  o n ly .
The h a l f -w id th  y^  i s  p r o p o r t io n a l  to  th e  e le c t r o n  number d e n s i ty
Y „ < y >  -  e m\ ( y )  <B - 3 3 >
where |3 i s  a  no rm alized  h a l f - w id th  and i s  c o n s ta n t .  The l i n e  s t r e n g th  
i s  p r o p o r t io n a l  to  th e  low er s t a t e  number d e n s i ty  and th e  induced  
em iss io n  f a c t o r ,
S^Cy) = 1. x  H f ^ f j N ^ y J C l .  -  e " hv /kT ] (B .39)
When a l l  l i n e s  w ith in  a group have a  common lower s t a t e  Eq. B .37 i s  
e x a c t .  U sing  t h i s  a s  a  b a s is  Eqs. B .36  and B .37 y ie ld
n S*
y* = 4 r  {  i  [ <B-40>
m
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A s im i la r  tre a tm e n t o f  th e  f lu x  e q u iv a le n t  w id th  fu n c t io n  A y ie ld s  an
i d e n t i c a l  e x p re s s io n  fo r  y*.
For each  atom ic s p e c ie  in d iv id u a l ly  Eq. B. 37 i s  r e a s o n a b le .  Thus 
fo r  each l i n e  group th e  e q u iv a le n t  w id th  fo r  a l l  l i n e s  o f  a  g iv e n  atom 
a re  com puted. The t o t a l  e q u iv a le n t  w id th  fo r  a l l  l i n e s  o f  th e  group 
becomes
S j*  and 7 ^* r e f e r  to  th e  e f f e c t i v e  l i n e  p a ram e te rs  fo r  th a t  atom . The 
p a ra m e te rs  S^* and a r e  c a lc u la te d  from Eqs. B .35 and B .40 where 
th e  summation in c lu d e s  o n ly  th o se  l i n e s  fo r  a  g iv e n  atom ic  s p e c ie s .  
U sing Eqs. B .38 and B .39 th e  l i n e  w id th  and l in e  s t r e n g th  can  be 
ex p re ssed  as
The l i n e  spec trum  fo r  H, C, N, 0 , atom s was c o l le c te d  in to  n in e  g ro u p s . 
W ith in  each  group fo u r " e f f e c t iv e  l i n e s "  w ere c o n s id e re d , one f o r  each
n
Lt m 
m=l
/  W ( y , y ')  = /  n W (S * f y  *)
L  j r  j* Yj 
j
(B .41)
where W. i s  th e  lumped e q u iv a le n t  w id th  fo r  each  atom and w here n
S * = 1. x 10- 16N. f .  [ l  -  e_hv/rkT] 
j  J J
(B .42)
Y j*  -  Ne P j* (B .43)
The f  * and R .* term s a r e  
j
n .  - e  /kTm
(B .44)
€ ^cT
(B .45) ,
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atom ic s p e c ie s .  The f-num ber and h a lf -w id th  f^ * , Y j*  a r e  c a lc u la te d  
by r e w r i t t i n g  Eqs. B .44 and B .4 5 .
■ V  = 7T. I  £* V  (b-46>
3 X
= - 4 n  I  CfB* J ]%  CV ]% <B - 4 7 )
nj  j  ^
where a l l  t r a n s i t i o n s  e n e rg ie s  a r e  c a lc u la te d  w ith  r e s p e c t  to  a  common 
low er s t a t e  X and w here i s  th e  f r a c t i o n a l  p o p u la tio n  o f  s t a t e  X 
in  s p e c ie s  j .
- e  A T
i gXeV  - —  <B-48>
V 1 '  I  £m . (B’49>
m in  X
I  (B-50>
m in  X
The s t a t e s  X c o n s id e re d  fo r  th e  H, C, N, and 0 s p e c ie s  a r e  l i s t e d  in  
T ab. B . l .
The d a ta  fo r  th e  s p e c t r a l  l i n e s  c o n s id e re d  i s  g iv e n  in  T ab . B .2 .
For each  l i n e  g ro u p , i t s  s p e c t r a l  lo c a t io n  and i n t e r v a l  i s  l i s t e d .
For each e lem en t th e  number o f  l in e s  n . in  th e  group  and fo r  each
i i ks t a t e  X o f  t h a t  e lem en t th e  p a ra m e te rs  f^ and (f3 ^  ) a r e  l i s t e d .  
TRANSPORT BY OVERLAPPING LINES
T h is  s e c t io n  c o n s id e r s  th e  c o r r e c t io n  to  th e  group e q u iv a le n t  
w id th  w hich ac c o u n ts  f o r  o v e r la p p in g  l i n e s .
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The c o r r e c t  e x p re s s io n  fo r  th e  e q u iv a le n t  w id th  fo r  a  c o l l e c t i o n  
o f  m l in e s  w i th in  a  g roup i s  (o m itt in g  th e  con tinuum  a t te n u n a t io n  
f a c to r  fo r  s im p l ic i ty )
where th e  sum m ation i s  ov er a l l  l in e s  and D i s  th e  s p e c t r a l  i n t e r v a l  
covered  by th e  g ro u p . For th e  c a se  o f  no l i n e s  o v e r la p p in g  in  a  g roup .
However, when l i n e s  do o v e r la p ,  an  a n a l y t i c a l  r e s u l t  fo r  th e  freq u en cy  
in t e g r a t i o n  in  Eq. B .51 i s  n o t a v a i l a b l e .  To av o id  p r o h ib i t iv e  c a lc u ­
l a t i o n  tim e r e q u ir e d  by a  freq u en cy  in t e g r a t i o n  an  e m p ir ic a l  
c o r r e l a t i o n  fo r  th e  l i n e  group e q u iv a le n t  w id th  f o r  o v e rla p p in g  l i n e s  
i s  u se d .
The s p e c t r a l  i n t e r v a l  D d e f in in g  a  p a r t i c u l a r  l in e  group i s  a  
f ix e d  i n t e r v a l .  When th e  l i n e s  a r e  o p t i c a l l y  th i c k  and s tr o n g ly  
o v e r la p p in g  w ith in  th e  i n t e r v a l ,  th e  l i n e  group e q u iv a le n t  w id th  
app roaches th e  v a lu e  o f  D. Thus a  means o f  m easu rin g  th e  amount o f  
o v e r la p p in g  w i th in  a  g roup i s  to  compare th e  i s o l a t e d  l i n e  v a lu e  
w ith  D. By com parison  w ith  e x a c t  c a lc u la t io n s  W ilson  showed t h a t  th e  
group e q u iv a le n t  w id th  was c o r r e l a te d  q u i t e  w e ll  by
(B .51)
(B .52)
m
£ r ,°.uP (B .53)
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For th e  f lu x  d iv e rg e n c e  c a l c u la t io n ,  th e  p a ram e te r  e f f e c t e d  by 
o v e rla p p in g  i s
The two c o r r e l a t i o n s ,  E qs. B .53 and B .57 , were found s u f f i c i e n t  to  
acco u n t fo r  l i n e  o v e r la p p in g  in  th e  t r a n s p o r t  p ro c e s s .
LOCAL SOLUTIONS FOR THE FLUX DIVERGENCE
The n u m e rica l e v a lu a t io n  o f  th e  l in e  f lu x  te rm , Eq. B .5 , and th e  
f lu x  d iv e rg e n c e  te rm s , E qs. B .8 , B .9 and B .1 0 , p r e s e n t  no p a r t i c u l a r  
p rob lem s. However, a s  n o ted  by W ilson th e  n u m e rica l e v a lu a t io n  o f  
QL,L  o f  Eq. B . l l  p r e s e n ts  d i f f i c u l t i e s  fo r  th e  ca se  o f  o p t i c a l l y  
th ic k  l i n e s .  To e l im in a te  t h i s  problem  Eq. B . l l  i s  w r i t t e n  a s  
(o m ittin g  th e  continuum  a t te n u a t io n  fo r  co n v en ien ce)
(B .54)
w hich , fo r  a  g ro u p , i s
LU
For n o n -o v e rla p p in g  l i n e s  t h i s  p a ram ete r becomes
(B .55)
(B .56)
m
N um erical r e s u l t s  in d ic a te d  th a t  t h i s  p a ram ete r a l s o  c o u ld  be
c o r r e la te d  w ith  th e  r a t i o  W^/D by th e  e x p re s s io n
r group -W j/D (B .57)
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L L «A (0,y) „A (y,8)
Q ’ = 2tt J B(y )dA (y ,y  ) +  2 rrJ  B(y)dA (y ,y )
A (Ay” )  A(Ay+ )
+  ^ lo c a l  +  ^ lo c a l  <B-58>
where-
L  L  -  f  /*A (A y -) _
Q -  2nj B (y )dA (y ,y  ) -  S (y )B (y ) (B .59)
lo c a l  L J ft J
A(Ay4-)
Q L >L » +  _  2 ttf" r B (y ')d A (y ',y )  -  S (y )B (y ) l  (B .60)
lo c a l  L J 0 J
D i f f i c u l t i e s  o ccu r when, fo r  a  l i n e  w hich i s  v e ry  o p t i c a l l y  th i c k ,
AA -♦ S (y ) .  The s o lu t io n  i s  found by e v a lu a t in g  th e  in t e g r a l  in  B .59 
or B.60 by p a r t s .  For exam ple,
qL »L , ” = B(A t")A (A t") - \ A ( t)  d t  (B .61)
lo c a l  J 0 d t
—2where t  = z/2y  . R e p la c in g  d B /d t by c o n s ta n t
j g  -  >  -  B ( ° >  (B .62)
at
Eq. B .61 becomes
qL »l »" = _ B(At ” ) r ( A t” ) + [B (A t") -  B (0 )]  A (At”) (B.63)
lo c a l
where
r(A t”) = S(0) -  A(At”) = e"A t /2 I Q(At” /2 )  (B.64)
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"  tty
A (At” ) = A ( t ) d t  = e '  [ l Q(At” /2 )  + I 1(A t" /2 ) ]  (B .65)
E q u a tio n  B .63 p ro v id e s  th e  c o r r e c t  l im i t in g  form fo r  th e  f lu x  d iv e r ­
gence fo r  th e  ca se  o f  v e ry  la rg e  o p t i c a l  d e p th , A t”» l .  An an a lo g o u s
e q u a tio n  f o r  Q^’^ ’+  i s  u se d , 
lo c a l
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TABLE B .1 (from  R e f . B . l )  
FRACTIONAL POPULATION DATA
Elem ent j S ta te  I H
H 1 2 0
2 8 10.20
C 1 9 0
2 5 1.264
3 1 2 .684
4 5 4 .1 8 3
5 12 7.532
6 36 8.722
7 60 9 .724
N 1 4 0
2 10 2 .384
3 6 3 .576
4 18 10.452
5 54 11.877
6 90 13.002
0 1 9 0
2 5 1.967
3 1 3 .188
4 8 9 .283
5 24 10.830
6 40 12.077
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TABLE B .2  (from  R ef. B . l )  
LINE GROUP DATA
Group 
No. i
C en ter
Frequency
hv1(eV)
S p e c t ra l
I n t e r v a l
D1(eV)
E lem ent
j
Number
o f
l i n e s  n . 
J
S ta te
I
V ( f P x j ) 1 / 2
1 1.30 eV .600 eV C 28 5 1 .16 7 . 4 2 ( - l l ) *
6 1 .12 1 .9 1 (-1 0 )
7 9 .9  7 (— 1) 4 .8 9 ( -  9)
N 30 4 2 .0 8 ( - l ) 1 .4 8 (-1 1 )
5 1 .52 2 .2 6  (-1 0 )
6 1 .12 4 .7 9 ( -1 0 )
0 10 5 1 .04 1 .22  (-1 0 )
6 1 .14 2 .8 7  (-1 0 )
2 2 .70 eV 2 .2 0  eV H 3 2 8 .0 5 ( - l ) 2 .3 7 (-1 0 )
C 7 5 4 .0 6 ( - 2 ) 9 .4 0  (-1 2 )
6 6 .98C -2 ) 7 . 9 4 ( - l l )
N 16 4 9 .0 8 ( - l ) 1 .6 4 (-1 0 )
5 3 .1 5  ( - 2 ) 7 .0 1 (-1 1 )
0 11 4 1 .02 6 .1 3 (-1 1 )
5 8 . 2 5 ( -2 ’> 7 . i 9 ( - m
3 5.75  eV 1 .50  eV C 2 2 7 .2 9 ( -2 ) 9 . 1 8 (-1 2 )
3 6 .7 6 ( -2 ) 8 .7 5  (-1 2 )
4 7 .57 eV 1 .65  eV c 8 1 1.05C -1) 9 .5 7 (-1 2 )
2 1 . 1 0 (-2 ) 4 .8 6 ( -1 2 )
3 1 .5 0 ( -1 ) 5 .9 3 ( - 10)
N 2 2 7 .40  ( - 2 ) 8 .2 2  (-1 2 )
3 6 .34C -2 ) 7 .6 0 (-1 2 )
5 9 .10  eV 1.40  eV c 14 1 3 .2 9 ( - l ) 3 .6 5  (-1 1 )
2 1 .1 8 ( -1 ) 5 .7 7 ( -1 0 )
4 2 .3 6 ( - l ) 6 . 5 6 ( - l l )
N 4 3 1 .0 8 ( - 1) 3 .0 9 ( - U )
O 1 1 4 .7 H - 2 ) 5 .0 8 ( -1 2 )
N ote: 7 .4 2 ( - I I )  = 7 .4 2  x  10*11
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TABLE B .2 (R e f . B . l )  
(C on tin u ed )
Group 
No. i
C en te r
F requency
hvX(eV)
S p e c t ra l
I n t e r v a l
D1(eV)
Elem ent
j
Number
o f
l i n e s  n . 
J
S ta te
I
V (fp £ j ) 1 /2
6 10.40 eV 1.00  eV H 1 1 4 .1 6 ( -1 ) 3 . 0 2 ( - l l )
C 4 1 8 .6 5 ( -2 ) 2 .3 5 (-1 0 )
N 16 1 1 .8 4 (-1 ) 1 .0 7 (-1 1 )
2 2 .9 0 ( - l ) 4 .4 1 ( -1 1 )
3 8 .6 4 ( -2 ) 2 .2 8 ( - 10)
0 2 3 l . 5 l ( - l ) 9 ,9 3 (-1 2 )
2 1 .2 0 ( - 1) 8 .8 5 (-1 2 )
7 11.40  eV 1.20  eV C 6 1 4 .5 1 ( -2 ) 6 .07  (-1 0 )
2 7 .0 5 ( - 1) 2 .1 0  (-1 0 )
N 14 1 4 .5 4 ( - l ) 2 .7 1 (-1 2 )
2 9 .6 3 ( -2 ) 2 .3 4 ( - 10)
3 ^ 1 . 7 8 ( - 1) 2 . 4 6 ( - l l )
0 3 3 4 .23C -2) 2 . 5 2 ( - l l )
8 12 .70  eV 1.40  eV H 2 1 1 .0 8 (-1 ) 1 .3 2 ( - 10)
C 2 1 3 .7 9 ( - l ) 1 .9 5 (-1 1 )
3 1 .05 1 .2 7 (-1 1 )
N 11 1 1 .5 5 (-1 ) 2 . 9 8 ( - l l )
2 1 .4 2 ( - 1) 7 . 0 8 ( - l l )
3 3 .7 5 ( -2 ) 1 .3 3 (-1 0 )
0 15 1 1 .4 6 ( - 1) 1 .9 7 ( - 10)
2 8 .6 1 ( -2 ) 1 .8 0 (-1 1 )
3 9 .3 3 ( -2 ) 8 .1 3 (-1 1 )
9 13.90  eV 1.00  eV C 1 2 2 .9 5 ( - l ) 5 .8 5  (-1 2 )
N 11 1 2 .2 4 ( - l ) 3 .4 1  (-1 0 )
2 2 .9 2 ( -2 ) 1 .48  (-1 0 )
0 10 1 5 .2 4 ( -2 ) 5 .7 6 (-1 2 )
2 7 .22  ( -2 ) 7 .20  (-1 1 )
3 6 .0 4 ( -2 ) 8 .0 5  (-1 1 )
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R a d ia tiv e  Flow w ith  M assive B lo w in g ,"  NASA CR-1548,
June 1970.
B .2  W ilson , K. H . , P e rso n a l com m unication , A ugust 1970.
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ABLATION AND RADIATION COUPLED VISCOUS 
HYPERSONIC SHOCK LAYERS
VOLUME I I
A D i s s e r t a t i o n
S ubm itted  to  th e  G raduate F a c u l ty  o f  th e  
L o u i s i a n a  S t a t e  U n iv e r s i ty  and 
A g r i c u l t u r a l  and M echanical C o lleg e  
i n  p a r t i a l  f u l f i l l m e n t  o f  the  
re q u ire m e n ts  f o r  th e  d eg ree  o f  
D octor  o f  Ph ilosophy
in
The D epartm ent o f  Chemical E n g in e e r in g
by
C a r l  David Engel
B . S . ,  U n iv e r s i t y  o f  I l l i n o i s ,  1966 
M .S .,  U n iv e r s i t y  o f  I l l i n o i s ,  1967 
December 1971
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APPENDIX C
LRAD 3 COMPUTER PROGRAM
DISCUSSION OF THE PROGRAM
T h is  append ix  d e s c r ib e s  a  com puter program which can  be u sed  to  
d e te rm in e  the  r a d i a t i v e  f l u x  and f l u x  d iv e rg e n c e  th rough  a n o n is o -
th e rm a l p la n a r  s l a b  o f  g a s .  The program  c o n s id e r s  s p e c ie s  t y p i c a l  o f
a i r  a t  h ig h  te m p e ra tu re s  and ny lon  o r  ca rbon  p h e n o l ic  a b l a t i o n  
p r o d u c ts .  The e q u a t io n s  so lv ed  a r e  f o r  a  v a r i a b l e  o p t i c a l  d e p th  l i n e  
and continuum gas model u s in g  s p e c ie s  c r o s s  s e c t i o n s  and l i n e  w id th s  
as th e  b a s ic  d a t a .
The d e t a i l e d  r a d i a t i o n  model used  i n  th e  p r e s e n t  work i s  a  
coup led  l i n e  and continuum  model deve loped  by W ilson  (R ef .  C . l ) .  The 
computer program used  in  th e  p r e s e n t  a n a l y s i s  i s  c a l l e d  LRAD 3 and 
i s  a m od if ied  v e r s i o n  o f  W i ls o n 's  s u b ro u t in e  TRANS. LRAD 3 c o n s i s t s  
o f  a  d r i v e r  program and a  s e t  o f  s u b ro u t in e s  which a r e  fo r  th e  most 
p a r t  s u b s e t s  o f  s u b r o u t in e  TRANS. By p r o v id in g  a d r i v e r  program  and 
b re a k in g  TRANS i n t o  a s e t  o f  s u b ro u t in e s  g r e a t e r  f l e x a b i l i t y  and
reduced  com pu ta tion  tim e was a c h ie v e d .
The program LRAD 3 p ro v id e s  a  u s e f u l  t o o l  f o r  e v a l u a t i n g  t h e  
r a d i a t i v e  f l u x  and f lu x  d iv e rg e n c e  a c r o s s  a  s l a b  o f  gas c o n ta in in g  
b o th  a i r  and a b l a t i o n  s p e c i e s .  The program can  be used  in  s u b r o u t in e  
form i n  c o n ju n c t io n  w ith  a  f l o w - f i e l d  program o r  in d e p e n d e n t ly  f o r  
p a ra m e tr ic  s t u d i e s .  Twelve continuum  and n in e  l i n e  f requency  bands 
a r e  used  in  th e  r a d i a t i o n  c a l c u l a t i o n .  R a d ia t i o n  p r o p e r t i e s  f o r  th e  
fo l lo w in g  s p e c ie s  a r e  in c lu d e d :
366
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H
C
L in e  and Continuum >
0 c„ h2
CO 0 ,
CM
O N,
. H,3
C 2 H
Continuum
N'
The c o m p u ta t io n a l  te c h n iq u e s  and e q u a t io n s  so lv ed  a r e  p r e s e n te d  
in  d e t a i l  i n  Appendix B. The r a d i a t i o n  model and s p e c ie s  c o n s id e re d  
were developed  a s  a  compromise between d e t a i l  o f  c o m p u ta tio n  (com puter 
tim e) and a c c u ra c y .  The a c c u racy  o f  the  l i n e  and continuum  c a l c u l a t i o n  
fo r  th e  fo u r  a tom ic  s p e c ie s  was found to  be q u i t e  good by W ilson  (R ef .
C . l )  by com parison  w ith  a  more d e t a i l e d  r a d i a t i o n  program RATRAP.
INPUT GUIDE
A l l  in p u t s  t o  th e  r a d i a t i v e  t r a n s f e r  com puter program (LRAD 3) a re  
read  from c a r d s :  no ta p e s  a r e  r e q u i r e d .  The b a s ic  in p u t s  c o n s i s t  o f
(1) te m p e ra tu re :  (2 )  number d e n s i t i e s  o r  mole f r a c t i o n s ,  d e n s i t y  and
average  m o le c u la r  w e ig h t :  (3) shock la y e r  c o o r d in a t e s :  (4 )  in p u t
o p t io n  p a r a m e te r s ;  and (5 )  a  s e t  o f  shock l a y e r  p o in t s  used  i n  th e  
i n t e g r a t i o n  to  o b t a i n  th e  f l u x .  Three b a s i c  fo rm a ts  a r e  used  fo r  
i n p u t ,  15 , E12.0 and A4. The 15 i s  an  i n t e g e r  fo rm at c o n s i s t i n g  o f  
f iv e  (5) columns r i g h t  a d j u s t e d ,  th e  E12.0 i s  a  f l o a t i n g  p o i n t  fo rm at 
occupying  tw elve  (12) columns w i th  a  d ec im al p o i n t  punched on th e  
c a rd ,  and A4 i s  an  a lp h a b e t i c  fo rm a t .  M u l t ip le  c a s e s  may be  ru n  by 
p la c in g  th e  in p u t  d a t a  f o r  each new c a s e  b eh ind  th e  d a ta  f o r  th e  
p re v io u s  one.
Tab. C . l  p ro v id e s  th e  d e t a i l s  o f  th e  c a rd  in p u t  and Tab. C .2  
g iv e s  th e  meanings o f  th e  in p u t  v a r i a b l e s .
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TABLE C . l  
CARD INPUT FOR LRAD 3
CARD TYPE V a r ia b le s  Format
1 TIT ( I )  20A4
2 NETA, MF, NS, LINES, IDG, IEZ 615
3 R, DELTA, DTIL, XM0L, RDZ 5E12.0
4 T ( I )  6E12.0
5 YD ( I )  6E12.0
6 ETA ( I )  6E12.0
7 INDEX 615
8A* DENS (K, INDEX) 6E12.0
8B* FRAC (K, INDEX) 6E12.0
ETZ ( I )  6E12.0
10+ RH0 ( I )  6E12.0
11+  AMW ( I )  6E12.0
* E i t h e r  Card 8A f o r  number d e n s i t i e s  .or Card 8B f o r  mole f r a c t i o n s  i s  
r e a d  b u t  n o t  b o th .
+ I f  Card 8A i s  r e a d ,  Cards 10 and 11 a r e  n o t  r e a d .  I f  Card 8B i s  
r e a d  b o th  Cards 10 and 11 a r e  r e a d .
°  I f  IEZ = 0 Card 9 i s  no t  r e a d .
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TABLE C .2
V a r ia b le
TIT
NETA
MF
NS
LINES
IDG
IEZ
R
DELTA
DTIL
XM0L
RDZ
T ( I ) ,1=1
VARIABLE DEFINITIONS FOR LRAD 3
D e s c r ip t i o n
T i t l e  fo r  i d e n t i f i c a t i o n  o f  th e  problem .
The number o f  p o in t s  u sed  in  th e  s l a b  c a l c u l a t i o n .
S p ec ies  c o n c e n t r a t i o n  o p t io n  v a r i a b l e .
MF=1 Mole f r a c t i o n s  a r e  in p u t  on Card 8B and 
number d e n s i t i e s  a r e  computed.
MF=0 S pecie  number d e n s i t i e s  a r e  in p u t  on Card 8A.
The number o f  s p e c ie s  to  be i n p u t .
L ine  r a d i a t i o n  o p t io n  v a r i a b l e .
LINES=0 Only a  continuum  c a l c u l a t i o n  i s  done.
=1 A coupled  l in e -c o n t in u u m  c a l c u l a t i o n  i s  
done.
A sw itch  to  a l lo w  in t e r m e d ia te  p r i n t o u t .
IDG=0 Only f i n i a l  r e s u l t s  a r e  p r i n t e d .
= 1 P r i n t  a t  each  ETA i s  g iv e n .
=2 Complete p r i n t  i s  g iv e n .
The number o f  p o in t s  used  in  th e  f l u x  i n t e g r a t i o n .  
IEZ=0 The ETA a r r a y  w i l l  be used f o r  th e  ETZ
a r r a y .
0<IEZ<NETA S p e c i f i e s  th e  number o f  p o in t s  i n  th e  
ETZ a r r a y .  Card 9 w i l l  be. r e a d .
Body r a d iu s  ( f t . )
Nondim ensional s t a n d - o f f  d i s t a n c e  (6/R)
Transform ed s t a n d - o f f  d i s t a n c e  (6)
A m o lecu la r  r a d i a t i o n  o p t io n  s w i tc h .
XM0L=O M olecules n o t  in c lu d e d  i n  th e  r a d i a t i o n  
c a l c u l a t i o n .
= 1 .0  M olecules in c lu d e d  in  th e  r a d i a t i o n  c a l ­
c u l a t i o n .
The d e n s i t y  d i r e c t l y  beh ind  th e  shock.
(p 6 j 0 > lb m /f t3 )
NETA The te m p era tu re  p r o f i l e  a c r o s s  th e  shock l a y e r .  (°K)
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YD ( I ) ,  
ETA(I), 
INDEX
DENS(K 
K=
FRAC(K
K=
ETZ(I)
RH0(I)
AMW(I)
TABLE C . 2 ( C o n t . )
1 = 1 ,NETA 
1 = 1 , BETA
, INDEX)
I, NET A
, INDEX) 
L,NETA
,1=1 ,IEZ
The nond im ensional shock la y e r  l o c a t i o n  where tempera­
t u r e ,  c o n c e n t r a t i o n  e t c .  a r e  g iv e n ,  (y /6 )
The D orodn itzyn  tran s fo rm e d  shock la y e r  lo c a t io n s  
c o r re s p o n d in g  to  th e  y /6  lo c a t io n s .  (T|)
The number g iv e n  each  s p e c ie  f o r  u se  i n  s t o r i n g  a r r a y s .  
T h is  p e rm i ts  s p e c ie s  to  be r e a d  in  any o rd e r  and i s  
p la c e d  b e fo re  each s e t  o f  c a rd s  o f  type  8A o r 8B.
INDEX = 1 = 02 7 = H
2 = N2 8 = C2
3 = 0  9 = H2
4 = N 10 = C0
5 = E-
6 = C
11 = C3
12 = C2H
S p ec ies  number d e n s i t i e s ,  ( p a r t i c l e s / c m  )
S p ec ie s  mole f r a c t i o n s .
A s u b s e t  o f  ETA p o in t s  used  i n  th e  f l u x  i n t e g r a t i o n .  
I f  IEZ=0 th e  ETZ p o in t s  w i l l  a u to m a t i c a l ly  be s e t  
e q u a l  to  th e  ETA(I) p o i n t s .
,1=1 ,NETA N ondim ensional d e n s i t y  p r o f i l e  a c ro s s  th e  shock l a y e r .  
,1=1 ,NETA The av e ra g e  m o le c u la r  w eigh t p r o f i l e  a c r o s s  the  shock 
l a y e r .
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The s p e c ie s  c o n s id e re d  i n  the  program w i l l  p ro b a b ly  be a su b se t  o f  
th e  s p e c ie s  c o n s id e r e d  i n  a  shock la y e r  f l o w - f i e l d .  Only th o se  twelve 
s p e c ie s  l i s t e d  w i th  an  INDEX number can  be i n p u t .  I f  th e  f i e l d  o f  
i n t e r e s t  i s  i o n i z e d ,  th e  in p u t  o f  e l e c t r o n  c o n c e n t r a t i o n s  i s  n e c e s s a ry ,  
a l th o u g h  io n i c  s p e c ie s  a r e  n o t  in p u t .
The s u b s e t  o f  ETA p o i n t s ,  the  ETZ p o i n t s ,  u sed  in  t h e  f lu x  
i n t e g r a t i o n  c a l c u l a t i o n  shou ld  be c a r e f u l l y  ch o sen .  The pu rpose  o f  
u s in g  a  s u b s e t  o f  ETA p o in t s  i s  r e f l e c t e d  i n  th e  r e q u i r e d  com putation  
time ( i . e .  5 m in u tes  fo r  60 ETZ = ETA p o in t s  and 2 .5  m inu tes  fo r  30 ETZ
p o in t s  where NETA = 6 0 ) .  The com puta tion  t im es  c i t e d  a r e  f o r  a IBM 
360-65. To m a in ta in  a c c u ra c y  keep ETA p o in t s  a s  ETZ p o in t s  in  re g io n s  
where e i t h e r  c o n c e n t r a t i o n  o r  th e  te m p era tu re  i s  v a r y in g  r a p i d l y .
OUTPUT DESCRIPTION
T his  s e c t i o n  p r e s e n t s  a  d e s c r i p t i o n  o f  th e  LRAD 3 program o u tp u t  
fo rm at and d e f i n i t i o n  o f  o u tp u t  sym bols. The r e a d e r  may f in d  i t  
i n s t r u c t i v e  to  r e f e r  to  th e  l i s t i n g  o f  the  sample p rob lem  w h ile  
r e a d in g  t h i s  s e c t i o n .
The f i r s t  fo u r  pages o f  o u tp u t  a r e  a p r i n t  o f  th e  in p u t  d a t a .
T h is  i s  p ro v id e d  so t h a t  th e  u s e r  can  check th e  in p u t  f o r  p o s s ib le  
e r r o r s ,  and i t  a l s o  p ro v id e s  i d e n t i f i c a t i o n  o f  th e  prob lem . A l l  
q u a n t i t i e s  on th e s e  pages a r e  d e f in e d  in  th e  in p u t  g u id e  s e c t i o n .  The 
c o n c e n t r a t i o n s  p r i n t e d  on pages 3 and 4 a re  e i t h e r  number d e n s i t i e s  o r  
mole f r a c t i o n s  depending  on th e  o p t io n  used f o r  in p u t  p u rp o se s .  The j 
d i f f e r e n c e  i s  e a s i l y  d i s t i n g u i s h a b l e  by th e  m agn itude  o f  th e  numbers.
These c o n c e n t r a t i o n s  a r e  fo llow ed  by th e  shock th i c k n e s s  DELTA i n  cm.
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The s ta n d a rd  o u tp u t  shown ( i . e .  IDG=0) p ro v id e s  a  p r i n t  o f  the  s p e c i e
number d e n s i t i e s  on pages 5 and 6. The r e s u l t s  o f  th e  r a d i a t i o n
c a l c u l a t i o n  a r e  p r i n t e d  on th e  sev en th  page o f  o u tp u t .  The con tinuum
c o n t r i b u t i o n  and th e  l i n e  c o n t r i b u t i o n  to  the  s p e c t r a l  f l u x  a r e  p r i n t e d
f o r  t h r e e  ETA p o in t s  (ETA=0.0=wall, ETA=0.5, ETA=1.0=shock) as a
f u n c t i o n  o f  f req u en cy  i n t e r v a l  HNU=hv . The columns o f  f lu x e s  i n  
2
w a t ts /c m  deno ted  by QPLUS and QMINUS d e s ig n a te  f lu x e s  to  th e  s u r f a c e
and away from th e  s u r f a c e  r e s p e c t i v e l y .  The t o t a l  r a d i a t i v e  f l u x  a t
2
th e  t h r e e  ETA lo c a t io n s  s t a t e d  above a r e  p r i n t e d  in  w a tts /c m  . The 
number on th e  l e f t  can  be i n t e r p r e t e d  as th e  r a d i a t i v e  h e a t in g  t o  th e  
s u r f a c e .
SAMPLE PROBLEM AND PROGRAM LISTING
The fo l lo w in g  example i s  p r e s e n te d  to  i l l u s t r a t e  th e  b a s ic  in p u t  
fo r  th e  LRAD 3 program  and to  show a t y p i c a l  o u tp u t  l i s t i n g .  The example 
c o n s id e re d  i s  t y p i c a l  o f  s t a g n a t io n  l i n e  shock l a y e r s  i n  t h a t  th e  
te m p e ra tu re  and s p e c ie s  co m p o si t io n s  change from s u r f a c e  to  p o s t  shock 
v a l u e s .  A l l  tw e lve  p o s s i b l e  s p e c ie s  a r e  in c lu d e d  in  th e  exam ple. The 
i n t e g r a t i o n  i s  c a r r i e d  o u t  over  59 ETA=ETZ p o in t s  and th u s  c a r d - t y p e  
9 i s  n o t  i n p u t .  F u r th e rm o re ,  s p e c ie s  number d e n s i t i e s  a r e  in p u t  on 
c a rd  ty p e  8A and th u s  c a rd  ty p e  10 and 11 a r e  n o t  r e q u i r e d  in  a d d i t i o n  
to  RDZ on c a rd  ty p e  3 .
The r e q u i r e d  in p u t  d a t a  f o r  t h i s  example a r e  l i s t e d  on th e  
fo l lo w in g  p a g e s .  A f te r  th e  in p u t  a l a s t i n g  o f  th e  o u tp u t  f o r  th e  example 
i s  g iv e n .  F i n a l l y  a  l i s t i n g  o f  th e  LRAD 3 program  i s  p ro v id e d .
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c M A I N 10
c M A I N 2 0
c ♦  *  T H I S I S  A D R I V E R  PROGRAM FOR S U B R O U T I N E  T RANS W H I C H  C A L C U L A T E S * * M A I N 3 C
c THE R A D I A T I V E  F L U X  D I V E R G E N C E  THROUGH A C N E - C I M E N S  I O N A L  SLAB M A I N 4 0
c FOR A g i v e n  t e m p e r a t u r e  a n d  s p e c i e s  c i s t r i b u t I O N  C E N G E L  7 / 7  1 m a i n 5  C
COMMON / S F L U X /  Q R 1 ( 3 ) M A I N 6 C
COMMON / T R N /  Y D ( 6 0 ) . N U T ( 6 0 ) .  F M C ( 1 2 . 6 0 > .  F P C ( 1 2 . 6 0 ) . M A I N 7 0
1 F V ( 9 . 6 0 ) .  F P ( 9 , 6 C ) .  L I N E S m a i n 8 0
COMMON / M C L F R A /  X 1 ( 6 C  ) * X 2 ( 6 C ) .  X 3 ( 6 0 ) . X A ( 6 0  ) • M A I N 9 0
1 X 7 ( 6 C ) * X 8 ( 6 0 ) * X < 3 ( 6 0 ) .  X 1 0 ( 6 C ) , M A I N I CC
2 X I I ( 6 0 ) .  X 1 2 ( 6 C ) .  X l 3  ( 6 0 ) .  X 1A ( 6 o  ) M A I N 1 1 0
COMMON / T E S T / E T Z ( 6 0 ) . I E Z m a i n 1 2 0
COMMON / X T /  E T A ( 6 C ) M A I N 1 3 0
COMMON / P R O P /  P ( 6 0  ) .  R H Q ( 6C ) .  T ( 6 0  ) M A I N 1A 0
COMMON / F R S T R M /  U I N F ,  R I N F .  U I N F 2 . R ,  R E ,  L X I . M A I N I SO
1 I T  M » I T G ,  NETA M A I N 1 6 0
COMMON / D E L /  D E L T A ,  D T I L M A I N 1 7 0
COMMON / N O N /  R D Z » M U D Z .  RMd Z MA I N i e c
COMMON / M A I M /  I D G M A I N 1 9 0
COMMON / R F L U X /  AMw( 6 0 ) ,  I R A D ,  I  T Y P E .  E ( 6 0 > M A I N 2 0 0
COMMON / N U M C E N /  S N C C 2 ( 6 0 ) .  S N D N 2 ( 6 C ) .  S N D 0 ( 6 0 ) .  S N D N { 6 0 ) • M A I N 2 i  C
1 S N D E ( 6 0 ) •  S N D C ( 6 0 ) • . M A I N 2 2 0
2 S N C H ( e O ) .  S N D C 2 ( 6 0 ) .  S N D H 2 ( 6 0 > ,  SN O C O ( 6 0 ) . NA I N 2 3 0
3 S N C C 3 ( 6 0 ) « S N C C 2 H ( 6 0  ) M A I N 2 4 0
COMMON / S P E C /  M F ,  XMOL MA I N 2 5 0
c M A I N 2 6 0
DATA BLNK / A H  / M A I N 2 7  0
DATA ASK / A H *  / M A I N 2 8 0
D I M E N S I O N  D E N S ( 6 0 * 1 2 ) *  T l T ( 2 0 ) . F R A C  ( 6 0 . 1 2 ) MA I N 2 9 0
E Q U I V A L E N C E  ( S N C C 2 ( 1 ) . O E N S C l .  I ) ) M A I N 3CC
E Q U I V A L E N C E  ( X 1 ( 1 ) , F R A C (  1 •  1 ) ) M A I N 3 1 0
1 C O N T I N U E  1 M A I N 3 2 0
c . M A I N 3 3 0
c * ★  ZERO ,ALL NUMBER D E N S I T I E S  ANC MOLE F R A C T I O N S * * M A I N 3 4  0
c M A I N 3 5 0
DO 10 1 = 1 . 6 0 M A I N 3 6 0 385
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DO 1C J = 1  ,  12 M A I N 3 7 0
F R A C C I • J ) = C . O M A I N 3 6  0
1 0  D E N S ( I ,  J ) = c •  c M A I N 3 9  C
c CARD 1 — M A I N 4 0 C
READ ( 5 , I C C )  ( T I T (  I ) ,  1 =  1 , 2 0 M A I N 4 I  C
W R I T E ( 6 , 1 1 4 )  ( T I T ( I ) » I  = 1 ,  2 0 ) M A I N 4 2 0
c M A I N .4 3 0
c * *  READ O P T I O N S  * * M A I N 4 4  C
c CARD 2 — M A I N 4 5 0
READ I 5 , 1 C 1 )  N E T A . N F . N S . L I N E S , I O G , I E Z M A I N 4 6 0
c MA I N 4 7 0
c * *  NET A =  NUMBER CF ETA P O I N T S M A I N 4 8 0
c ME =  1 I F  S P E C I E  ROLE F R A C T I O N S  ARE I N P U T  ANDI NUMBER D E N S I T Y M A I N 4 9 0
c TO EE COMPUTED MA I N SOC
c 0 I F  S P E C I E  NUMBER D E N S I T I E S  ARE I N P U T M A I N 5 1 0
c NS =  NUMBER CF S P E C I E S  TC EE I N P U T M A I N 5 2 0
c L I N E S = 1 I F  L I N E  C A L C U L A T I O N  I S  TO EE DONE M A I N 5 3 0
c 0 I F  ONLY C O N T I N U U M  C A L C U L A T I O N  I S  TO BE DONE m a i n 54  0
c I OG = 0 ONLY F I N A L  P R I N T  I S  G I V E N M A I N 5 5  C
c 1 P R I M  I S  G I V E N  FCR EACH E T A M A I N 5 6 0
c 9 9  C OMPL ET E P R I N T M A I N 5 7 0
c I E Z = 0 I F  E T A ARRAY W I L L  ALSO EE USED FOR E T Z , M A I N 5 8 0
c O T H E R W I S E  I E Z =  NUMBER CF F C I N T S  I N  ARRAY E T Z  TO EE M A I N 5 9 0
c I N P U T ,  W I L L  EE L E S S  THAN NET A M A I N 6CC
c M A I N 6 1 0
WR I T E ( 6 ,  1C 2 )  N E T A . M F . N S . L I N E S , I D G ,  I E Z M A I N 6 2 0
c M A I N 6 3  C
c CARD 3 --- M A I N 6 4 0
READ ( 5  * 1 C3 ) R , D E L T A , D T I L * X M C L , R C Z M A I N 6 5  C
c M A I N 6 6 0
c * *  R = BODY R A D I U S  ( F T ) M A I N 6 7 0
c d e l t a =  NCKD I MENS I O N A L  S T A N D - O F F  D I S T A N C E m a i n 6 8  0
c D T I L =  TR AN S F O RME D  S T A N D - O F F  D I S T A N C E . M A I N 6 9 0
c XMCL =  1 , 0  FOR RUN W I T H  MOL E CULE S M A I N 7 0 0
c O . C  FOR RUN W I T H O U T  MOL EC U L E S MA I N 7  I  C
c M A I N 7 2 0 386
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I F  ( I  DG . N E • 0 )  CA L L  EUGPR ( I ) TRAN 7 3  C
C E L T A =  V» ( 1 ) *  XL *  3 0 . 4 e C C 6 TRAN 7 4 0
C A L L  GUGPR ( 2 ) THAN 7 5 0
DO 9 1  L = 1 . N E S TRAN 76  C
X K T C L ) = T < L ) / 1 1 6 0 6 . TRAN 7 7  C
T 1 = X K T ( L > TRAN 78 C
I F  ( M F . N E . O )  C A L L  S N D ( L * 1 ) TRAN 7 9 0
c TRAN 8 0 0
c ** P A R T  I T  I O N  F U N C T I O N S  FOR H .  C .  N .  C * * TRAN 8 1 0
c TRAN 8 2 0
9 4 I F ( T ( L  ) * G T . 1 5 0 0 0 . )  GO TO 6 TRAN 8 3 0
c TRAN 8 4 0
c * * LOVt T E M F E R A T U R E  * * TRAN 8 5 0
c T RAN 8 6 0
S U M H = 2 . C TRAN 8 7 0
S U M C = 9 • 0  + 5 . 0  *  E X P C - l , 2 6 4 / T l ) +  E X P ( - 2 . 6 8 4 / T 1 )  + TRAN 8 8 0
1 5 . C  *  E X P ( —4 • 1 8 3 / T 1 ) T RAN 8 9  C
S U M N = 4 . 0  ♦ 1 0 . 0  * E X P ( —2 . 3 8 4 / T 1 )  ♦  6 . 0  * E X P < - 3 . 5 7 6 / T 1> TRAN 9 0 0
SUMO= 9 . 0  ♦ 5 . 0  *  E X P C - l . 9 7 5 / T 1 ) TRAN 91  C
GO TO 7 TRAN 9 2 0
c TRAN S3 C
c * * H I G H  T E M P E R A T U R E  * * TRAN 9 4  0
c T RAN 9 5 0
6 S U M H = 2 . C TRAN 9 6 0
S U P C = 2 . 7 1 8 1 8  + 6 . 4 C 6 7 7  *  T ( L ) / 1 . C E 4  - 0 . 4 5 4 6 6  *  { T ( L ) / I  .  0 E 4  ) * * 2 TRAN 5 7 0
S U M N = 5 . 9 3 8 2 1 6  -  0 . 2 2 5 5 9 3  *  T { L ) / 1 . 0 E 3  ♦  0 . 0 1 5 4 0 8  *  ( T ( L ) / I  • C E 3 ) * * 2 T R A N 5 8 0
S U V O = l  1 . 7 5 5 6 3  - C . 3 1 7 9 6 4  *  T ( L ) / 1 * C £ 3  ♦  0 * 0 1 3 7 6 5  *  ( T { L ) / 1 * 0 E 3  ) * * 2 TRAN 9 9 0
7 C O N T I N U E TRAN 1000
T I  2 =  T 1 * * 2 TRAN 1G1C
GH =  6 . 4 9 5 4 TRAN 1 0 2 0
0 0  5  K=  1 * 12 T R AN  1 0 3 0
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I F  ( L l N E S . E C . O )  GO TO 1 6 1 4 T R A N 4 3 3 0
T R A N 4 3 4 G
I N T E G R A T I O N  F R C N  1 TO I Y * * TR ANA 3 5  C 
TRANA 3 6 0
I F  ( I Y . E Q . 1  ) GO TO 6 8 TRAN A3 7 0
DO 6 5  J = 1 . 9 T P A N 4 3 6 G
DO 6 6  L = 1 •  I Y TRANA 3 9  C
t o I M = G • T R A N A 4 0 0
SUN 1 = 0 .  * T R A N A 4 1 0
SUN 2 = 0 . T R A N A 4 2 0
CO 6 7  M = 1 . 4 T RANA4 3 0
C I F = E T A N < J . N . I Y )  -  E T  A N ( J  .M . L ) T R A N 4 4 4 0
0 I F S 8 N  = S B N ( J . N . I Y ) —S B N ( J . N . L ) T R A N A 4 5 0
I F ( A B S ( O I F S B N ) . L T . 1 . E - 1 0 )  D I F S E M  =  l . E - 1 0 T RAN 4 4 6 0
E ET AN = 0  I F  /  ( D I F S G M  ) *  3 * 1 4 1 5 9 2 6 5 T R A N A 4 7 0
I F  ( L . E Q . I Y )  B E T A M = G G N ( J . M . L ) T R A N 4 4 6 0
I F ( A E S ( D I F ) . G T . 1 . E - 1 C >  GO TO 9 0 0 1 T RAN 4 4  9  0
TM =  l . E - 1 0 T R A N A 5 0 0
GO TO 9 C 0 2 TRANA 5 1 0
C O N T I N U E T R A N 4 5 2 0
T M = C I F / 2 . C / B E T A N * * 2 T R A N 4 5 3 0
RRN = D I F / 2 . 0 / G G N ( J . N  » I Y ) * * 2 T RAN4 5 4  C
toWM = 6 . 2 6 3 1 8 5 3  *  W N ( J . M )  *  BET AN *  G A N N A ( T N ) * TM T R A N 4 5 S 0
SUM I =  S U N 1 + G A N M A ( T N )  *  t o N ( J . N )  * S S N I J . N . I Y ) TRANA 5 6 0
S U M 2 = S U N 2  + X L A N E ( R R N )  *  t o N ( J . M )  *  S S M ( J , M. I Y ) TRAN A 5 7 0
WI M—W I M + WtoN T R A N 4 5 8 C
A L P H A M = W I N / D J ( J ) T R A N A 5 9 0
T H A N 4 6 0 0
o v e r l a p p i n g  l i n e  C A L C U L A T I O N S  * * TRANA 6 1 0  
T R A N 4 6 2 C  
T R A N 4 6 3 0
GROUP E Q U I V A L E N T  t o I DTHS  ( E C . 8 8 )  * * T R A N 4 6 4 0  
TRANA 6 5  0
W M V < J , L )  = D J ( J  ) * PH 1 1 ( A L P H A M )  *  E X P ( T A U L ( J . L ) —T A U L ( J .  I Y )  ) T R A N A 6 6 C
T R A N 4 6 7 0
GROUP GANNA —  L I N E  T R A N S P O R T  F U N C T I O N  ( E Q • 9 2 )  * * T R A N 4 6 8 0 4
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C
C
c
* ♦
F M 2 = C • C 
F P 2 = C . O  
FM3 = C . 0  
F P 3 = 0 . 0
T C T A L  FLUX C A L C U L A T I O N  * *
DO 6 0 4 3  KL = 1 , N F V L
WR I T E  ( 6 . 6 C 4 2 )  K L .  H V J ( K L ) .
1 F M ( K L . L 2 ) . F P (
F M 1 = F M 1  4 F M{ K L . L  1 )
F P l - F P l  4 F P ( K L . L I )
F M 2 = F M 2 4 F M ( K L • L 2  >
F P 2 = F P 2  4 F P ( K L • L 2 )
F M 3 = F M 3  4 F M ( K L . L 3 )
F P 3 = F P 3  4 F P ( K L . L 3 )
8 0 4 3  C O N T I N U E
WR I T E  ( 6 . 6 0 4 5 )  F M 1 , F P  1 .  i
C R I ( l ) = C H I ( l )  4  FM1 4 F P  1
OR 1 ( 2 )  =  QR 1 ( 2 )  4 F M2 4 F P 2
G R I ( 3  } = GR I ( 3 )  4 FM3 4 F P 3
F  M ( KL » L t ) •  F P ( K L . L l ) ,
» L 2 ) •  F M ( K L . L 3 ) .  F P ( K L . L 3 )
FM2, F P 2 1 FM3i F P 3
( P A R T  I C L E S / C M 3 ) / / / 5 X . 3 H E T A , 1 2 X .
2 H E - .
6 0 0  FORMAT ( 1 F 1  . 3 3 H N U M B E R  D E N S I T I E S
1 2 F C 2 . 1 1 X . 2 F N 2 . I 1 X . 1 H C . I 2 X . 1 H N . 1 2 X *
2 1 2 X . 1 H C  / / )
( 1 P 7 E 1 3 . 4 )
( 1 H 1 . 3  3HNUMBER D E N S I T I E S  ( P A R T  I C L E S / C M 3 ) / / / S X , 3 H E T A • 1 2 X .
I F F ,  1 2 X . 2 H C 2 . 1 I X . 2 H H 2 , 1 1 X . 2 H C C . 1 1 X . 2 H C 3 . I 1 X . 3 H C 2 H / / / )  
( 1 P 7 E 1 3 . 4 )
( 4 4 H 1 C O N T  INLUM C O N T R I B U T I O N  TO THE S P E C T R A L  F L U X )
( 3 S F C L I N E  C O N T R I B U T I O N  TO THE S P E C T R A L  F L U X )
( / 2 2 X . 5 H E T A  = F  7 . 3  » 1 3 X . 5 H E T A  = F 7 . 3 . 1 3 X . S H E T A  = F 7 . 3 / / 3 X , I H I • 
3 X . 3HHNU . 8 X . 6 F Q M I N U S . 7 X * 5 H C P L U S • 6 X « 6 H Q M I N U S » 7 X• 5 H Q P L U S • 8 X .
6 H Q M I N U S  . 7 X , 5 H Q P L U S / )
6 0 1  FORMAT
6 0 2  FORMAT 
1
6 0 3  FORMAT 
4 1 0 3  FORMAT 
8 0 3 5  FORMAT 
8 0 3 7  FORMAT
1
2
8 0 4 2  FORMAT ( I 4 . F 8 . 3 . 1 P 8 E 1 3 . 3 )
8 0 4 5  FORMAT ( 1 2 H 0 T G T A L  F L U X  . 1 P 8 E 1 3 . 3 )
TRAN 7 3 0
TRAN 74  C
TRAN 75  C
TRAN 7 6 0
TRAN 7 7 0
TRAN 7 6 0
TRAN 7 9 0
TRAN 6 0 0
TRAN 6 1 0
TRAN 8 2 0
TRAN 6 3  0
TRAN 6 4 0
TRAN 8 5 0
TRAN 6 6 0
TRAN 6 7 0
TRAN 6 6  C
TRAN 6 9 0
TRAN 9 0 0
TRAN 9 1 0
TRAN 9 2 0
TRAN 9 3 0
TRAN 9 4  C
TRAN 9 5  0
TRAN 9 6 0
TRAN 9 7 0
TRAN 9 8 0
TRAN 9 9 0
TRAN I COO
T RAN I C I 0
TRAN 1 C2 C
TRAN 1 C3C
TRAN 1 0 4 0
TRAN 1 0 5 0
T R A N 1 C 6 C
T R A N 1 C7 0
T R A N 1 0 8 0 412
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S U B R O U T I N E  EUGP R  ( I D G S W ) BUGP 1 0
COMMON / F R S T R M /  U I N F ,  R I N F ,  U I N F 2 ,  X L .  R E . LX I . BUGP 2 0
1 I T M .  I T G • N E S BUGP 3C
COMMON / X V /  ET A ( 6 0 ) BUGP 4 0
COMMON / T R N /  Y D ( 6 0 ) . N U T ( 6 0 ) .  F M C ( 1 2 . 6 0 ) o  F P C ( 1 2 . 6 0 ) . BUGP 5 0
I F M ( 9 , 6 C ) .  F P ( 9 , 6 C ) .  L I N E S B UGP 6 0
COMMON / D B U G /  O L C ( 6 0 )  ,  G C L ( £ C ) .  0 L L ( 6 0 ) »  D O M 6 0 ) .  O C C ( 6 0 > • BUGP 7  C
1 E E E C ( 1 2 . 6 0 ) .  F M U C ( 1 2 . 6 0 ) . E M( 1 2 . 6 0 ) • BUGP a o
2  E P ( 1 2 « 6 C ) .  T A U C ( 1 2 . 6 0 ) . B E E L ( 9 . 6 0 ) . BUGP 9 0
3  Q C C P ( 1 2 ) •  W M M ( 9 . 6 0 > . GMM( 9 , 6 0 ) • BUGP I C O
A E E M ( 9 . 6 G ) .  X L M M ( 9 . 6 0 ) . Q L C P ( 9 ) • BUGP 11 0
5  C C L P ( 9 ) .  G L L P ( 9 ) . D E L T A ,  I Y . I V Y . 8 U G P 1 2 0
6  W P P ( 9 » 6 G > .  G P P  ( 9 . 6 0 ) . E E P ( 9 , 6 0 ) . BUGP 1 3 0
7 X L P P ( 9 , 6 0 ) .  F G ( 9 . 4 ) . G P ( 9 . 4 ) .  L L . B UGP 14 C
S W N ( 9 « 4 ) »  F M U L I 9 . 6 0 ) . S S M ( 9 . 4 . 6 C ) • BUGP I S O
9 GG M( 9  . 4 , 6 0  ) •  ETAM ( 9  . 4  . 6 0  ) • ' S B M ( 9 . 4 , 6 0 ) . BUGP 1 6  G
A T A U L ( 9 . 6 C  > BUGP 1 70
GO TO ( 1 0 . 2 0 . 3 0 . 4 C . 5 C . 6 C . 7 0 ) .  IOGSW B UGP 1 « C
1 0  MR I T E  ( 6 . 1 9 4 ) B UGP 1 9 C
1 9 4  FORMAT ( 1 H 1 ) BUGP 2 0 0
RETURN BUGP 2 1 0
2 0  WR I T E  ( 6 . 7 1 8 2 )  DELTA B U G P 2 2 0
7 1 8 2  FORMAT ( 7 F C D E L T A = I F E 1 4 . 7 • 3H CM) BUGP 2 3  C
RETURN BUGP 2 4 0
3 0  WR I T E  ( 6 . 1 9 0 )  I Y .  Y D ( I Y ) B UGP 2 5 0
1 9 0  FORMAT ( 4 F I  I Y = 1 3 , 2 X . 3 H Y D = 1 P E I 2 . 5 / / 2 X , 1 H K , 2 X • 1 H L . 7 X . 3 H E T A . 1 3 X . 2 H Y D . B U G P 2 6 0
1 1 3 X . 2 H M U . 1 1 X . 3 H T A U . 1 4 X . 1 H E . 1  1 X . 3 H E E E / / ) BUGP 2 7  C
DO 2 2  K= 1 * 1 2 BUGP 2 8 0
I F  ( IY . E Q .  1 ) GO TO 2 3 BUGP 2 9 0
WR I T E ( 6 * 1 9 1  ) ( K ,  L .  E T A ( L ) .  Y D ( L ) , F M U C ( K . L ) .  T A U C ( K . L ) •  BUGP 3 0  0
I E M ( K . L ) .  B E E C ( K . L ) .  L = l . I Y ) BUGP 3 1  C
1 9 1  FORMAT ( 2 I 3 . 1 P 6 E 1 5 . 5 ) BUGP 3 2 0
WR I T E  ( 6 . 1 9 2 ) BUGP 3 3 0
1 9 2  FORMAT ( / / ) B U G P 3 4  0
2 3  I F  ( I Y . E Q . N E S )  GO TC 2 2 BUGP 3 5 0
WR I T E  ( 6 . 1 9 1 )  ( K .  L .  E T A ( L ) .  Y O ( L ) . F M U C ( K . L ) . BUGP 3 6 0 414
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APPENDIX D
VISRAD 3 COMPUTER PROGRAM
D ISCUSSIO N OF THE PROGRAM
This appendix d e sc r ib e s  a d i g i t a l  computer program which i s  
designed fo r  p r e d ic t io n  of  s ta g n a t io n  l i n e  v iscous  and r a d i a t i v e  
coupled shock lay e r  s t r u c tu r e  and the  r e s u l t i n g  hea tin g  r a t e s  pro­
duced by a b lu n t  body during  s u p e r - o r b i t a l  e n t ry  in to  p la n e ta ry  
atm ospheres. Form ulation o f  the  problem was p resen ted  in  Chapter 2 
from which the  f i r s t  o rd e r  s ta g n a t io n  l in e  shock layer  equations  
were d e r iv e d .  The computer program d esc rib ed  h e re in  was developed 
us ing  the  s ta g n a t io n  l in e  eq u a tio n s  and the  im p l ic i t  f i n i t e  d i f f e r e n c e  
techn iques  s ta te d  in  Chapter 4 . The regime o f atmospheric f l i g h t  
i s  r e s t r i c t e d  to  the  laminar continuum regime and to  c o n d i t io n s  where 
thermodynamic eq u i l ib r iu m  can be a p p l ie d .  The governing equations  
in c lu d e  the  e f f e c t s  o f  mass i n j e c t i o n  o f  a b la t io n  s p e c ie s ,  r a d i a t i o n  
c o o l in g ,  and coupling between convec tion  and r a d i a t i o n .  The r a d i a t i v e  
t r a n s p o r t  term i s  eva lua ted  u s in g  e i t h e r  o f  two models. The f i r s t  
one i s  th e  em ission  model d e sc r ib ed  in  Chapter 3. The second i s  a 
l in e  and continuum band model de sc r ib ed  in  Chapter 3 and Appendix B.
S o lu t io n s  t o  t h i s  problem a re  ob ta ined  by num erically  so lv in g  
the  s e t  o f  s ta g n a t io n  l in e  t h i n  shock lay e r  equations  developed in  
Chapter 2. Chapter 4 p re s e n ts  the  f i n i t e - d i f f e r e n c e  method used fo r  
bo th  th e  momentum and energy equations  as w e ll  as the  convergence 
method and c r i t e r i o n .  The e n t i r e  s o lu t io n  process  c o n s i s t s  o f  a 
complex i t e r a t i o n  scheme which i s  s t a r t e d  by assuming i n i t i a l  va lues
424
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fo r  th e  s o l u t i o n  p r o f i l e s  and th e n  i t e r a t i n g  u n t i l  convergence  i s  
o b ta in e d .
The VISRAD 3 program  u t i l i z e s  thermodynamic and t r a n s p o r t  
p r o p e r t i e s  o f  a i r  from R e f .  D . l  and thermodynamic p r o p e r t i e s  o f  
a i r - a b l a t i o n  p ro d u c t  m ix tu re s  from Ref. D.2 as d is c u s s e d  i n  C hap ter
3. The c a l c u l a t i o n  o f  th e s e  p r o p e r t i e s  were programmed as s e p a r a t e  
s u b ro u t in e s  such t h a t  e i t h e r  o r  bo th  c a l c u l a t i o n s  co u ld  be made 
d u r in g  th e  s o l u t i o n  p ro c e d u re .  A ir  v a lu e s  fo r  k^,, p, and Cp ,^ a r e  used 
th ro u g h o u t th e  shock l a y e r .  An e lem en ta l  s t e p  f u n c t i o n  i s  assumed 
fo r  th e  e le m e n ta l  s p e c ie s  s o l u t i o n .  The e le m e n ta l  sw i tch  from a b l a ­
t i o n  p ro d u c ts  to  a i r  i s  made a t  th e  s t a g n a t io n  p o i n t .  S pec ies  
co m p o si t io n s  a r e  th e n  computed u s in g  the  two methods based on th e  
e le m e n ta l  c o m p o s i t io n ,  l o c a l  te m p era tu re  and p r e s s u r e .
The program was d e s ig n e d  a s  a  to o l  f o r  use  by thermodynamic 
e n g in e e rs  fo r  th e rm a l  env ironm ent p r e d i c t i o n  s t u d i e s .  I t  p ro v id e s  an  
a c c u ra te  method f o r  a n a ly z in g  a  v a r i e t y  o f  a tm o sp h er ic  e n t r y  h e a t in g  
p rob lem s. The fo l lo w in g  i s  a  summary l i s t  o f  th e  c a p a b i l i t i e s  in c lu d e d  
in  th e  VISRAD 3 com puter program: 
o S ta g n a t io n  l i n e  s o lu t i o n s
o Coupled c o n v e c t iv e  and r a d i a t i v e  energy  f lu x  c a l c u l a t i o n
o L ine  and continuum  r a d i a t i o n  c a l c u l a t i o n
o L arge o r  sm a l l  mass i n j e c t i o n  r a t e s  o f  a b l a t i o n  s p e c ie s
o Complete e q u i l ib r iu m  c h em is try
In  a d d i t i o n  to  th e s e  b a s i c  c a p a b i l i t i e s ,  th e  program i s  d es ig n ed  so 
t h a t  o th e r  o p t io n s  can  be  added w ithou t a l t e r i n g  th e  b a s ic  program .
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A s o l u t i o n  t o  th e  e le m e n ta l  c o n t i n u i t y  e q u a t io n s  f o r  b in a ry  d i f f u s i o n  
has been  s u c c e s s f u l l y  added to  th e  b a s i c  program  by Esch (R ef.  D .2 ) .  
A d d i t i o n a l  m o d i f ic a t io n s  which co u ld  be in c o rp o ra te d  i n t o  th e  program 
a r e  d i f f e r e n t  d i f f u s i o n ,  t r a n s p o r t  and ch em ica l  m odels .
T here  a r e  t h r e e  h e a t in g  r a t e  o p t io n s  a v a i l a b l e  in  th e  program, 
o C onvec t ive  h e a t in g  on ly
o Uncoupled c o n v e c t iv e  and r a d i a t i v e  h e a t in g  
o Coupled c o n v e c t iv e  and r a d i a t i v e  h e a t in g .
PROGRAM PROCEDURES
The VISRAD 3 computer program was developed  u s in g  a p h i lo sophy  
o f  m in im iz ing  a  u s e r s  e f f o r t  and maximizing program f l e x i b i l i t y  and 
a d a p t a b i l i t y .  A cco rd in g ly ,  th e  b a s ic  program  lo g i c  a s  shown in  
F ig .  D . l  i s  q u i t e  s im p le .  However, th e s e  f i v e  b a s i c  subprograms a r e  
su p p o r ted  by 20 s u b ro u t in e s  and one f u n c t i o n  subprogram . Each o f  
th e s e  p e r i p h e r a l  programs perfo rm  s p e c i f i c  c o m p u ta t io n a l  fu n c t io n s  
th u s  e n a b l in g  d i r e c t  a d d i t i o n  o r  s u b s t i t u t i o n  o f  o th e r  su b ro u t in e s  
when r e q u i r e d .
I n  o rd e r  to  minimize in p u t  r e q u i r e m e n t s ,  t h r e e  te c h n iq u e s  were 
u sed .  The f i r s t  c o n s i s t s  o f  i n t e r n a l  i n i t i a l i z a t i o n  o f  v a lu e s  fo r  
t e m p e ra tu re ,  d e n s i t y ,  v i s c o s i t y  and s t a n d - o f f  d i s t a n c e  which a r e  
n e c e s s a ry  t o  s t a r t  th e  s o l u t i o n  p ro c e d u re .  I f  b e t t e r  guesses  a r e  
a v a i l a b l e  th e y  may be in p u t  as  d is c u s s e d  in  t h e  n e x t  s e c t i o n .  The 
second te c h n iq u e  in v o lv es  i n t e r n a l  s p e c i f i c a t i o n  in  BLOCK DATA o f  
p roblem  d e f in i n g  p a ram e te rs  such as th e  e le m e n ta l  co m p o s i t io n  a t  th e
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s u r f a c e  and th e  thermodynamic c u r v e - f i t  c o n s t a n t s  which a r e  changed 
q u i t e  i n f r e q u e n t l y .  The t h i r d  te c h n iq u e  c o n s i s t s  o f  i n t e r n a l l y  
s e l e c t i n g  program o p t io n s  i f  an o p t io n  v a r i a b l e  i s  l e f t  b la n k  on an 
in p u t  c a r d .  • In  t h i s  p ro ced u re  th e  most commonly used  o p t io n s  a r e  
p erfo rm ed  when a b la n k  i s  i n p u t .
The u se  o f  th e  e le m e n ta l  s t e p  f u n c t i o n  fo r  the  s o l u t i o n  o f  th e  
e le m e n ta l  s p e c ie s  e q u a t io n  p r e s e n te d  one c o m p u ta t io n a l  d i f f i c u l t y .
T h is  type  o f  s o l u t i o n  p roduces  a  jump in  av e ra g e  m o le c u la r  w e ig h t  a t  
th e  s t a g n a t io n  p o i n t  which r e s u l t s  i n  a  d i s c o n t i n u i t y  i n  d e n s i t y .
To e l im i n a t e  t h i s  problem  th e  a v e ra g e  m o le c u la r  w eigh t o f  th e  
a b l a t i o n  p ro d u c ts  and t h a t  o f  a i r  was l i n e a r l y  w eigh ted  w i th  d i s t a n c e  
i n  Tj n ea r  th e  s t a g n a t io n  p o i n t .  T h is  i s  an  a p p ro x im a tio n  o f  th e  e f f e c t  
d i f f u s i o n  has on th e  av e ra g e  m o le c u la r  w e ig h t .  I n  t h i s  manner th e  
d e n s i t y  p r o f i l e ,  which i s  p r i m a r i l y  dependen t on th e  te m p e ra tu r e ,  i s  
computed as a  smooth f u n c t i o n .
The s t a r t  up o f  th e  VISRAD 3 program  can  be a c h iev ed  i n  a  number 
o f  ways. As s t a t e d  p r e v io u s ly  i n t e r n a l  g u e s se s  a r e  a v a i l a b l e  to  b e g in  
t h e  i t e r a t i o n  p ro c e d u re .  Two ty p e s  o f  te m p e ra tu re  p r o f i l e s  a r e  
a v a i l a b l e .  One f o r  no mass i n j e c t i o n  and th e  o th e r  f o r  mass i n j e c t i o n .  
These p r o f i l e s  a r e  u s u a l l y  q u i t e  s a t i s f a c t o r y  a s  i n i t i a l  g u e s se s  i f  
a n  e m is s io n  r a d i a t i o n  coup led  prob lem  i s  to  be ru n .  However, i f  a  
l i n e  and continuum r a d i a t i o n  coup led  prob lem  which in c lu d e s  mass 
i n j e c t i o n  i s  to  be r u n  th e  i n t e r n a l  guess may n o t  be a c c u r a te  enough. 
C o n se q u e n t ly ,  a s t a r t  up lo g i c  has been  developed  to  improve th e  
i n i t i a l  guess  by b eg in n in g  th e  s o l u t i o n  p ro c e d u re  u s in g  a i r  p r o p e r t i e s
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and th e  e m iss io n  m odel. The s t a r t  up lo g ic  i s  p re s e n te d '  s c h e m a t ic a l ly  . 
in  F ig .  D .2 . The com pu ta tion  p rocedu re  i s  begun w ith  i n t e r n a l  
guesses  and p ro ced e s  fo r  n -1  i t e r a t i o n s  a s  i f  an a i r - e m is s io n  coup led  
problem i s  b e in g  s o lv e d .  At th e  n th  i t e r a t i o n  the  program a u t o m a t i c a l l y  
in t ro d u c e s  a b l a t i o n  p ro d u c ts  and th e  d e t a i l e d  r a d i a t i o n  model i n t o  
th e  s o l u t i o n  p ro c e d u re .  The n - l t h  i t e r a t i o n  s o l u t i o n  p r o f i l e s  a r e  
used a s  i n i t i a l  g u esse s  f o r  th e  "new" problem . In  t h i s  way r e a s o n a b ly  
a c c u ra te  i n i t i a l  g u esses  can  be ach ieved  w ith  minimal computer tim e 
fo r  th e  s p e c i f i c  problem  under  c o n s id e r a t i o n .  The u se r  must s e l e c t  
th e  i t e r a t i o n  number a t  which th e  sw itch  i s  to  be made. For most 
problems th e  s im p l i f i e d  s o l u t i o n  i s  n e a r l y  e s t a b l i s h e d  a f t e r  f i v e  o r  
s i x  i t e r a t i o n s .  The i t e r a t i o n  number s e l e c t e d  can ta k e  on any v a lu e  
from one up . Thus t h i s  s t a r t  up o p t io n  can  be e l im in a te d  by in t r o d u c in g  
the  a b l a t i o n  s p e c ie s  and d e t a i l e d  r a d i a t i o n  a t  th e  f i r s t  i t e r a t i o n .
I f  th e  i t e r a t i o n  number i s  chosen  so l a r g e  t h a t  the  sw itch  i s  n ev er  
made an a i r ,  e m is s io n -o n ly  s o l u t i o n  i s  o b ta in e d .  F ig .  D.2 a l s o  shows 
the  fo u r  i t e r a t i o n  numbers where a  s t e p - s i z e  ad ju s tm en t i s  made. S ince  
the  c h o ic e  o f  i t e r a t i o n  number fo r  s w i tc h in g  a b l a t i o n  and r a d i a t i o n  
models i s  a r b i t r a r y ,  some numbers w i l l  a l lo w  two s t e p - s i z e  a d ju s tm e n ts  
to  be made a t  a  s i n g l e  IEM i t e r a t i o n  ( i . e .  2 o r  4 ) .
The p ro c e d u re  f o r  s t e p - s i z e  a d ju s tm e n t  a lo n g  w ith  th e  convergence  
c r i t e r i o n  and p ro c e d u re  a r e  p r e s e n te d  in  d e t a i l  i n  C hap ter  4 and th u s  
a r e  n o t  d i s c u s s e d  h e r e .
INPUT GUIDE
A l l  in p u ts  t o  th e  VISRAD 3 computer program a re  read  from c a rd s  
s u p p l ie d  by th e  u s e r ;  no ta p e s  a r e  r e q u i r e d .  The b a s ic  in p u t s  c o n s i s t
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o f  f r e e - s t r e a m  v e l o c i t y  and d e n s i t y ,  p r i n c i p l e  body r a d i u s ,  w a l l  
te m p era tu re  and mass i n j e c t i o n  r a t e .  A d d i t io n a l  in p u t  p a ram ete rs  
a re  needed to  d e te rm in e  which program o p t io n s  a r e  d e s i r e d  such as 
coupled o r  uncoupled  s o l u t i o n ,  em iss io n  o r  l i n e  and continuum 
r a d i a t i o n  model. Four b a s ic  form ats  a r e  used fo r  i n p u t ,  15, E12.0 , 
E15.8 and A4. M u l t i p le  c a se  ru n s ,  and hence e n t i r e  t r a j e c t o r i e s  
can be p ro c e sse d  by p la c in g  th e  in p u t  d a t a  f o r  each  new c a s e  behind 
th e  d a ta  fo r  th e  p r e v io u s  one. The e n t i r e  ru n  i s  te rm in a te d  by an 
end o f  f i l e .
Tab. D . l  p r e s e n t s  th e  form at o f  th e  c a rd  in p u t  and Tab. D.2 
p ro v id es  a c o r re s p o n d in g  d e f i n i t i o n  o f  v a r i a b l e s .
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TABLE D.l
CARD INPUT FOR VISRAD 3
Card V a r ia b le s  Format
1 TITLE 18A4
2 KEEP, NETA, IRAD, ITYPE, MAXM, MAXE, 915, 2E 12.0 , 2X,
MAXD, LT, IP H I, FPRCT, TPRCT, IDEBUG
3 UINF, RINF, R, TWK, HT0TAL, RVW 6E12.0
4 DELTA, DTIL, RZB, RE, PDTIL 5E12.0
5 T ( I )  6E12.0
6A RH0(I) 6E12.0
6B RM(I) 6E12.0
7 DEPS E12.0
8 ETA(I) 6E12.0
9 NDEBUG, IRS, IAB 315
10 CWALL(J) 5E15.8
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
TABLE D.2
V a r ia b le
TITLE
KEEP
NETA
IRAD
ITYPE
MAXM
MAXE
MAXD
LT
VARIABLE DEFINITIONS FOR VISRAD 3
D e s c r ip t i o n
T i t l e  fo r  i d e n t i f i c a t i o n  o f  th e  prob lem .
I n d ic a to r  to  d e te rm in e  i f  th e  te m p e ra tu re  
p r o f i l e  from the  p re v io u s  c a s e  i s  to  be k e p t  
a s  a guess f o r  th e  c u r r e n t  c a s e .
KEEP = 0 T em pera tu re  n o t  k e p t  
KEEP = 1 T em pera tu re  k e p t
The number o f  p o in t s  t o  be used  in  th e  shock  
la y e r  p r o f i l e .  I f  NETA = 0 ,  a  s e t  o f  51 e q u a l ly  
spaced  p o in t s  w i l l  be u s e d .  I f  NETA > 0 c a rd  8 
must be r e a d .
A v a r i a b l e  used  to  s p e c i f y  th e  ty p e  o f  s o l u t i o n .  
IRAD = 1 C o n v ec t iv e  s o l u t i o n  on ly
= 2 Uncoupled r a d i a t i o n  s o l u t i o n  
= 3 Coupled r a d i a t i o n  s o l u t i o n
A v a r i a b l e  used  to  s p e c i f y  th e  type  o f  r a d i a t i o n  
model to  be u sed .
ITYPE = 0 L ine  and con tinuum  r a d i a t i o n  model 
= 1 E m ission  r a d i a t i o n  model
Maximum number o f  i t e r a t i o n s  a l low ed  in  th e  
i n t e r n a l  momentum lo o p .  I f  MAXM = 0 ,  i t  i s  
i n t e r n a l l y  s e t  = 15.
Maximum number o f  i t e r a t i o n s  a l lo w ed  in  th e  
energy  e q u a t io n  and in  th e  o v e r a l l  momentum- 
ene rg y  loop . I f  MAXE = 0 ,  i t  i s  i n t e r n a l l y  
s e t  = 15.
Maximum number o f  i t e r a t i o n s  a l low ed  i n  th e  
e x t e r n a l  momentum lo o p .  I f  MAXD = 0 ,  i t  i s  
i n t e r n a l l y  s e t  = 15.
I n d ic a to r  t o  d e te rm in e  i f  a  te m p e ra tu re  guess  
and i f  p & pjx g u esse s  a r e  to  be  r e a d  i n .
LT = 0 Cards 5 and 6 a r e  n o t  r e a d .
= 1 Card 5 b u t  n o t  c a rd  6 i s  r e a d .
= 2 C ards  5 and 6 a r e  r e a d .
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TABLE D.2 (Cont.)
IPHI
FPRCT
TPRCT
IDEBUG
UNIF
RINF
R
TWK
HTOTAL
RVW
DELTA
DTIL
RZB
RE
I n d i c a t o r  to  d e te rm in e  i f  th e  shock c u r v a tu r e  
i s  to  be in p u t .
IPHI = 0 d e /d §  = 0 i s  i n t e r n a l l y  s e t .
= 1 Card 7 i s  r e q u i r e d  f o r  i n p u t .
Convergence t o l e r a n c e  f o r  each p o in t  i n  th e  f ' 
p r o f i l e .  I f  FPRCT = 0 . 0  i t  i s  i n t e r n a l l y  
s e t  = .005 .
Convergence to l e r a n c e  fo r  each  p o i n t  in  th e  T 
p r o f i l e .  I f  TPRCT = 0 .0  i t  i s  i n t e r n a l l y  
s e t  = .005 .
A sw itc h  to  a l lo w  in te r m e d ia te  p r i n t o u t  t o  
be o b ta in e d  a t  each  i t e r a t i o n  
IDEBUG = 0 No p r i n t .
= 1 P r i n t  i s  g iv e n .
The f r e e s t r e a m  f l i g h t  v e l o c i t y  (U^) i n  f e e t / s e c .
3
The f r e e s t r e a m  d e n s i t y  (p ) i n  s l u g s / f t  .00
P r i n c i p a l  body r a d i u s  i n  f e e t .
Wall t e m p e ra tu re  i n  d eg ree s  K e lv in .
2 2T o ta l  f r e e s t r e a m  e n th a lp y  in  f t  / sec  . I f  
HTOTAL = 0 . 0 ,  i t  i s  s e t  to  U 2 /2 .  (F re e s t r e a m  
s t a t i c  e n th a lp y  i s  assumed n e g l i g i b l e ) .
Mass i n j e c t i o n  r a t e  (p v ^ /C p U )^ .
An i n i t i a l  guess  f o r  th e  shock s t a n d o f f  d i s t a n c e  
5/R. I f  DELTA = 0 . 0 ,  a  guess i s  s u p p l ie d  by 
program.
A guess f o r  th e  t ra n s fo rm e d  s t a n d o f f  d i s t a n c e  
6/R. The program w i l l  a l s o  supp ly  t h i s  v a lu e  
i f  DTIL = 0 . 0
The d e n s i t y  r a t i o  a c ro s s  th e  shock p = p ^ /p * .  I f  
RZB i s  in p u t  a s  0 . 0 ,  th e  code w i l l  d e te rm in e  a  
v a lu e .
The R eynolds  number fo r  th e  p rob lem , Re0 =
U R p ./p - . .  T h is  q u a n t i t y  i s  d e te rm in ed  by th eOO p 0
program i f  RE i s  in p u t  a s  0 .0 .
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PDTIL
T ( I ) , I =
RH0(i)
RM(I),I=
DEPS
ETA(I)
NDEBUG
IRS
Convergence to l e r a n c e  p la c e d  on 6 f o r  t o t a l  
s o l u t i o n  convergence . I f  PDTIL = 0 . 0 ,  i t  i s  
i n t e r n a l l y  s e t  = .001.
L,NETA An i n i t i a l  guess fo r  th e  d im e n s io n le s s  shock
la y e r  te m p e ra tu re  p r o f i l e  (T /T g ) . I f  LT>0, 
t h i s  p r o f i l e  i s  s u p p l ie d  by th e  u s e r .
[=1,NETA An i n i t i a l  guess fo r  th e  d im e n s io n le s s  shock 
la y e r  d e n s i t y  p r o f i l e  ( p /p g ) .  I f  LT = 2 , 
t h i s  p r o f i l e  i s  su p p l ie d  by th e  u s e r .
=1,NETA An i n i t i a l  guess f o r  th e  d im e n s io n le s s  shock
la y e r  p|i p r o f i l e  (pp,/p$|J.c) .  I f  LT = 2 , t h i s  
p r o f i l e  i s  s u p p l ie d  by th e  u s e r .
The s t a g n a t io n  l i n e  shock c u r v a tu r e  ( d e /d g ) .
I f  IPHI = 0 th e n  de /dg  = 0 .0  i s  i n t e r n a l l y  
s e t .  I f  IPHI = 1, c a rd  7 i s  r e a d  and de /dg  
i s  s u p p l ie d  by th e  u s e r .
[=1,NETA The g r id  shock la y e r  p o in t s  a t  which th e  s o lu ­
t i o n  p r o f i l e s  a r e  to  be  computed. I f  NETA = 0 ,
AT] i s  s e t  to  0 .0 2  and ETA(I) i s  computed by th e  
program. (ETA(l)=0.0-»wall, ETA(NETA)=1.0-»shock).
Debug o p t io n  to  o u tp u t  thermodynamic cu rve -  
f i t  e q u a t io n s .
NDEBUG = 0  No o u tp u t .
= 1 Output g iv e n .
I n d i c a t o r  to  d e te rm in e  i f  th e  w a l l  s p e c ie s  
co m p o s i t io n  i s  t o  be in p u t  on Card 10.
IRS = 0 Card 10 n o t  re a d  and w a l l  mass
f r a c t i o n s  a r e  s e t  e q u a l  to  th o s e  f o r  
a n y lo n -p h e n o l ic  a b l a t o r .
IRS > 1 Card 10 i s  r e a d .  W all mass f a c t i o n s  
a r e  p ro v id e d  by th e  u s e r .
I n d i c a t o r  to  d e te rm in e  a t  what i t e r a t i o n  (IEM) 
th e  a b l a t i o n  p ro d u c ts  a r e  in c lu d e d  i n  th e  
co m p u ta tio n .
IAB = 0 A b la t io n  p ro d u c ts  a r e  in t ro d u c e d  
a t  IEM = 5 .
IAB > 0 A b la t io n  p ro d u c ts  a r e  in t ro d u c e d  
a t  IEM » IAB -  1.
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CWALL(J), J=1,NSP W all mass f r a c t i o n s .
NSP = 20
1 -* 0 2 6 -♦ N+ 11 -> CO 16 •* C3H
2 -  N2 7 -* E~ 12 - C 3 17 -» C4H
3 -» 0 8 -» C 13 -♦ CN 18 HCN
4 -» N 9 H 14 -* C H 19 -> C
-f- •f
5 -♦ 0 10 -♦ h2 15 ^  C2H2 20 -» C
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Some c a u t io n  should  be e x e r c i s e d  when p r e p a r in g  an  in p u t  f o r  t h i s  
program . The p r e s e n t  program c o n s id e r s  5 e le m e n ts ,  in c lu d in g  e l e c t r o n s ,  
and tw en ty  s p e c ie s  l i s t e d  under CWALL(J). The s e t  o f  s p e c ie s  was 
s e l e c t e d  f o r  an  a i r  a tm osphere and an  p h e n o l ic - n y lo n  a b l a t o r .  I f  
a n o th e r  a b l a t o r  i s  s e l e c te d  f o r  s tu d y  and t h i s  s e t  o f  s p e c ie s  i s  
a p p r o p r ia t e ,  no a l t e r a t i o n  o f  th e  program i s  r e q u i r e d .  A l l  t h a t  i s  
r e q u i r e d  i s  a  ca rd  in p u t  o f  w a l l  mass f r a c t i o n s  o f  th e  a b l a t o r  s e le c te d  
on Card 10. I f  e x te n s iv e  s tu d y  o f  a d i f f e r e n t  a b l a t o r  u s in g  t h i s  
program  i s  a n t i c i p a t e d ,  the  u s e r  may f in d  i t  c o n v e n ie n t  to  change th e  
w a l l  c o m p o s i t io n  s t a t e d  in  BL0CK DATA u nder  CWALL r a t h e r  th a n  re a d in g  
in  th e  d a ta  f o r  each r u n .  I f  r e q u i r e d ,  a  change to  a n o th e r  s e t  o f  
s p e c ie s  fo r  thermodynamic c a l c u l a t i o n s  can  be made w i th  c o m p a r i t iv e ly  
l i t t l e  d i f f i c u l t y .  T h is  may be a c h iev ed  by chang ing  th e  thermodynamic 
c u r v e - f i t  c o n s ta n t s  i n  BL0CK DATA. The thermodynamic c u r v e - f i t  
e q u a t io n s  were l i s t e d  i n  Table  3 .2  and th e  co rre sp o n d en ce  between th e  
c o e f f i c i e n t s  i n  the  t a b l e  and th o s e  i n  th e  program i s  
For
<  T < 6000 6000 <  T°K
AI Ai = A l l
BI A2 = B II
Cl A3 = C II
DI A4
= D II
E l A5 = E l i
F I A6 = F I I
GI A7 = G II
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where the  c o e f f i c i e n t s  a r e  d im ensioned to  in c lu d e  a  v a lu e  f o r  each  
s p e c i e s .  The s p e c ie s  o r d e r in g  i s  g iven  in  th e  SP a r r a y  w i th  
c o r re sp o n d in g  o r d e r in g  i n  SMW ( i . e .  s p e c ie s  m o lecu la r  w e ig h t)  a r r a y  
i n  BL0CK DATA. C u r v e - f i t  c o n s t a n t s  i n  th e  p ro p e r  fo rm at f o r  over  one- 
hundred sp e c ie s  a r e  a v a i l a b l e  i n  R ef .  D .3. I f  a  d i f f e r e n t  ch em ica l  
system  i s  chosen  fo r  s tu d y  a  check  should  be made to  d e te rm in e  i f  th e  
s p e c ie s  added a r e  r a d i a t i v e l y  im p o r ta n t .  T h is  may be a c h ie v e d  u s in g  
th e  method su g g es ted  in  C h ap te r  3.
An a c c u ra te  i n i t i a l  guess  ap p ea rs  to  be n e c e s s a ry  f o r  some 
f l i g h t  c o n d i t io n s  and body r a d i i  to  avo id  convergence d i f f i c u l t i e s .
The most s e n s i t i v e  p r o f i l e  a p p e a rs  to  be th e  shock l a y e r  te m p e ra tu re .
A l i b r a r y  o f  s t a r t i n g  v a lu e s  f o r  th e  te m p e ra tu re  and T| p r o f i l e s  shou ld  
be deve loped . The VISRAD 3 program  p ro v id e s  punched o u tp u t  o f  th e s e  
t h r e e  p r o f i l e s  a lo n g  w ith  th e  e t a ,  T|, s t e p - s i z e  p r o f i l e .  The punched 
o u tp u t  i s  in  th e  fo rm at f o r  in p u t  s t a t e d  f o r  c a rd  ty p e  5 ,  6A, 6B and 
8. T h is  no t o n ly  p ro v id e s  th e  u s e r  w ith  a means o f  c o l l e c t i n g  
g u e sse s  b u t  a l s o  p ro v id e s  th e  program w ith  a r e s t a r t  c a p a b i l i t y .
An a d d i t i o n a l  in p u t  h i n t  which has proven  u s e f u l  i s  to  r u n  u s in g  
th e  e m iss io n  model f i r s t  and u s e  t h i s  o u tp u t  as  in p u t  f o r  a  r u n  w ith  
th e  d e t a i l e d  r a d i a t i o n  m odel. I t  has been found t h a t  co u p led  
s o l u t i o n s  u s in g  th e  e m is s io n  model a re  no t  as s e n s i t i v e  to  th e  in p u t  
guess  as  s o lu t i o n s  u s in g  th e  d e t a i l e d  r a d i a t i o n  m odel. T h is  method 
o r  th e  s t a r t  up p ro ced u re  d i s c u s s e d  in  th e  p re v io u s  s e c t i o n  i s  t o  be 
used  i f  a l i b r a r y  o f  g u e s s e s  has n o t  been  deve loped .
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A s i m i l a r  te ch n iq u e  has p ro v en  u s e f u l  i n  ru n n in g  e n t i r e  t r a j e c t o r i e s  
( u s u a l l y  w i th o u t  mass i n j e c t i o n ) .  By in p u t in g  KEEP = 1, th e  program  
w i l l  u se  th e  s o l u t i o n  a t  th e  Nth t r a j e c t o r y  p o i n t  a s  a n  i n i t i a l  guess  
f o r  th e  N + ls t  t r a j e c t o r y  p o in t  s o l u t i o n .  In  th e  e a r l y  p o r t i o n  o f  a  
t y p i c a l  t r a j e c t o r y  th e  r a d i a t i v e  c o u p l in g  i s  weak and hence th e  
s o l u t i o n  i s  n o t  as  s e n s i t i v e  to  th e  i n i t i a l  g u e s s .  S ince  r a d i a t i v e  
c o u p l in g  v a r i e s  smoothly over  th e  t r a j e c t o r y ,  th e  s o l u t i o n  a t  th e  Nth 
p o in t  p ro v id e s  a  r e a s o n a b le  gu ess  f o r  th e  s o l u t i o n  a t  th e  N f l s t  p o i n t .
Two changes in  th e  com puter program  a re  recommended i f  e x t e n s iv e  
u se  o f  th e  program i s  a n t i c i p a t e d .  F i r s t ,  s u b s t i t u t e  a  c a l c u l a t i o n  
o f  th e  t o t a l  h e a t  c a p a c i ty  o f  a b l a t i o n  p ro d u c ts  fo r  t h a t  o f  a i r  which 
i s  p r e s e n t l y  u se d .  T h is  c a l c u l a t i o n  should  be made i n  s u b ro u t in e  
FROERT where th e  f ro z e n  p a r t  o f  th e  h e a t  c a p a c i ty  f o r  th e  a b l a t i o n  
p ro d u c ts  i s  p r e s e n t l y  com puted. The c a l c u l a t i o n  fo r  th e  r e a c t i n g  
p a r t  may be computed u s in g  th e  method o f  R ef .  D .2 . S econd ly ,  
a d d i t i o n a l  lo g ic  should  be b u i l t  i n t o  s u b ro u t in e  STPSZE which i n t e r n a l l y  
a d j u s t s  th e  T] s t e p - s i z e .  Some n u m e ric a l  d i f f i c u l t i e s  a r e  en co u n te red  
i f  th e  s t e p  s i z e  i s  in c re a s e d  to  AT) = .04 on th e  shock s id e  o f  th e  
s t a g n a t i o n  p o i n t  fo r  (p v )w > .10  even  though th e  te m p e ra tu re  g r a d i e n t  
i s  s m a l l .  T h is  s u b ro u t in e  sh o u ld  be m od if ied  to  p ro v id e  a  s m a l le r  
s t e p  s i z e  i n  t h i s  r e g io n .
OUTPUT DESCRIPTION
T h is  s e c t i o n  p r e s e n t s  a  d e s c r i p t i o n  o f  th e  program  o u tp u t  fo rm at 
and d e f i n i t i o n s  o f  th e  o u t p u t  sym bols. The r e a d e r  may f in d  i t  
i n s t r u c t i v e  to  r e f e r  to  th e  l i s t i n g  o f  th e  sample prob lem  p r e s e n te d  
i n  t h e  n e x t  s e c t i o n  w h ile  r e a d in g  t h i s  s e c t i o n .
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The f i r s t  page o f  o u tp u t  i s  a  p r i n t  o f  th e  inpu t d a t a .  T h is  i s  
p ro v id ed  fo r  a  check o f  th e  in p u t  and an  i d e n t i f i c a t i o n  o f  th e  
prob lem . A l l  q u a n t i t i e s  on t h i s  page a r e  d e f in e d  in  th e  INPUT GUIDE 
s e c t i o n .  The second page a l s o  c o n ta in s  problem  s p e c i f i c a t i o n  d a t a  
which i s  s e l f  e x p la n a to r y .  F o llow ing  th e  guessed  nondim ensional 
s t a n d - o f f  d i s t a n c e  (DELTA) and tran s fo rm e d  s t a n d - o f f  d i s t a n c e  (DTIL), 
a l i s t i n g  o f  th e  d im en s io n a l  s t a n d - o f f  d i s t a n c e  computed a t  each  
i t e r a t i o n  i s  g iv e n  i f  th e  d e t a i l e d  r a d i a t i o n  model i s  u sed .
S p ec ies  number d e n s i t i e s  f o r  th o s e  s p e c ie s  used i n  th e  r a d i a t i o n  
c a l c u l a t i o n  d u r in g  th e  f i n a l  i t e r a t i o n  a r e  p r i n t e d  on the  t h i r d  page . 
The f o u r th  page p ro v id e s  an  o u tp u t  o f  r a d i a t i v e  f lu x e s  computed 
d u r in g  th e  f i n a l  i t e r a t i o n .  The continuum  c o n t r i b u t i o n  and l i n e  
c o n t r i b u t i o n  to  th e  s p e c t r a l  f lu x  i s  p r i n t e d  f o r  th r e e  ETA p o in t s  
(ETA = 0 .0  = w a l l ,  ETA = s t a g n a t io n  p o i n t ,  ETA = 1 .0  = shock) a s  a
fu n c t io n  o f  f req u en cy  i n t e r v a l s  and f r e q u e n c y  c e n t e r s  r e s p e c t i v e l y .
2
The columns o f  f lu x e s  i n  w atts /cm  d eno ted  by QPLUS and QMINUS 
d e s ig n a t e s  f lu x e s  tow ard th e  s u r f a c e  and away from the  s u r f a c e  
r e s p e c t i v e l y .
The f i f t h  page b eg in s  w i th  a c h e e r f u l  message n o t in g  th e  s o l u t i o n  
converged .  F o llow ing  t h i s  message i s  a  p r i n t o u t  o f  the shock s ta n d ­
o f f  d i s t a n c e  p a ra m e te rs  (DELTA,DTIL); th e  c o n v e c t iv e  (QC), r a d i a t i v e  
(QR), and t o t a l  h e a t in g  r a t e ;  and th e  r a d i a t i v e  h e a t  t r a n s f e r  
c o e f f i c i e n t  (CHR). To the  l e f t  o f  th e  h e a t in g  r a t e  d a ta  th e  d e n s i t y  
r a t i o  a c r o s s  th e  shock (RB) and th e  mass i n j e c t i o n  r a t e  (RVW) a r e  
s t a t e d .  F o llo w in g  th e  h e a t in g  r a t e  d a t a  i s  a  p r i n t  of th e  n u m erica l
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o f  t h e  s o l u t i o n  p r o f i l e s  a s  a f u n c t io n  o f  th e  shock la y e r  c o o r d in a te s  
ETA and (Y/D). The s o l u t i o n  p r o f i l e s  p r i n t e d  a r e :
F7 = v e l o c i t y  f u n c t io n
RV = Pv/p^U^ (nond im ensiona l mass f lu x  p e r  u n i t  a r e a )
T/TD = T/Tg (nond im ensional te m p e ra tu re )
E = E ( r a d i a t i v e  f lu x  d iv e rg e n c e )
V = v/U^ (nondim ensional normal v e l o c i t y )
V(fT/SEC) = d im en s io n a l  normal v e l o c i t y  
G = nondim ensional t o t a l  e n th a lp y  
H(STATIC) = nondim ensional s t a t i c  e n th a lp y
The shock la y e r  thermodynamic and t r a n s p o r t  p r o p e r t i e s  a r e  o u t ­
p u t  b e g in n in g  on th e  fo l lo w in g  page . These p r o p e r t i e s  a r e  then  
fo llo w ed  by a  p r i n t  o f  th e  s p e c ie s  mass f r a c t i o n s  o u tp u t  a s  a 
f u n c t i o n  o f  ETA. I n  a d d i t i o n  to  th e  s p e c ie s  on th e  l a s t  page o f  
o u tp u t ,  th e  m ix tu re  h e a t  c a p a c i ty  (CP) and a v e ra g e  m o lecu la r  w eigh t 
(AMW) a r e  a l s o  p r i n t e d .
The above d e s c r i p t i o n  i s  fo r  a s ta n d a rd  o u tp u t .  I f ,  however, th e  
in t e r m e d ia te  p r i n t  o p t io n  i s  used ( i . e .  IDEBUG > 0) a d d i t i o n a l  i n f o r ­
m a tio n  i s  p r in t e d  r e l a t e d  to  th e  momentum and energy  e q u a t io n  
convergence  a s  w e l l  a s  th e  in fo rm a t io n  j u s t  d e s c r ib e d  g iv e n  a t  each  
energy-momentum i t e r a t i o n .  The a d d i t i o n a l  in fo rm a t io n  i s  c l e a r l y  
l a b le d  and thus  no d i f f i c u l t i e s  should  be e n co u n te red  i n  i t s  
i n t e r p r e t a t i o n .
SAMPLE PROBLEM AND PROGRAM LISTING
The fo llo w in g  example i s  p re s e n te d  to  i l l u s t r a t e  th e  b a s ic  in p u t  
f o r  th e  VISRAD 3 program and to  show a  t y p i c a l  o u tp u t  l i s t i n g .  The
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c o n d i t io n s  d e f i n i n g  th e  problem a r e :
U = 50000. f t / s e c
CO
pro = 2 .6 9  x  10 ^ s l u g / f t ^
R = 9 f t  
(pv)w = .20
(de/d§)g_Q = 0 .0  ( i n t e r n a l l y  s e t )
T = 3450°K w
C. = .7303 c a rb o n  .iw l
.0729 hydrogen . I
> ( i n t e r n a l l y  s e t )
.0496 n i t r o g e n  I
.1472 oxygen '
Coupled r a d i a t i v e  h e a t in g  r a t e s  a r e  to  be o b ta in e d  from th e  s t a g n a t io n  
l i n e  s o l u t i o n  u s in g  th e  l i n e  and continuum r a d i a t i o n  model. The 
s o l u t i o n  i s  s t a r t e d  u s in g  a  s e t  o f  T /T^, p / p^ j  (pp«)/(pp-)g and T] 
p r o f i l e s  and th u s  LT = 2 on ca rd  ty p e  2. Card ty p e  4 i s  a  b la n k  c a r d .  
A l i s t i n g  o f  th e  n e c e s s a ry  ca rd  in p u t  d a t a  i s  shown on th e  fo l lo w in g  
page.
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The o u tp u t  l i s t i n g  f o r  th e  s t a t e d  example i s  l i s t e d  on th e  fo l lo w in g  
n ine  p a g e s .  A d e s c r i p t i o n  o f  th e  o u tp u t  fo rm at i s  g iv e n  in  the  
p re v io u s  s e c t i o n .  F o llo w in g  th e  o u tp u t  l i s t i n g  o f  th e  sample 
problem a  l i s t i n g  o f  th e  VISRAD 3 program i s  g iv e n .
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S U B R O U T I N E  TRANS ( I S W ) TRAN 1 0
TRAN 2  C
— T H I S  I S A M C C I F I E D  V E R S I O N  CF S U O R C U T I N E  T R A N S  FROM K W I L S O N TRAN 3 0
TRANS I S  DCCUMMENTEC I N  L M S C - 6 8 7 2 C 9  A P R I L 0 sC 1 1 1 1 1 1 1 1 1 » 1 1 1 1 1 1 TRAN 4 0
TRAN tiC
COMMON / Z P I /  Z P C ( 6  ) • Z P N ( 6 ) , Z P H ( 2  ) ,  Z P C I 7 ) TRAN 6  C
COMMON / F I N V /  NHVL » N I H V C . F H V C ( 1 2 ) , C J ( 9 ) . H V J < 9 ) . Z K Z TRAN 7 0
COMMON / S F L U X /  OR 1 ( 3 ) TRAN 8 0
COMMON / T  R N /  N U T ( 6 0  ) * F M C (  1 2 . 6 0 ) .  F P C ( 1 2 . 6 0 > . TRAN 9 0
1 F M ( 9 , 6 0 ) ,  F P ( 9 . 6 0 ) .  L I N E S TRAN ICO
COMMON / Y L / E T A < 6 0 ) .  Y D ( 6  0 ) TRAN 1 1 c
CO MM O N / P R  C P I  / P  ( t > C ) .  R ( 6 C- ) • T ( 6C ) • AMW ( 6 0  ) . C  ( 2 0 , 6 0 ) » E C { 5 . 6 0 ) TRAN 1 2 0
COMMON / F R S T R M /  U I N F .  H I N F ,  U I N F  2 . XL .  RE .  L X I ,  I T M .  I E M .  NES TRAN 1 3 0
COMMON / D E L /  W( 1 ) . D T  I L . D T  I L S TRAN 14 0
COMMON / N C N / R O Z . M U C Z . R M D Z . A K N F . H N F . C P N F THAN 1 5 0
COMMON /MA I N / K E E P . M A X E . M A X M . M A X O ,  I D G . M C O N V • E C C N V . D C O N V . L  T « IAB TRAN 1 6 0
COMMON / R F L L X /  E I 6 C  ) , I R A D .  I T Y P E TRAN I 7 C
COMMON / R F /  D L C . D P H  I ,  T D . R Z B . P C . H D  . H T O T A L TRAN 1 8 0
COMMON/VkT/SN W ( 2C ) ,  AWT( 5 ) TRAN 1 9 0
COMMON / T E S T / L T Z ( 6 C > .  I E Z TRAN 2  0 G
COMMON / N U M O E N /  S N C C 2 ( 6 0  ) .  S N C N 2 I 6 C ) .  S N D 0 I 6 C ) .  S N D N ( 6 0 ) . TRAN 2 1 0
1 S N D E ( 6 0 ) »  S N D C I 6 0 ) , TRAN 2 2 0
2 S N D H ( o O ) .  S N D C 2 ( 6  C ) .  S N O H 2 ( 6 0 ) ,  S N O C O ( 6 0 ) . TRAN 2  3 0
3 S N C C 3 ( 6 0 ) , S N D C 2 H <  6 C ) TRAN 2 4 0
COMMON / D B U G /  O L C ( 6  C ) .  Q C L ( 6G ) • G L L ( 6 0 ) .  D G N < 6 0 ) .  O C C C 6 0 ) . TRAN 2 5 0
1 t ' E E C  ( 1 2 . 6 0 ) .  FMUC ( 1 2 . 6 0 )  . E M ( I  2 . 6 0 ) . TRAN 2 6 0
2 E P I 1 2 . 6 C ) .  T A U C ( 1 2 . 6 0 ) . B E F L ( 9 . 6 0 ) • TRAN 2 7 0
3 G C C P I  1 2 )  .  W M M ( 9 . 6 0 ) , GMMt 9 . 6 0 )  • TRAN 2 8 0
4 E E M I S . e w ) .  X L M M C 9 . G 0 ) . G L C P < 9 > • TRAN 2 9 0
5 G C L P ( 9 )  ,  0 L L P I 9 ) , D E L T A ,  l Y .  I V Y . TRAN 3 C 0
6 W P P I S . 6 C ) ,  G P P { 9 . 6 0 ) . E E P I 9 . 6 0 ) . TRAN 3 1 0
7 X L P P ( 9 . 6 0 ) .  F G < 9 . 4 ) . G P ( 9 . 4 ) . TRAN 3 2  0
8 W N I 9 . 4 ) .  F M U L I S . o C ) . S S M I 9 . 4 . 6 0 ) . TRAN 3 3 0
9 GGM( 9 . 4 . 6 0 ) .  E T A M C 9 . 4 . 6 0 ) . S B M ( 9 . 4 . 6 0 ) . TRAN 3 4 0
A T A U L I 9 . 6 C ) TRAN 3 5 0
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1 *  ( B E E C ( K , L - 1 ) 4 B E E C ( K , L ) > / 2 .
4 0  C O N T I N U E
4 4  I F  ( I Y • E G • NES ) GO TO 4 1  
CO 4 2  L = I Y . N E S
* *  P O S I T I V E  E M I S S I V I T Y  F U N C T I O N  ( E Q  4 7 )  * *
E P ( K . L ) = i . C  -  E X P ( T A U C ( K , I Y J - T A U C ( K , L > )
I F  ( L . E Q .  IY > CO TO 4 2
* *  P O S I T I V E  E M I S S I V I T Y  C O N T IN L U M  FL U X  ( E G  4 6 )  * *
F P C ( K , I Y ) = F P C ( K , I Y )  + ( E P <K , L ) - E P ( K . L - 1 )  )
1 * ( B E E C ( K , L - 1  ) + B E E C ( K » L > ) / 2 .
4 2  C O N T I N U E
* * P O S I T I V E  E M I S S I V I T Y  CO NTI NUUM  F L U X D I V E R G E N C E  ( E Q  5 1 )  * *
4 1  C C C P ( K  ) = 6 . 2 8 3 1 8 5 3  * F M U C ( K . I Y )  *
1 ( F MC( K • IY ) + F P C ( K . I Y )  -  2 . 0 *  B E E C ( K . I Y ) )
P M C I K ,  IY ) =  F M C ( K . I Y ) *  3 . 1 4 1 5 9 2 6 5  
F P C ( K ,  I Y ) = F F C ( K . I Y ) * 3 . 1 4 1 5 9 2 6 5  
2 0  C O N T I N U E
C
C
c
* * DEBUG P R I N T  * *
C
C
c
I F  ( I D G . N E . 9 9 )  GO TO 2 1  
CALL UUGPR ( 3 )
2 1  C C C (  IYY )•= C *
DO 2 4  K = l  .  1 2
* *  L I N E  AND C R O S S  TERM F L U X  D I V E R G E N C E  C A L C U L A T I O N  * *
2 4  Q C C ( I Y Y ) = G C C ( I Y Y )  + C C C P ( K )
I F  ( L I N E S . E G . C )  GO T o  1 6 1 4
TRAN 3 9 7 0  
T R A N 3 9 8 0  
T R A N 3 9 9 C  
T R A N 4 C 0 0  
TRAN 4 0 1 0  
T R A N 4 0 2 0  
T R A N 4 0 3 C  
T R A N 4 C 4  0 
T R A N 4 0 5 0  
T R A N 4 0 6 0  
T H A N 4 0 7 0  
TRAN4 CH 0 
T R A N 4 0 9 C  
TRANA ICO 
I R A N 4 1 1 C 
TRAN4 1 2 0  
T R A N 4 1 3 0  
T R A N 4 1 4 0  
THAN 4 1 5  C 
T R A N 4 1 6  0  
T R A N 4 17 C 
T R A N 4 1 6  0  
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SUUHOUT INE I NT RP L ( VAR» X» F  . I K A X . S Q t / ) INTR 1 0
c I NTR 2 0
c -------- - T H I S  PROGRAM PERFORMS LAGRANG1AN INTERPOLATION INTR 3 0
c WITH NCN-ECUAL STEP S I Z E  BETWEEN P CI NT S INTR 4 0
c F = 0 E P E N 0 E NT  VARIABLE INTR 5 C
c X =INDEPENDENT VAR I AULt INTR 6 0
c VAR=VALU£ CF X FOR WHICH CORRESPONDING VALUE OF INTR 7 0
c F I S  DESI RED BY INTERPOLATION INTR 8 C
c i m a x = n u m b e r  OF P CI NTS  IN ARRAY X CR F INTR 9 0
c SOM=VALLE CF INTERPOLATED DEPENDENT VAR IABLE INTR ICC
c NPTS=NUMBER OF P O I NT S  USED FOR INTERPOLATION INTR 11 0
c INTR 1 2 0
CI MENS ION X ( 6 C ) « F ( 6 0 ) *XN(  1 8 0 ) , F N ( 1 8 0 ) INTR 1 3 0
NPT S = 3 INTR 1 4 0
6 0 7 XUP = 1 • E 30 INTR ISC
0 0 6 1  I 1 = 1 , IMAX INTR 16 C
r = VAR —X { I ) INTR 1 7 0
IF { T . G E . C . O ) G O TO 6 0 S IN TR 1 6 0
6 0 8 T=-T INTR 19 C
6 0 9 IFC T . G 6 . X L P ) G C TO 6 1 1 INTR 2 G C
6 1 0 I P =  I INTR 21 0
XUP=T INTR 2 2 0
6 1 1 CONTINUE INTR 2 3 0
i
IN= 1 INTR 24  0
N P P = N P T S + 1 INTR 2 5 0
D 0 6  181 = 1 * NPP INTR 2 6 0
F N (  I ) = F ( I P ) INTR 2 7 0
XN( I ) = X ( I P  ) INI R 2 8 0
IF I I N . G T . C ) G O TO 6 1 3 I NI R 2 9  0
6 1 2 I Q = I P - I INTR 3 0 0
GO TO 6 1 5 INTR 3  10
6 1 3 1 0 = I P +  I INTR 3 2 0
IF< I M A X . G E . I Q ) G O  TO 6 15 INTR 3 3 0
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COMMON / R F /  DUC , D P F I .  T O . R Z 6 .P C , H D , F T C T A L G A5i 3 7  0
C O M M O N /W A L L /R V  W «PR W• Tw CLD #FL U  X ( 2 0  ) *C W A L L < 2 0 >  tE C W A L L ( 5  > GAS 3 8  0
REAL N U .M U O Z GAS 3 9  0
L O G IC A L  MCCNV »GCONV *S C C N V GAS 4 0 0
DATA G A SC / 4 9 7 2 l * 7 / GAS 4 1 0
c GAS 4 2 0
c ' GAS 4 3 C
CO 2 0 0 C  I  =K O D E * N ET A GAS 4 4 C
T = T I  ( I  ) *  T C GAS 4 5 0
P =  P I ( I  ) GAS 4 0 0
c GAS 4 7 C
C T H E F O L L O W IN G  PA R T CF PROGRAM OSES P R E S S U R E  IN  ATM O SPHERES GAS 41} C
C AND TEM PERA TU R E IN  DEG K GAS 4 9 0
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SUBROUTINE- T R IO  ( K ) T R ID 1C
c**+* T R IO  ---- T R IC IA G C N A L  E Q U A T IO N  SO LVER  O B T A IN E D  FROM C O N TE P - 1 8 4  * * *  T R ID 2 0
c S U B R O U T IN E  SO LV ES AX = B FOR THE VECTO R X (W HERE A I S  TR  ID  I  A G C N A L T R ID 3 0
c M = ORDER OF SYSTEM T R ID 4 C
c S U P = SUPER  D IA G O N A L  OF A T R ID SC
c SUB =  SUB D IA G O N A L  OF A T R ID 6C
c D I  AG = M A IN  D IA G O N A L  OF A T R ID 7 C
c B =  C O N S TA N T VECTO R TR 10 EC
c SUP AND D I  AG ARE D ESTR O YED T R ID <5C
c S O L U T IO N  VECTO R IS  R ETU R N E C  IN  a T R I D 1 0 0
c T R ID 1 1 c
C O M M O N /V E C T O R / S U e ( 6 0 ) • D IA G ( 6 C ) • S U P ( 6 0 ) • 8  ( 6 0 ) T R ID 1 2 0
c T R ID 13 C
N =  M TP ID 1 40
NN =  N —1 TR ID 1 5 0
S U P ( l )  = S U P ( 1 ) / 0 I  A G ( i ) T R ID 16  C
B ( l )  = B { 1 ) / D I A G ( 1> T R ID 1 7 0
DO 1 0  I  =  2 .N T R ID it ;  o
11 =  I  - 1 T R IO 1 9 0
c- ----DECOM POSE A TO FORM A = LU  WHERE L I S  LOWER T R IA N G U L A R . T R ID 2C'C
c AND U IS  UPPER  T R IA N G U L A R  ----------------------- T R IO 2 1 0
D I A G ( I )  =  D I A G ( I )  -  S U P ( I  I ) * S U E ( I  I > TR ID 2 2 0
1F ( I  . EQ« N )  GO TO 1C T R ID 2 3  C
S U P ( I )  = S U P ( I )  /  D IA G C I ) T R ID 24Q
c- — - — COM PUTE Z WHERE L Z  = B T R ID 2 5 0
10 E ( I )  =  ( B ( I  ) -  S U B ( I I )  * B ( I I ) ) /  O I A G ( I ) TP ID 2 6  C
c------- ----CO M PUTE X BY BACK S U B S T IT U T IO N  WHERE UX =  Z T R ID 2 7 0
DO 2 0 K - l . N N TR ID 2 8 0
I  -  N -  K T R IO 2 9 0
2 0 B ( I ) =  fci( I  ) - S U P ( I )  * 6 ( 1 + 1 ) T R I D 3 0 0
R ETU R N T R ID 3 1 0
END T R ID 3 2 0
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APPENDIX D
R e fe re n c e s
D . l  H an sen , C . F . , "A p p ro x im a tio n s  f o r  th e  Therm odynam ic P r o p e r t ie s
o f  H ig h  T e m p e ra tu re  A i r , "  NASA TR R -5 0 ,  1 9 5 9 .
D .2  E s ch , D . D . , S ta g n a t io n  R e g io n  H e a t in g  o f  a P h e n o lic -N y lo n
A b la to r  D u r in g  R e tu rn  fro m  P la n e ta r y  M is s io n s , P h .D . 
D is s e r t a t io n ,  L o u is ia n a  S t a te  U n i v e r s i t y ,  B a to n  R ouge, 
L o u is ia n a ,  A ug. 1 97 1 .
D .3  E sch , D . D . ,  A . S ir ip o n g ,  R . W. P ik e ,  "Therm odynam ic P r o p e r t ie s
i n  P o ly n o m ia l Form f o r  C arb o n , H y d ro g e n , N it r o g e n  and  
Oxygen System s From 300 to  1 5 0 0 0 °K ,"  NASA RFL T R -7 0 -3 ,  
C h .E . D e p t . ,  L o u is ia n a  S ta te  U n i v e r s i t y ,  N ovem ber, 1 9 7 0 .
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
APPENDIX E
RADCOR COMPUTER PROGRAM
DISCUSSIO N OF THE PROGRAM
The com pu ter p rogram  RADCOR can  b e  used to  com pute r a d i a t i v e  
h e a t in g  r a t e s  a t  th e  s ta g n a t io n  l i n e  o r  around  th e  b ody. H e a t in g  r a t e  
c a lc u la t io n s  a r e  based on a r a d i a t i v e  c o o lin g  p a ra m e te r  c o r r e la t io n  
w h ic h  is  used i n  c o n ju n c t io n  w i t h  an is o th e r m a l s la b  r a d ia t io n  
c a l c u la t io n  made in  th e  p ro g ram . The is o th e r m a l r a d ia t io n  c a lc u la t io n  
i s  made f o r  p o s t  shock therm odynam ic and s p e c ie s  le v e ls .  Each p o in t  
on th e  body is  t r e a te d  in d e p e n d e n t ly  and th u s  th e  h e a t in g  a t  th e  
p o in t  i n  q u e s t io n  is  o n ly  d ep en d en t on th e  lo c a l  shock sh ap e , s t a n d - o f f  
d is ta n c e  and f r e e  s tre a m  c o n d it io n s .
T h is  p ro g ram  p ro v id e s  th e  c a p a b i l i t y  o f  r a p id ly  e s t im a t in g  
r a d i a t i v e  h e a t in g  r a te s  a t  th e  s ta g n a t io n  l i n e  o r  around th e  body f o r  
no mass i n j e c t i o n .  A lth o u g h  i t s  p r im a r y  use is  f o r  e a r th  a tm o s p h e ric  
e n t r y ,  h e a t in g  due to  e n t r y  in t o  M ars o r  Venus a tm ospheres may a ls o  be  
com puted . The e f f e c t s  o f  a b l a t io n  p ro d u c ts  may be a cco u n ted  f o r  b y  
hand c a lc u la t io n  m ethods d e s c r ib e d  i n  C h a p te r  5 and 6 . Thus th e  
p h ilo s o p h y  i n  u s in g  t h is  p ro g ram  is  one o f  o b ta in in g  p r e l im in a r y  d e s ig n  
e s t im a te s  o f  th e  r a d i a t i v e  h e a t in g  e n v iro n m e n t a b o u t a v e h ic le .
The b a s ic  assum ptio n s  o f  th e  c a lc u la t io n  a r e :
1 . The  shock la y e r  can be a p p ro x im a te d  lo c a l l y  as an  i n f i n i t e  
p la n e  s la b .
2 .  T h e  body is  assumed s p h e r ic a l .
3 .  T h e  shock wave is  assumed c o n c e n t r ic .
368
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4 .  The shock  s t a n d - o f f - d is t a n c e  is  com puted u s in g
6 = p / ( > / 8 p / 3  +  1)
5 .  L in e  and c o n tin u u m  r a d ia t io n  o f  s p e c ie s  H , C , 0  and N a re  
in c lu d e d .
6 . C ontin u u m  r a d i a t i o n  o f  s p e c ie s  CO, 0 „ ,  C _ , N „ , C_ and H_ 
a r e  in c lu d e d .
7 . R a d ia t io n  b lo c k a g e  by a b la t io n  s p e c ie s  is  n o t in c lu d e d .
8 . The s u r fa c e  r a d i a t i v e  f lu x  can  be com puted fro m  th e  is o th e rm a l  
f l u x  u s in g  a r a d i a t i v e  c o o lin g  p a ra m e te r  c o r r e l a t io n .
The p r i n c i p l e  o p t io n  o f  th e  p rogram  com putes th e  s u r fa c e  r a d ia t i v e
h e a t in g  f o r  an  a i r  a tm o s p h e re  u s in g  th e  fo l lo w in g  c o m p u ta tio n  s e q u e n ts .
F i r s t ,  th e  R a n k in e -H o g o n io t  e q u a tio n s  ( 2 .7 9  to  2 .8 2 )  a re  s o lv e d  u s in g
th e  a i r  therm odynam ic  p r o p e r t ie s  o f  Hansen ( R e f .  E . l ) .  S econd, th e
shock s t a n d - o f f - d is t a n c e  is  com puted. T h i r d ,  u s in g  th e  s ta n d -o f  f -
d is ta n c e  and p o s t  shock s p e c ie s  c o m p o s it io n  fro m  th e  s o lu t io n  o f  th e
R a n k in e -H u g o n io t  e q u a t io n s ,  th e  is o th e r m a l r a d i a t i v e  f l u x  is  com puted.
F o u r th , th e  r a d i a t i v e  c o o lin g  p a r a m e te r , F ,  and s u r fa c e  r a d i a t i v e
h e a t in g ,  q „ ,  a r e  com puted u s in g  th e  fo l lo w in g  r e l a t i o n s  fro m  R e f . E .2 .
K
I f  th e  a round  th e  body o p t io n  is  used t h is  sequence is  r e p e a te d  a t  
two d e g re e  in c re m e n ts  a ro u n d  th e  b o d y .
I f  th e  n o n - a i r  a tm o s p h e re  o p t io n  is  used th e  d e n s i t y  r a t i o  a c ro s s  
th e  shock and th e  p o s t shock  s p e c ie s , te m p e ra tu re  p re s s u re  and a v e ra g e
(q R >
i  gnt-herroal
.0 4  <  T  <  1 .0 ( E . l )
qR =  ( 0 . 2  -  0 .2 9 5  lo g 1(jr ) ( q R )
is o th e rm a l
( E .2 )
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m o le c u la r  w e ig h t  m ust be in p u t  and o n ly  s ta g n a t io n  l i n e  c a lc u la t io n s  
can be m ade. T h is  o p t io n  is  a p p r o p r ia te  f o r  b o d ie s  e n t e r in g  e i t h e r  a  
M ars o r  Venus a tm o s p h e re . The o n ly  a p p a re n t d e f ic ie n c y  f o r  t h i s  ty p e  
o f  c a lc u l a t i o n  is  th e  p o s s ib le  r a d i a t i v e  e f f e c t  o f  CN w h ich  may 
e x i s t  i n  s i g n i f i c a n t  q u a n t i t ie s  f o r  some f l i g h t  c o n d i t io n s .
T h e re  a r e  th r e e  fe a tu r e s  o f  th e  com pu ter p ro g ram  t h a t  make i t  
a t t r a c t i v e  f o r  p r e l im in a r y  e s t im a te s  o f  s u r fa c e  h e a t in g  r a t e s :
1 . The o n ly  in p u ts  t h a t  a r e  r e q u i r e d  f o r  a i r  a tm o sp here  p ro b lem s  
a re  th e  f r e e -s t r e a m  f l i g h t  c o n d it io n s  and body r a d iu s .
2 .  A la r g e  number o f  s o lu t io n s  can  be o b ta in e d  in  a s m a ll  am ount 
o f  com pu ter t im e  ( le s s  th a n  .1 0  m in  o f  IBM  3 6 0 -6 5  t im e  p e r  
c a s e )
3 . The p ro g ram  has a  m odest com pu ter s to ra g e  r e q u ir e d  0«19 K 
w o rd s ) .
The n e x t  s e c t io n  p re s e n ts  th e  d e t a i l s  o f  th e  in p u t  p ro c e d u re .
The u s e fu ln e s s  o f  t h i s  program  w o u ld  be enhanced  i f  a  c o r r e l a t i o n  
f o r  th e  e f f e c t s  o f  a b la t io n  p ro d u c t i n j e c t i o n  w ere  in c lu d e d  in  th e  
p ro g ra m . An a t te m p t  was made w ith o u t  success  to  f in d  a s u i t a b le  
c o r r e la t io n  as d is c u s s e d  in  C h a p te r  5 .  I f  how ever a  s u i t a b le  c o r r e ­
l a t i o n  i s  o b ta in e d  i n  f u t u r e  w o rk , i t s  a d d i t io n  to  t h i s  p ro g ram  w ou ld  
im p ro ve  p r e s e n t  a c c u ra c y  o f  m aking r a p id  p r e l im in a r y  d e s ig n  c a lc u la t io n s .  
INPUT GUIDE
A l l  in p u ts  to  th e  RADCOR com puter p ro g ram  a r e  re a d  fro m  c a r d s .
The b a s ic  in p u t  c o n s is t  o f  th e  f r e e -s t r e a m  v e l o c i t y ,  f r e e  s tre a m  
d e n s i t y  j j r  p o s t  shock p r e s s u r e , and th e  body r a d iu s .  F o u r in p u ts  
fo rm a ts  a r e  used f o r  in p u t ,  1 5 , E 1 2 .0 ,  E 1 0 .0 ,  and A 4 . The f l o a t i n g  
p o in t  fo rm a ts  m ust have th e  d e c im a l p o in t  punched on th e  c a r d .
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M u l t ip l e  c as es  f o r  th e  same k in d  o f  p ro b le m  may be r u n .  T h e  f i r s t  
c a rd  in p u t  s ig n a ls  th e  k in d  o f  cases  to  be r u n . F o r s u b s eq u e n t  
cases  c a rd  1 i s  n o t  re a d  and th e  cases  a re  to  be s u b s e q u e n tly  s ta c k e d .  
C ard  1 o f  th e  in p u t  a ls o  s e rv e s  to  in d ic a t e  m u l t ip le  ru n s  o f  a  
p a r t i c u l a r  k in d .  P a ra m e tr ic  s tu d ie s  may b e  made b y  c h a n g in g  th e  body  
r a d iu s  o r  f r e e -s t r e a m  v e l o c i t y  h o ld in g  th e  o th e r  s p e c i fy in g  v a r ia b le  
c o n s ta n t .  T h is  is  a c c o m p lis h e d  b y  s e t t in g  NR = n o . o f  body r a d i i  o r
NV = n o . o f  f r e e - s t r e a m  v e l o c i t i e s  to  a  v a lu e  g r e a te r  th a n  1 . I f  t h i s
is  d o n e, th e  b ase  case  s p e c i f ie d  by e i t h e r  c a rd  3A o r 3B is  com puted  
f i r s t  th e n  th e  v e l o c i t y  and o r  body r a d iu s  is  s e q u e n t ia l ly  in c re a s e d  by  
c o n s ta n t  i n t e r v a l s  a c c o rd in g  to  th e  f o l lo w in g  l o g ic .
E  -  ^ i n i t i a l  +  2 ' °  K  <£ t )
w h ere  K =  2 ,  . . . . ,  NR
U . - U ,  +  2 0 0 0 .J  ( f t / s e c )
00 i n i t i a l
w h ere  J  =  2 ,  . . . . ,  NV 
The U u p d a t in g  ta k e s  p la c e  i n  a lo o p  i n t e r n a l  to  a  lo o p  u p d a t in g  R .
C o n s e q u e n tly  f o r  a  g iv e n  R a l l  NV v e l o c i t y  cases  w i l l  be  r u n .  I f  th e  
R is  u p d a ted  th e  v e l o c i t y  is  r e i n i t i a l i z e d  and th e  sequence is  r e p e a te d .
T a b le  E . l  p r o v id e s  th e  d e t a i l s  o f  th e  c a rd  in p u t  and T a b . E .2  
p ro v id e s  a  c o r re s p o n d in g  d e f i n i t i o n  o f  v a r ia b le s .
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TABLE E . l
CARD INPUT FOR RADCOR
C ard  T yp e  V a r ia b le s  F o rm at
1 IT Y P E , IB 0 D Y , NR, N V , IATM  815
2 T IT L E  18A4
3 A * U IN F , PDK, R 3 E 1 2 .0
3 B * U IN F , R IN F , R 3 E 1 2 .0
4^ NETA, L IN E S , ID G , IE Z ,  XM0L 4 I5 , E 1 0 .0
5#  T D , AMW(NETA, RZB, R E , PD 6 E 1 2 .0
6#  F R A C (N E T A ,I) 6 E 1 2 .0
The v a lu e  o f  ITYPE d e te rm in e s  w h ic h  c a rd  is  to  be r e a d .
ITYPE =  0 C ard  3B i s  re a d
= 1 C ard  3A is  re a d
I f  t h i s  c a rd  is  b la n k  th e  v a r ia b le  a r e  i n t e r n a l l y  s e t .
NETA =  5
LIN ES =  1
IDG =  0
IE Z  =  5
XM0L »  1 .0
The v a lu e  o f  IATM  d e te rm in e s  w h e th e r th e s e  tw o c a rd s  a r e  r e a d .
IATM  = 0 N e i th e r  c a rd  is  re a d  
= 1 B o th  c a rd s  a r e  re a d
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V a r ia b le
ITYPE
IB0DY
NR
NV
IATM
T IT L E
UINF
POK
TABLE E .2  
VARIABLE D E F IN IT IO N S  FOR RADCOR
D e s c r ip t io n
In d ic a t o r  used f o r  th e  s p e c i f i c a t io n  o f  w h ic h  o p t io n  
i s  used f o r  n o rm a l shock c a lc u la t io n s .
ITYPE =  0 Shock c o n d it io n s  com puted fro m  f r e e
s tre a m  v e l o c i t y  and f r e e  s tre a m  d e n s i t y .
=  1 Shock c o n d it io n s  com puted fro m  f r e e
s tre a m  v e l o c i t y  and p o s t shock p r e s s u r e .
C o u n te r used  f o r  th e  s p e c i f i c a t io n  o f  w h e th e r s o lu t io n  
is  found a t  th e  s ta g n a t io n  l i n e  o n ly  o r  f o r  an around  
th e  body c o n c e n t r ic  sho ck .
IB0DY =  0 o r  1 S ta g n a t io n  l i n e  s o lu t io n  o n ly .
>  1 Around th e  body s o lu t io n s  f o r  a
c o n c e n t r ic  shock. V a lu e  o f  IB0DY  
d e te rm in e s  how f a r  a ro un d  th e  body  
th e  s o lu t io n  is  c a r r i e d .
C o u n te r d e te r m in in g  w h e th e r R is  to  be i n t e r n a l l y  
u p d a te d .
NR =  0 R is  re a d  f o r  each  c a s e .
2: 1 R is  to  u p d a ted  i n t e r n a l l y .  V a lu e  o f  NR
d e te rm in e s  th e  number o f  t im e s  R is  u p d a te d .
C o u n te r d e te r m in in g  w h e th e r U IN F  is  to  u p d a te d  
i n t e r n a l l y  
NV =  0 U IN F  is  re a d  f o r  each  c a s e .
S: 1 U IN F  is  to  be u p d a ted  i n t e r n a l l y .  V a lu e  o f
NV d e te rm in e s  th e  number o f  t im e s  U IN F  is  
u p d a te d .
C o u n te r d e te r m in in g  w h e th e r s o lu t io n  is  f o r  a i r  
atom osphere  o r  a n y  a tm o s p h e re .
IATM  = 0 S o lu t io n  f o r  a i r  a tm o sp here  o n ly .
= 1 S o lu t io n  f o r  an y  a tm o s p h e re . T h is
s o lu t io n  r e q u ir e s  th e  in p u t in g  o f  th e  
m ole f r a c t io n s  f o r  s p e c ie s  p r e s e n t  in  
th e  s ys te m .
T i t l e  f o r  i d e n t i f i c a t i o n  o f  p ro b le m .
F re e  s tre a m  v e l o c i t y  (U  -  f t / s e c )CO
P o st shock p re s s u r e  (P^ -  a tm .)
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
5 7 4
R IN F
NETA
F re e  s tre a m  d e n s ity  (p ^  -  s l u g s / f t  )
The number o f  p o in ts  used i n  th e  s la b  r a d i a t i o n  
c a lc u la t io n
LIN ES
IDG
IE Z
XM0L
TD
AMW(NETA)
RZB
RE
PD
F R A C (N E T A ,I)
L in e  r a d i a t i o n  o p t io n  v a r ia b le
L IN ES = 0 C ontinuum  c a lc u la t io n  o n ly .
= 1 C o u p led  l i n e  and  con tin u u m  c a l c u la t io n .
S w itc h  to  a l lo w  in te r m e d ia te  p r in t o u t  
IDG = 0 O n ly  f i n a l  r e s u l t s  p r in t e d .
= 1 P r in t  a t  each ETA is  g iv e n .
= 2 C o m p lete  p r i n t  i s  g iv e n
The number o f  p o in ts  used i n  th e  f l u x  in t e g r a t i o n .
IE Z  = 0 The ETA a r r a y  w i l l  be used f o r  th e  ETZ a r r a y .
0<IEZ<NETA S p e c i f ie s  th e  number o f  p o in ts  in  th e  
ETZ a r r a y .
A m o le c u la r  r a d ia t io n  o p t io n  s w itc h
XM0L = 10"6 M o le c u le s  n o t  in c lu d e d  in  th e  
r a d i a t i o n  c a lc u la t e d  
= 1 .0  M o le c u le s  in c lu d e d  in  th e  r a d ia t i o n  
c a lc u la t io n .
P o s t shock te m p e ra tu re  (T  -  °K )
o
A ve ra g e  m o le c u la r  w e ig h t o f  a l l  s p e c ie s  p r e s e n t  i n  
th e  system  b e in g  a n a ly z e d .
P®
D e n s ity  r a t i o  a c ro s s  th e  shock (  —  )
p 6
R e y n o ld 's  number =  Re„ =  p U R /u .  _
J 6  «  «  5 , 0  '
P o s t shock p re s s u re  (P ^ )
P o s t shock m ole  f r a c t io n s  o f  s p e c ie s  I  used i n  
in p u t  o f  n o n -a ir  a tm o s p h e re s .
1 = ° 2 4  =  0 7 =  H 10 =  CO
2 =  N2
m
5 =  E 8 =  C2 11 =  c 3
3 =  0 6 =  C 9 =  H_
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O U TPU T D E S C R I P T I O N
T h i s  s e c t i o n  p r e s e n t s  a  d e s c r i p t i o n  o f  t h e  o u t p u t  f o r m a t  a n d
d e f i n i t i o n  o f  o u t p u t  s y m b o l s .  T h e  r e a d e r  m a y  f i n d  i t  i n s t r u c t i v e  t o
r e f e r  t o  t h e  l i s t i n g  o f  t h e  s a m p l e  p r o b l e m  g i v e n  i n  t h e  n e x t  s e c t i o n .
T h e  f i r s t  p a g e  o f  o u t p u t  c o n s i s t s  o f  a  p r i n t  o f  t h e  t i t l e  c a r d
a n d  t h e  o p t i o n s  s p e c i f i e d  o n  c a r d  4 .  T h i s  p r o v i e s  a n  i d e n t i f i c a t i o n
o f  t h e  p r o b l e m  a n d  a  c h e c k  o n  s o m e  o f  t h e  p e r t i n e n t  o p t i o n s .
T h e  s e c o n d  p a g e  o f  s t a n d a r d  o u t p u t  ( i . e .  ID G  = 0 )  i s  a  p r i n t  o f
t h e  r e s u l t s  f o r  o n e  c a s e .  U n d e r  t h e  h e a t i n g  o f  "S H O C K  L A Y E R  GAS
P R O P E R T IE S "  t h e  f r e e - s t r e a m  a n d  p o s t  s h o c k  c o n d i t i o n s  a r e  g i v e n .  N a m e s
a n d  m e a n i n g s  n o t  l i s t e d  i n  t h e  f o r e g o i n g  s e c t i o n  a r e :
H T 0 T A L  =  F r e e - s t r e a m  t o t a l  e n t h a l p y
VD =  P o s t  s h o c k  n o r m a l  v e l o c i t y
( R * U ) I N F  =  F r e e - s t r e a m  m a s s  f l u x  p e r  u n i t  a r e a
U n d e r  t h e  h e a d i n g  o f  " S P E C I E S  M ASS F R A C T IO N S "  t h e  p o s t  s h o c k  s p e c i e s
m a s s  f r a c t i o n s  o f  a i r  a r e  l i s t e d  i f  t h e  a i r  a t m o s p h e r e  o p t i o n  i s  u s e d .
N o  l i s t i n g  i s  g i v e n  f o r  o t h e r  a t m o s p h e r e s .  U n d e r  t h e  h e a d i n g  o f
" R A D IA T IV E  F L U X  P R O P E R T IE S "  i n f o r m a t i o n  p e r t a i n i n g  t o  t h e  r a d i a t i v e
h e a t i n g  c a l c u l a t i o n  i s  g i v e n .  T h e  n a m e s  a n d  d e s c r i p t i o n s  o f  t h e
v a r i a b l e s  p r i n t e d  a r e :
PA T H L E N G T H  =  P a t h  l e n g t h  u s e d  i n  t h e  i s o t h e r m a l  r a d i a t i o n
c a l c u l a t i o n  w h i c h  e q u a l s  t h e  s t a n d - o f f  
d i s t a n c e .
GAMMA =  T  o f  E q .  ( E . l )
IS O T H E R M A L  F L U X  =  ( a )  o f  E q .  ( E . l ) .
*  ISO T H E R M A L  
A CTU A L FL U X  =  q ^  ( s u r f a c e  h e a t i n g  r a t e )
CH R =  R a d i a t i v e  h e a t  t r a n s f e r  c o e f f i c i e n t
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D E L T A /R  =  6 ( n o n d i m e n s i o n a l  s t a n d - o f f  d i s t a n c e )
3
. 5 R I N F * U I N F 3  =  . 5  ( f r e e  s t r e a m  k i n e t i c  e n e r g y  f l u x
p e r  u n i t  a r e a )
Q R R  =  ( n . ) / ( q .^ ) t h e  h e a t i n g  r a t e  r e f e r e n c e d  t oJcv K U
t h e  s t a g n a t i o n  v a l u e
I f  t h e  p a r a m e t e r  ID G  i s  g r e a t e r  t h a n  0  a d d i t i o n a l  o u t p u t  f r o m
t h e  r a d i a t i o n  c a l c u l a t i o n  i s  g i v e n .  T h i s  o u t p u t  i s  s i m i l a r  t o  t h a t
d i s c u s s e d  i n  A p p e n d i x  C a n d  t h u s  w i l l  n o t  b e  d e t a i l e d  h e r e .
SA M PLE  PR O B LE M  AND PROGRAM  L I S T I N G
T h e  f o l l o w i n g  e x a m p l e  i s  p r e s e n t e d  t o  i l l u s t r a t e  t h e  b a s i c  i n p u t
f o r  t h e  R A D C 0R  p r o g r a m  a n d  t o  s h o w  a  t y p i c a l  o u t p u t  l i s t i n g .  T h e
c o n d i t i o n s  d e f i n i n g  t h e  p r o b l e m  a r e
U =  5 0 0 0 0  f t / s e c  
00
p  =  9 . 0  x  1 0  7  s l u g / f t " ^
00
R  =  9  f t
T h e  h e a t i n g  r a t e  r e s u l t s  s h o w n  a r e  f o r  t h e  s t a g n a t i o n  p o i n t  i n  a n  a i r  
a t m o s p h e r e .  T h e  f o l l o w i n g  i s  a  t y p e d  l i s t i n g  o f  t h e  n e c e s s a r y  i n p u t  
c a r d s  f o r  t h i s  p r o b l e m  ( t h e  z e r o s  n e e d  n o t  b e  p u n c h e d ) .
0  0 0 0 0
SA M P L E  C A S E
5 0 0 0 0 . 9 . 0 E 7 9 . 0
0  0 0 0 0 . 0
T h e  f o u r  c a r d s  r e q u i r e d  f o r  t h i s  s a m p l e  c a s e  a r e  c a r d s  1 ,  2 ,  3 B  a n d  4 .
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
A  c o m p u t e r  o u t p u t  l i s t i n g  f o r  t h i s  p r o b l e m  i s  g i v e n  o n  t h e  
f o l l o w i n g  p a g e s .  T h i s  o u t p u t  l i s t i n g  i s  f o l l o w e d  b y  a  F o r t r a n  l i s t i n g  
o f  t h e  c o m p u t e r  p r o g r a m .
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6  T I  U I N F  U P D A T E D  I N T E R N A L L Y
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♦  * N E T A  =  
L I N E S =
I D G  =
I  E Z
I  A T M  
I  A T M
N U M B E R  G F  E T A  P O I N T S
I F  L I N E  C A L C U L A T I O N  I S  T O  B E  D O N E  
I F  O N L Y  C O N T I N U U M  C A L C U L A T I O N  I S  T O  B E  D O N E  
O N L Y  F I N A L  P R I N T  I S  G I V E N  
P R I N T  I S  G I V E N  F C R  E A C H  E T A  
C O M P L E T E  P R I N T
I F  E T A  A R R A Y  i* I L L  A L S O  E E  U S E D  F O R  E T Z *  
O T H E R W I S E  I E Z =  N U M B E R  C F  P O I N T S  I N  A R R A Y  E T Z  
I N P U T *  W I L L  B E  L E S S  T H A N  N E T A  
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C
c
c
c
c
c
IF ( I D G . N E . O )  CALL 8UGPR ( I )
OELTA = PL
IF< I C G . N E . 0 K A L L  BUGPR < 2 )
0 0  9 1  L = 1 , N E S  
XKT(L ) = T ( L ) / 1 1 6 0 6 ,
T l = X K T ( L )
I F  ( M F . N E . C )  CALL S N D ( L »  I )
* *  P A R T I T I O N  FUNCTIONS FOR H .  C .  N • C * *
9 4  I F ( T ( L ) « G T . 1 5 C 0 0 . ) GO TO 6  
* *  LOM TEMPERATURE * *
SUMH=2 *0
S U M C = 9 . 0  + 5 . 0  * E X P C - 1 . 2 6 4 / T 1 ) + E X P I - 2 . 6 8 4 / T 1> +
1 5 . 0  *  EXP C —4  .  1 8 3 / T 1 )
S U M N = 4 . 0  + 1 0 * 0  * E X P ( —2 . 3 8 4 / T  I ) + 6 . 0  * E X P { - 3 . 5 7 6 / T 1> 
SUMO= 9 . 0  + 5 . 0  * E X P C - 1 . 9 7 5 / T 1 )
GO TO 7
C
c
c
HIGH TEMPERATURE * *
S U N H = 2 . C  
S U M C = 2 . 7 1 8 1 8  
SUMN-=5 . 9 3 8 2 1 6  
S U M O = l 1 . 7 9 5 6 3  
CONTINUE  
T 1 2 —T I  *  * 2  
GH = 6 . 4 9 9 4  
DO 5  K = 1 . 1 2  
G F = F H V C ( K ) / T i  
GHM=GH 
G H = E X P ( - G F )
+ 6 . 4 0 6 7 7  * T ( L  ) / 1 » 0 E 4  - 0 . 4 5 4 6 6  * ( T ( L ) / 1  
-  0 . 2 2 5 5 9 3  * T ( L ) / 1 . 0 E 3  + 0 . 0 1 5 4 0 8  *  ( T ( L ) /  
- 0 . 3 1 7 9 6 4  * T ( L ) / 1 • 0 E 3  + 0 . 0 1 3 7 6 5  *  < T I L > / 1
*GF ( G F * * 2  + 3 . 0  *GF + 6 . 0  + 6 . 0 / G F )
TRAN 7 3 C  
TRAN 7 4 0  
TRAN 75C 
TRAN 7 6 0  
TRAN 7 7 0  
TRAN 7 8 0  
TRAN 7 9  C 
TRAN 8 0 0  
TRAN 8 1 0  
TRAN 8 2 0  
TRAN 8 3  C 
TRAN 8 4 0  
TRAN 8 5 0  
TRAN 8 6 0  
TRAN 8 7  C 
TRAN 8 8 0  
TRAN 8 9 0  
TRAN 9CC 
TRAN 9 IC 
TRAN 9 2 0  
TRAN 9 3 0  
TRAN 9 4 C 
TRAN 9 5 0  
TRAN 9 6 0  
TRAN 9 7 0  
C E 4 ) * * 2  TRAN 9 8 0  
l . C 6 3 > * * 2 T R A N  9 9 0  
•  0 E 3 ) * * 2  TRAN 1 0 0 0  
TRAN 1 0 1 0  
TRAN 102C  
TRAN 1 0 3 0  
TRAN 1 0 4 0  
TRAN10 5 0  
TRAN 1 0 6  0 
TRANI C 7 0  
TRAN I 0 8 0
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c * * PLANK KEAN ABSORPTION COEF F I CI ENT FOR BAND INTERVALS ( E Q . A 3 ) * *  TRAN1 0 9 0
c TRAN HOO
B E E C ( K . L ) = 5 . G 4 E 3  * ( T 1 2 * * 2 )  *  (GHM-GH) TRAN 1 1 1 0
BE=BEECCK*L) TRAN 1 1 2 0
c TRAN 1 1 3 0
c * * ABSORPTION CROSS SECTI ONS * * * TRAN 1 1 4 0
c S O E C I E S  — TRAN 1 1 5 0
c N N2 CO T RAN1 1 6 0
c O C2 TRAN 1 1 7 0
c C C2 TRAN 1 1 8 0
c H H2 C3 TRAN 1 1 9 0
c TRAN 1 2 0 0
SGH= 0 • TRAN 1 2 1 0
SGN = 0 • TRAN122C
S G C = 0 • TRAN 1 2 3 0
SGCJ=0. T R A N l 2 4 0
SGCC = C * TRAN1 2 5  0
S G C 2 = 0 . TRAN 1 2 6  C
S G 0 2 = 0 • TRAN 1 2 7 0
SGN2 = 0 • TRAN 1 2 8  0
S G H 2 = 0 . TRAN 1 2 9 C
SGC3 = 0 . TRAN 1 3 0 0
SGCS= C • 0 TRAN 1 3 1 0
GO TO ( 5 8 1 . 5 8 2 , 5 8 3 . 5 8 4 . 5 8 5 . 5 8 6 . 5 8 7 . 5 8 8 . 5 8 9 * 5 9 0 . 5 9 1 * 5 9 2 ) . K TRAN 1 3 2 0
5 8 1 S G F = S I G K A ( 2 . 4 , 1 . 0 , C . 0 . 1 . 0 )  * E X P < - I 3 . 5 6 / T 1 ) TRAN 1 3 3 0
S G C = S I G M A ( 3 . 7 8 .  0 . 3 ,  0 . 0 4 8 8 ,  1 . 3 3 )  *  EXP ( — 1 1 • 2 6 / T I ) TRAN 1 3 4  C
S G N = S I G M A ( 4 . 2 2 .  C . 2 4 ,  0 . 0 4 2 6 .  4 . 5 )  * E X P ( - 1 4 . 5 4 / T l ) T R A N 1 3 5 0
SGO = S I G K A ( 4 . 2 2 .  0 . 2 4 .  0 . 0 4 2 6 .  . 8 8 8 8 8 8 9 )  * E X P ( - 1 3 . 6 1 / T 1) T R A N l 3 6 0
S G C S = 3 . 4 E - 1 2 T RAN 1 3 7  0
GO TO 3 8 T R A N l 3 8 0
5 8  2 Z Z H V = 5 . 5 TRAN 1 3 9 0
S G C 2 = 8 . 0 6 - 1 8  * E X P ( —0 , 5 / T 1 )  ♦ 3 . C E - 1 8 T  R A N  1 4 0  0
S G C 3 = 4 . O E - 1 8 TRAN 1 4 1 0
S G C S = 3 . 4 6 —1 2 T R A N  1 4 2 0
5 9 3 CALL Z H V ( Z Z H V . Z Z O . Z Z N . Z Z I , Z Z C ) TRAN 1 4 3 0
SGC=S IGMA 2 ( 2ZP. V • 1 . 3 3 .  1 1 . 2 6 .  3 . 7 8 )  *  ZZC + SGC TRAN1 4 4  0
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CALL ZP < T l . S UMN. S UMC  . SUMH. SUMC) TRAN2 17 C
o * *  CALCULATICN CF PARAMETERS FCR 9  LI NE GROUPES 4 4 T R A N 2 1 8 0
<: WN —  NUMBER OF L I N E S T R A N 2 1 9 0
<: FG —  EFFECTIVE F-NUMBER TRAN22CC
c GP —  EFFECTIVE HALF-WIOTH T RA N2 2 1 0
c T R A N 2 2 2 0
c GROUP 1 TRAN2 2 3  0
F G ( 1 . 2 > = ( 1 . 0 2  * Z P C 1 5  ) 4  . 7 9 5  *  ZPC<6> 4 0 . 1  14 4  Z P C ( 7 )  ) TRAN 2 2 4  0
I / WN( 1 * 2 ) TRAN2 2 5  0
G P ( 1 . 2  ) = ( e . l 6 E - l I  * S OR TI ZP CI  5 ) >  4 1 . 2 5 E - 1 0 4 SQRT( Z P C ( 6  ) ) T R A N 2 2 6 0
I 4 2 . 5 5 E - I C  * S C R T ( Z P C ( 7 ) ) ) 4 4 2  / ( F G < 1 , 2 > 4 WN< 1 . 2  > 4 4 2 ) T R A N 2 2 7 0
FG{ 1 . 3  ) = ( 1 . 0 4 0  *  ZPN C 4 ) 4 1 . 2 9  * Z P N ( 5 >  + 0 . 0 0  4 Z P N C 6 ) ) T R A N 2 2 8 0
I / WN( 1 , 3 ) TRAN229C
G P f 1 . 3 )  = ( 6 . 6 5 6 - 1 1  * S ORT( ZPN( 4 )  ) 4  I . 7 I E - 1 0 4 S Q R T ( Z P N ( S ) ) T R A N 2 3 0 0
I + C . O O E - I O  * S O R T ( Z f N ( 6 ) ) ) 4 4 2 / ( F G ( I . 3 )  *  W N I l . 3 ) 4 4 2 ) TRAN231C
F G ( I . 4  ) = < I . 0 0  * Z P C ( 5  ) 4 . 9 7 8  *  ZPOC6 )  ) / WNC1 . 4 ) T R A N 2 3 2 0
GP I 1 . 4  ) = ( 3 . 9 0 E —11 * S GRT( ZP G( 5 ) >  4  9 . 6 8 E - 1 1 4 S Q R T I Z P O ( 6 ) ) ) 4 4 2 TRAN233C
1 / ( F G (  1 , 4 )  4 WN( 1 . 4 )  * 4 2 ) TRAN2J4C
FMUL( I , L ) = F M U C ( 1 , L  ) T R A N 2 3 5 0
c GROUP 2 TRAN236C
F G I 2 . 1 ) = 0 . 6 0 5  4 Z P F I 2 ) / W N ( 2 , I  ) T R A N 2 3 7 0
G P I 2 , 1  ) = 2  . 3 7 6 - 1  0 4  2 . 3 7 E - 1 0  4  ZP H< 2 ) / ( F G ( 2 .  I ) 4 W N ( 2 . 1 ) 4 4 2 ) TRAN236C
F G I 2 . 2  ) = ( C . C 0 E - 2  4 ZPCI  5 )  4 6 . 7 1 6 - 2  4  Z P C ( 6 ) ) / WN< 2 , 2 ) TRAN2 3 9 C
G P ( 2 . 2 ) = ( C . C 0 E - 1 2  4 SGRT C Z P C ( 5  ) ) + 7 . 1 5 6 - 1 1 4 SQRT{ Z P C ( 6 ) ) > 4 4 2 TPAN24CC
I / ( F G I 2 . 2 )  4 W N ( 2 , 2 ) 4 4 2 ) T R A N 2 4 10
F G C 2 . 3 ) = { 0 . 0 4 7 4  Z P N I 4 )  + 2 . 8 5 E - 2  4 Z P N ( 5 ) ) / WN ( 2 . 3 ) T R A N 2 4 2 0
G P ( 2 . J  ) = ( 1 . 1  l f c - 1 0  4 SORT ( ZPN ( 4 ) ) 4 6 . 0 7 E - U 4 S Q R T I Z P N ( 5 ) ) ) 4 4 2 T R A N 2 4 3 0
1 / ( F G < 2 , 3 )  4 W N ( 2 , 3 ) 4 4 2 ) TRAN2 4 4  C
F G I 2 . 4  ) = < . 0 2 1 7  4 Z P C ( 4 )  + 8 . 2 5 6 - 2  4 ZPO( 5 ) ) / W N ( 2 , 4 ) TRAN 2 4 5 0
G P ( 2 v 4  ) = ( 2 . 6 1 E - 1 I  4 S QR T ( Z PC ( 4 ) )  4 7 . 1 9 E - I 1 4 S O R T I Z P O 1 5 )  ) ) 4 4  2 T R A N 2 4 6 0
1 / ( F G ( 2 , 4 )  4 WN( 2 . 4 ) 4 4 2 ) TRAN2 4 7  0
FMUL( 2  « L ) —FMUC( l . L ) TRAN248C
c GROUP 3 T R A N 2 4 9 0
F G ( 3 . 2 )  = ( 7 . 2 9 E—2 4 ZPC C 2 ) 4  6 . 7 6 E - 2  4 Z P C ( 3 ) ) / W N ( 3 , 2 ) TRAN2 5 0  0
G P ( 3 . 2 ) = ( 9 . 0 8 E - 1 2  4 S G R T ( Z P C ( 2 ) )  4 8 . 7 5 E - 1 2 4  S Q R T I Z P C I 3 ) ) ) 4 4 2 T R A N 2 5 1 0
I / ( F G ( 3 . 2 )  4 WN( 3 . 2 ) 4 4 2 ) T R A N 2 5 2 0
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IN TEGRATICN FROM 1 TO IY * *
IF I I Y . E Q .  1 ) GO TC 6 8
DO 6 5  J = 1 . 9  
CU 6 6  L = 1 . IY 
W IM = 0 •
S U M 1 = 0 .
S UM2 =C.
DO 6 7  * = 1 . 4
O I F = E T A M < J . M , I Y )  -  E T A M ( J . M . L )  
BIFSBM = S B * (  J . M , I Y ) - S B N (  J . M . L )
I F <AB S ( D I F S B M ) , L T .  l . E - 1 0 ) CIFSEM = 1 
BETAM=DIF /  ( DIFSEM )
IF ( L . E Q . I Y )  BETAM=GGM<J. M. L)  
I F < A E S ( C I F ) . G T . l . E - 1 0 )  GC TO 9 0 0 1  
TM = 1 . E - 1 C  
GO TO 9 C 0 2 
CONTINUE
T M = D I F / 2 . C / B E T A * * * 2  
RRM = 0 I F / 2 . C / G G M ( J . M  .  IY ) * * 2  
WWM=6.2 8 3 1 8 5 3  * W N ( J . M )  * BETA* *
SUM1 = SUM1 + GAMMACTM) *  W N ( J . M)
SUM2 = SUM2 + XL AME ( RRM > *  t » N ( J . M )  
1ftIM=WIM ♦ WH.M 
ALPHAM=WI M/ DJ { J )
OVERLAPPING L I NE  CALCULATIONS * *
GROUP EQUIVALENT VklDTHS ( E G . 8 8 )  * *
WMM(J.L ) = O J ( J )  *  P H I l ( A L P H A M )  *  E X P ( T A U L I J . L ) - T A U L < J . I Y ) ) 
GROUP GAMMA ---- L I N E  TRANSPORT FUNCTION ( E Q . 9 2 )  * *
GAMMA(TM) *  TM 
* S S M ( J . M . I Y )
* S S M ( J . M . I Y )
T R AN 4 2 3 0  
TR AN 4 3 4  0 
TRAN435C  
T R AN 4 3 6 0  
TRAN437C  
T R A N 4 3 8 0  
TRAN4 3 9 0  
TRAN44CG 
T RAN4 4 I  0 
T R A N 4 4 2 0  
TRAN443C  
TRAN 4 4 4 0  
TRAN 4 4 5  0 
T R A N 4 4 6 0  
T R A N 4 4 7 0  
T R A N 4 4 8 0  
T RAN4 4 9  0 
T R A N 4 5 0 0  
T R A N 4 5 1 0 
TRAN4 5 2 C  
TRAN4 5 3 0  
T R A N 4 5 4 0  
T R A N 4 5 5 0  
TRAN 4 5 6  0 
TRAN 4 5 7  C 
T R A N 4 5 8 0  
T R A N 4 5 9 0  
TRAN460C  
T R A N 4 6 1 0 
TRAN 4 6 2  0 
T R A N 4 6 3 0  
TRAN464  0 
T R A N 4 6 5 0  
TRAN4 6 6 0  
TRAN467C  
TRAN4 6 6 C 619
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0 R K 1  ) =FM l + F P  i 
OR I ( 2 ) =FM 2 + FP 2  
CRI ( 3 ) = F M 3 + F P 3
L INE CONTRIBUTION TO THE SPECTRAL FLUX * *
IF ( L I N E S . E G . C )  RETURN 
I F ( I D G . E G . 0  )GC TO 6 0  
KkRITE ( 6 .  8 0 3 5 )
WRITE ( 6 . 8 0 3 7 )  ( E T C U T ( I L ) . I L = 1 . 3 >
CONTINUE
FMI = C .  C
FP 1 = 0 . 0
F M 2 = C . 0
F P 2 = 0 . C
F M 3 - C . 0
F P 3 = C . O
TOTAL FLUX CALCULATION * *
OO 8 C 4 3  K L = I » NHVL 
I F (  I C G . E G . O ) G O  TO 7 0  
WRITE ( 6 * e C 4 2 )  K L • H V J ( K L ) .  F N ( K L . L l ) .  F P ( K L . L i ) .
t F M ( K L . L 2 ) F P ( K L . L 2 ) .  FM( KL* L 3 ) .  F P ( K L . L 3 )
CONTINUE  
FM 1=FM1 +
F P I ^ T P l  + 
FM2=FM2 + 
F P 2 = F P 2  + 
FM3=FM3 ♦ 
F P 3 = F P 3  ♦
CONTINUE  
I F ( I C G . E G . O ) G G  
WRITE ( 6 . 8 C 4 5 )  
CONTINUE  
G R I ( I ) = Q R I ( 1 )
F M( K L . L I )  
F P I K L . L I ) 
FM( KL » L 2 ) 
F P ( KL. L 2 )  
F M( KL * L 3 ) 
F P I K L . L 3 )
TO 8C 
FMl  . FP 1 F M 2 . F P 2 , FM3 < F P 3
F M l FP1
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7 3  C
74  C
7 5  0 
7 6 0  
7 7 0  
7 8 0  
7 9 0
a o o  
6 1  0
8 2  C
8 3  C 
8 4 0  
3 5  0 
8 6 0  
8 7 0  
8 8 0  
8 9 0  
9 C C  
9 1 0  
9 2 0  
9 3 0  
5 4  C 
9 5  0 
5 6 0  
9 7 0  
5 8  C 
9 9 0
1000 
1 0 1 0  
1 0 2  C 
1 0 3 0  
1 0 4 0  
1 0 5 0  
1 0 6  0  
1 C / 0  
1 0 6 0
629
6 3 0
o o o o o o CD o o o a o o o O O o o o
O' o CVJ ro in •o N CO O' o CM ro ■» in VO N
o X x X 44 •4 •4 CM CM CM CM CM CM CM CM
■H X Ml •*4 X 44 pri »■« N
Z z z 2 z Z z Z Z 2 z Z Z Z z Z Z z Z
< < « < < < < < < < < < < < « < < < <
a a a a X c a a a a a C e a a a a a a
X X X x X X x x 1- x X X X X X X X X X
• • • •
X 1 X X
CM UJ CM X
X X 44 X
• CM • •
< < X
H H ro •
UJ UJ V X
X X N CD
ro ro 44 ro •
• • X • in
X X 3 N 3
i/i tn -J X J
N V X 11 a
N V 44 #*\ o
N \ \ _l X 4t X
s < 3 X tn
\ a -1 UJ •
ro ro ro X X X X
z z u o in N
u u I X J • •
s \ CM a < X cn
V) m • tn a ro 3
UJ • UJ X X X z
3 X _) X u • X
u CM u 9* X UJ ro Z
X 44 • X a • a
X • X u in N X
a z cr u a X <0
< I < I X UJ 11 •
a a CM X X
w » 44 • z X «l CD
X X □ X • X
cm 4 44 a X in ro
tn X 10 *4 X X X 3 •
UJ • UJ » 3 in 3 ro
CVJ ro X o 44 CM 03 z * a H
a a X X X X 44 u X o X
x X X X 44 X a *44 ro I CD
tn • in CM X X in a
2 X z • z 3 • • X
+ + UJ X UJ X a CD ro X ro •
□ X a 44 o 44 • X •
• 44 X N • X (O X
OJ ro a CM cr • z X X in N X 3
z z UJ z UJ CM 3 Z II 3 in X 3
u. a. CXI X x at U 3 u Z 3 CO X
z CVJ \ z X Z u < X 3 a
3 » s 3 CM •4 X Z a X 3
+ + 2 X z 4 <» X X X o o • <
I X i • X X » z z X X X (0 X
"1 .4 X ro ro CM IO a 44 u> ■o tn • a
x A to » •4 44 m 44 *■4 u J • • <0 f -
CSJ ro • CM 4 UJ 4 • X o X X X X ow U X vO o r4 X X CM cu X • XX ** X X CM a X X a <T w CM 4 * ■» CM
a a CM •4 •4 44 C to N 3 in X X
o o w 44 44 44 44 44 z 3 X X
ii n X zx x X X X X X X X X X X Z
CVJ ro < < < < « < < ro Z < < a
x x Z Z z z Z z z • a Z Z 3X X a a a a a a X X X & a X o
IK a o o o a o o o ro M3 a o X z
o a x X X X X u. X X X a X*4 CM *■< X CM
o 9* CM ro ro in N CM 10
o O O o o ro ro «
<c <o o vO o o O o
co e CO CO
o
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
R
eproduced 
with 
perm
ission 
of the 
copyright ow
ner. 
Further reproduction 
prohibited 
without perm
ission.
SUBROUTINE BUGPR ( I CGSW) BUGP 10
c BUGP 2C
c * *  T H I S SUBROUTINE CONTAINS CEBUG P R I N T  OPTIONS WHICH BUGP 3 0
c PROVIDES INTERMEDIATE PRINT FRGM SUBROUTINE TRANS * * BUGP 4 C
c / BUGP 5 0
COMMON / F P S T R M /  U I N F .  R I N F .  U I N F 2 ,  XL.  R E . LX I . BUGP 6 0
1 ITM• I T G .  NES BUGP 7 0
COMMON / X Y /  X I .  0 X 1 .  E T A ( 5 ) .  DETA BUGP 6 0
COMMON / T R N /  YD( 5 ) . N U T ( 5 ) .  F K C I 1 2 .  5 ) .  F P C ( 1 2 .  5 ) . BUGP 9 0
1 F MC 9 ,  5 ) .  F P ( 9  * 5 ) .  L I N E S OUGP ICO
COMMON ✓DBUG/  QLC( 5 ) .  QCL( 5 ) .  C L L ( 5 ) .  DON( 5 ) .  QCC( 5 ) * BUGP 1 1 0
1 B E E C ( 1 2 .  5 ) .  FMUC( 1 2 .  5 ) .  E M ( 1 2 .  5 ) . BUGP 1 2 0
2 E P ( 1 2 ,  5 ) .  T AUC( 1 2 *  5 ) .  B E E L ( 9 .  5 ) . BUGP 1 3 0
3 OCCP( 1 2 ) .  WMM(9.  5 ) .  GMM( 9 .  5 ) . BUGP 1 4 0
4 EE M( 9 ,  5 ) .  XLMM ( 9  .  5 ) .  0 L C P ( 9 ) . BUGP 15 C
5 OCL P ( 9 )  .  OL LP ( 9  ) .  DELTA.  I Y . IYY . BUGP 1 6 0
6 WPP( 9  .  5 ) .  G P P ( 9 •  5 ) .  E E P ( 9 .  5 ) . BUGP 1 7 0
7 X L F P ( 9 »  5 ) .  F G ( 9 . 4 ) .  G P ( 9 . 4 ) . BUGP t o e
a W N ( 9 . 4 ) .  FMUL( 9 ,  5 ) .  S SM( 9 . 4 .  5 ) . BUGP 1 9 0
9 GGM( 9 * 4 .  5 ) .  E T A M ( 9 . 4 .  5 ) .  S B M ( 9 . 4 .  5 ) . BUGP 2 0 0
A T AUL( 9 .  5 ) BUGP 2 1 0
GO TO ( 1 0 . 2 C . 3 C . 4  0 . 5 C . 6 0 . 7 0 ) .  IDGSW BUGP 2 2  0
10 WRITE ( 6 . 1 9 4 ) BUGP 2 3 0
1 9 4  FORMAT ( IH1 ) BUGP 2 4 0
RETURN BUGP 2 5 0
2 0  WRITE ( £ . 7 1 8 2 )  DELTA eUGP 2 6  0
7 1 8 2  FORMAT ( 7 H C D E L T A = 1 P E 1 4 . 7 . 3 H  CM) BUGP 2 7 0
RETURN BUGP 2 8 0
3 0  WRITE ( 6 . 1 9 0 )  I Y .  Y D ( I Y ) BUGP 2 9 0
1 9 0  FORMAT ( 4  H 1 I Y = I 3 . 2 X . 3 H Y 0 = 1 P E 1 2 . 5 / / 2 X . 1 H K . 2 X . 1 H L . 7 X . 3 H E T A . 1 3 X . 2 H Y D . BUGP 3 0 C
1 1 3 X . 2 H M U . 1 I X . 3 H T A U . 1 4 X , I H E . 1 I X . 3 H B E E / / ) BUGP 3 1 0
CO 2 2  K= 1 . 1 2 BUGP 3 2 0
IF ( I Y . E Q . l )  GO TO 2 3 BUGP 3 3 0
WRITE( 6 . 1 9 1 )  ( K» L .  E T A ( L ) .  Y 0 ( L ) .  F M U C ( K . L ) .  T A U C ( K . L ) • BUGP 3 4  0
1 EM( K , L  ) o B E E C ( K . L ) ,  L = I , IY ) BUGP 3 5 0
1 9 1  FORMAT ( 2 I 3 . 1 P 6 E 1 5 . 5 ) BUGP 3 6 0 6
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A P P E N D I X  E  
R e f e r e n c e s
E . l  H a n s e n ,  C .  F . ,  " A p p r o x i m a t i o n s  f o r  t h e  T h e r m o d y n a m i c  P r o p e r t i e s  
o f  H i g h  T e m p e r a t u r e  A i r , "  NA S A T R  R - 5 0 ,  1 9 5 9 .
E . 2  L i v i n g s t o n ,  F .  a n d  J .  W i l l i a r d ,  " P l a n e t a r y  E n t r y  B o d y  H e a t i n g  
R a t e  M e a s u r e m e n t s  i n  A i r  a n d  V e n u s  A t m o s p h e r i c  G a s  u p  t o  
1 5 0 0 0 ° K , "  A I A A  J . ,  9 ,  N o .  3 ,  M a r c h  1 9 7 1 .
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V I T A
C a r l  D a v i d  E n g e l  w a s  b o r n  t o  M r .  a n d  M r s .  C a r l  A .  E n g e l  i n  
S p r i n g f i e l d , I l l i n o i s  o n  N o v e m b e r  1 7 ,  1 9 4 3 .  S e v e n  a n d  o n e  h a l f  
y e a r s  o f  e l e m e n t a r y  e d u c a t i o n  w a s  c o m p l e t e d  a t  t h e  W i l l i a m s v i l l e  
e l e m e n t a r y  s c h o o l  i n  W i l l i a m s v i l l e ,  I l l i n o i s  b e f o r e  t r a n s f e r r i n g  
t o  t h e  A t h e n s ,  I l l i n o i s  c o m m u n i t y  s c h o o l  s y s t e m .  U p o n  c o m p l e t i n g  
h i s  s e c o n d a r y  e d u c a t i o n  a t  A t h e n s  C o m m u n i t y  H i g h  S c h o o l  i n  1 9 6 1 ,  
h e  e n t e r e d  t h e  U n i v e i r s i t y  o f  I l l i n o i s  a t  U r b a n a ,  I l l i n o i s .  I n  
F e b r u a r y  1 9 6 6  h e  w a s  a w a r d e d  a  B a c h e l o r  o f  S c i e n c e  d e g r e e  i n  
A e r o n a u t i c a l  a n d  A s t r o n a u t i c a l  E n g i n e e r i n g .  S u b s e q u e n t  s t u d y  a t  
t h e  U n i v e r s i t y  o f  I l l i n o i s  w a s  c o m p l e t e d  i n  J u n e  1 9 6 7  w h e n  h e  
r e c e i v e d  a  M a s t e r  o f  S c i e n c e  d e g r e e  i n  A e r o n a u t i c a l  a n d  A s t r o n a u t i c a l  
E n g i n e e r i n g .  A f t e r  g r a d u a t i o n  h e  w a s  e m p l o y e d  a s  a  t h e r m o d y n a m i c s  
e n g i n e e r  a t  L o c k h e e d  M i s s i l e s  a n d  S p a c e  C o m p a n y ,  H u n t s v i l l e  R e s e a r c h  
a n d  D e v e l o p m e n t  C e n t e r  i n  A l a b a m a .  T w o  y e a r s  l a t e r  h e  e n r o l l e d  i n  
t h e  C h e m i c a l  E n g i n e e r i n g  d e p a r t m e n t  o f  L o u i s i a n a  S t a t e  U n i v e r s i t y  
w h i l e  o n  e d u c a t i o n a l  l e a v e  o f  a b s e n c e .  H e  i s  p r e s e n t l y  p u r s u i n g  a  
D o c t o r  o f  P h i l o s o p h y  d e g r e e  i n  C h e m i c a l  E n g i n e e r i n g .
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E X A M I N A T I O N  A N D  T H E S I S  R E P O R T
C a n d i d a t e :  C a r l  D a v i d  E n g e l  
M a j o r  F i e l d :  C h e m i c a l  E n g i n e e r i n g
T i t l e  o f  T h e s i s :  A b l a t i o n  a n d  R a d i a t i o n  C o u p l e d  V i s c o u s  H y p e r s o n i c  S h o c k  L a y e r s
A p p r o v e d :
M a j o r  P r o f e s s o r  a n d  C h a i r m a n
E X A M I N I N G  C O M M I T T E E :  
( 1
D a t e  o f  E x a m i n a t i o n :
S e p t e m b e r  2 4 ,  1 9 7 1
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